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Abstract—The n-simplex equation was introduced by Zamolodchikov as a generalization of
the Yang—Baxter equation which becomes the 2-simplex equation in this terms. In the present
article, we suggest general approaches to construction of solutions of the n-simplex equation,
describe certain types of solutions, and introduce an operation that allows us to construct, under
certain conditions, a solution of the (n + m + k)-simplex equation from solutions of the (n + k)-
simplex equation and (m + k)-simplex equation. We consider the tropicalization of rational solu-
tions and discuss its generalizations. We prove that a solution of the n-simplex equation on G can
be constructed from solutions of this equation on H and K if G is an extension of a group H by
a group K. We also find solutions of the parametric Yang—Baxter equation on H with parameters
in K. We introduce ternary algebras for studying the 3-simplex equation and present examples of
such algebras that provide us with solutions of the 3-simplex equation. We find all elementary verbal
solutions of the 3-simplex equation on a free group.
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1. INTRODUCTION

A solution of the quantum Yang—Baxter equation is a linear mapping R : V@ V — V ® V satisfying
the condition

RiaR13R23 = RozR13R12, (1.1)

where V' is a vector space and each mapping R;; : V@V ®V — V ®V ® V acts as R on the ith and
jth factor of the tensor product and as the identity mapping on the remaining factor. A mapping R
that satisfies the Yang—Baxter equation is called an Yang—Baxter mapping, see [9]. The Yang—Baxter
equation is also called the triangle equation or the 2-simplex equation. This is one of the basic equations
of mathematical physics and low-dimensional topology. It forms a foundation for theory of quantum
groups, statistical physics, theory of braid groups, knot theory, and other directions in mathematics and
physics. The Yang—Baxter equation was introduced in Yang’s article [42] on the many-body problem.
Baxter[6] used this equation for studying solvable vertex models in statistical mechanics, where it served
as a condition for transfer matrices to commute. The Yang—Baxter equation arises in decomposition of
S-matrices and (1 4 1)-dimensional quantum field theory, see Zamolodchikov’s articles [43, 44]. We
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2 BARDAKOV et al.

also mention an important role of the Yang—Baxter equation in the quantum inverse scattering method
for integrable systems [39, 41].

It is not difficult to see that the Yang—Baxter equation is equivalent to a system of n® cubic algebraic
equations in n? variables, where n = dim V. In particular, if n = 2 then we obtain a system of 64
equations in 16 variables with no obvious solution. A complete description of solutions of the Yang—
Baxter equation for n = 2 can be found in [29] (see also [20]).

Drinfel’d [15] suggested to study set-theoretical solutions, i.e., solutions such that the vector space V'
is spanned by a set X and R is the linear mapping induced by a mapping R: X x X — X x X. Such
pairs (X, R) are called set-theoretical solutions (or, simply, solutions) of the Yang—Baxter equation.
Set-theoretical solutions are connected with I-type, Biberbach, Garside groups, etc. Involutive set-
theoretical solutions of the Yang—Baxter equation were studied in [17].

[t is easy to see that, for every set X, the equality P(z,y) = (y,z) for x,y € X defines a solution P
of the Yang—Baxter equation. On the other hand, if R is a solution of the Yang—Baxter equation then
the mapping S = PR satisfies the braid relation

(S xid)(id x S)(S x id) = (id x S)(S x id)(id x S),

which is a relation in the braid group Bs. From the point of view of topology, the braid relation is
the third Reidemeister move of planar diagrams of links. In the 1980s, Joyce [22] and Matveev [34]
introduced quandles as invariants of knots and links. They proved that each quandle provides us with
a set-theoretical solution of the braid relation. A number of articles (see, for example, [9, 16, 32] and
the references in those articles) is devoted to set-theoretical solutions of the Yang—Baxter equation and
the braid relation.

In [35], solutions of the parametric Yang—Baxter equation were constructed. In[10], a method was
suggested for constructing linear parametric solutions of the Yang—Baxter equation from nonlinear
Darboux transforms of Lax operators.

In 2006, Rump [36, 37] introduced braces for studying involutive set-theoretical solutions of
the Yang—Baxter equation. Notice that the axioms of braces can be traced back to the lectures of
Kurosh [31] in the 1960s. In 2014, Cedo6, Jespers, and Okninski [13] suggested another approach
to defining braces. In 2017, Guarnieri and Vendramin [19] introduced skew braces that give rise to
noninvolutive solutions of the Yang—Baxter equation.

A solution R(x,y) = (oy(z), 72(y)) of the Yang—Baxter equation is said to be nondegenerate if
o, and 7, are invertible for every x € X. A solution is said to be square-iree if R(z,x) = (x, z) for
every z € X. A solution R(z,y) = (oy(x), 7,(y)) determines a 2-groupoid (X;-, %), i.e., a set endowed
with two binary operations -,* : X x X — X such that -y = o,(z) and y *x x = 7,(y). A solution
(X, R) is said to be elementary if either o, =id for every y € X or 7, =1id for every x € X. Each
elementary solution determines a self-distributive groupoid with the universe X. If an elementary
solution is nondegenerate then the corresponding groupoid is a rack. On the other hand, every seli-
distributive groupoid provides us with a solution of the Yang—Baxter equation and every rack leads to
a nondegenerate solution of the Yang—Baxter equation. Every quandle provides us with a nondegenerate
square-free solution of the Yang—Baxter equation.

The 3-simplex equation (or the tetrahedron equation) was introduced by Zamolodchikov [43, 44] as
a 3-dimensional generalization of the Yang—Baxter equation. The tetrahedron equation

Ri23R145 Ro46 R356 = R356 246 R145R123

is a nonlinear relation in V®° for an endomorphism R : V&3 — V®3 where R;;;, acts as R on the ith,
jth, and kth factors V' of the tensor product and as the identity mapping on the remaining factors.
The tetrahedron equation is popular in the theory of electric networks. In particular, the well-known
star-triangle transform provides us with a rational solution of the tetrahedron equation. It is also used
in the theory of 2-dimensional knots in a 4-dimensional sphere [28], serves as an analog of the third
Reidemeister move in classical knot theory, and arises in the problem of coloring 2-faces of a 4-cube by
elements of a set X [27].

Numerous solutions of the tetrahedron equation are already known. For example, Hietarinta [21]
considered the set Z; of integers modulo d as X and studied linear and affine mappings X" — X"
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that give rise to solutions of the n-simplex equation for n = 2, 3,4. Linear solutions of the tetrahedron
equation were described in [25].

The n-simplex equation is a generalization of both the Yang—Baxter equation and the tetrahedron
equation. It was introduced in[7] and studied in[11, 12, 14, 21, 23, 38]. In the present article, we suggest
general approaches to construction of solutions of the n-simplex equation, describe several types of
solutions, and introduce an operation that, under certain conditions, allows us to construct a solution of
the (n +m + k)-simplex equation from solutions of the (n + k)-simplex equation and (m + k)-simplex
equation. We consider the tropicalization of rational solutions and discuss its generalizations. We prove
that a solution of the n-simplex equation on G can be constructed from solutions of this equation on H
and K if G is an extension of a group H by a group K. We also find solutions of the parametric Yang—
Baxter equation on H with parameters in K. We introduce ternary algebras for studying the 3-simplex
equation and present examples of such algebras that provide us with solutions of the 3-simplex equation.
We find all elementary verbal solutions of the 3-simplex equation on a free group.

We briefly describe the contents of the article. In Section 2, we recall the connection between set-
theoretical solutions of the Yang—Baxter equation and certain algebras (self-distributive groupoids,
racks, and quandles). We formulate conditions that guarantee that a set-theoretical solution of
the Yang—Baxter equation arises from an algebra with two binary operations. We also recall the def-
initions and some properties of braid groups and virtual braid groups.

In Section 3, we consider the general form of the n-simplex equation, describe an algorithm for
writing the n-simplex equation for a prescribed n > 2, and formulate results on general solutions. We
present a definition of the classical n-simplex equation that is similar to the classical Yang—Baxter
equation.

Asis known, if (X, R) is a solution of the Yang—Baxter equation and Pia2(z,y) = (y, x) then P1aRPyo
is a solution of the Yang—Baxter equation too. In Proposition 4.4, we prove a similar assertion for the n-
simplex equation, i.e., we construct a permutation P such that PRP satisfies this equation.

For a natural k, we introduce the k-amalgam of solutions of the (n + k)-simplex and (m + k)-
simplex equations and find sufficient conditions (see Theorem 4.7) for the k-amalgam to be a solution of
the (n + m + k)-simplex equation. We further apply this theorem to linear solutions.

In Proposition 4.16, we prove that the 0-amalgam of linear solutions of the n-simplex and m-simplex
equations is a solution of the (n + m)-simplex equation. If the 1-amalgam of these solutions is defined
then it is a solution of the (n +m — 1)-simplex equation. We also prove that a specialization of a solution
of the n-simplex equation at a fixed point (if such a point exists) is a solution of the (n — 1)-simplex
equation.

In Section 5, we consider a class of rational solutions of the n-simplex equation and define their
tropicalization. We show that tropicalization of solutions of this class provides us with piecewise-linear
solutions of the n-simplex equation. In particular, we obtain a linear solution of the tetrahedron equation
from the electric solution. We further generalize the tropicalization procedure to other algebraic systems.
As an example, we construct a homomorphism h : R — D'[R™] from the field R or reals to the linear
space D'[R™] of compactly supported distributions on R™ with the addition and convolution operations.
This homomorphism allows us to construct solutions (D’[R™], R") of the n-simplex equation from
rational solutions of this equation over R.

In Section 6, we consider group extensions. Let G be a group and let H be a normal subgroup.
Assume that a structure of a seli-distributive groupoid can be defined on G and certain conditions
on the quotient group G/H hold. We show that it is possible to construct a solution of the Yang—
Baxter equation on H with parameters in G/H. In particular, this is possible if K is a trivial self-
distributive groupoid. We generalize these results to the n-simplex equation for an arbitrary n. In
Subsection 6, we use known representations of braid groups and construct two types of solutions of
the Yang—Baxter equation with parameters in an Abelian group, see Theorem 6.6. We also show that,
for every extension G of a group H by a group K and all solutions (H, R) and (K, T) of the n-simplex
equation, it is possible to define a natural solution of the n-simplex equation on G.

In Section 8, we consider the category of solutions of the n-simplex equation and prove that the limit
of solutions in this category is a solution too. In particular, we show (see Corollary 8.2) that solutions
(Zpe,s Ry.), k = 1,2, ..., of the n-simplex equation give rise to a solution of the n-simplex equation on p-
adic numbers if certain conditions hold.
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In Section 9, by analogy with racks, bi-racks, and skew braces introduced for studying the Yang—
Baxter equation, we introduce ternars and 3-ternoids. These are algebras with a single and three ternary
operations respectively. We show that they are connected with solutions of the tetrahedron equation, see
Proposition 9.1 and corollaries to it. We also introduce algebras with four binary operations and relate
them to elementary solutions of the tetrahedron equation, see Propositions 9.6 and 9.10.

In Section 10, we introduce verbal solutions. We describe all elementary verbal solutions of
the tetrahedron equation on free non-Abelian groups.

We also formulate open questions for further study.

We use the following notation. If G is a group and a,b € G then a® = b~'ab (i.e., the elements a
and a® are conjugate with respect to b) and [a, b] = a~'b~1ab (i.e., [a, b] is the commutator of a and b). If
f,g: X — X then the composition fg is defined by the rule (fg)(z) = f(g(z)).

2. PRELININARIES

In the present section, we recall necessary basic facts on the Yang—Baxter equation. We describe
the relations between its solutions and classical and virtual braid groups, as well as certain groupoids
(racks and quandles). We also present examples of such solutions.

2.1.The Yang—Baxter equation and racks.

Lemma 2.1. We consider a nonempty set X and mappings f,g: X% — X. We put R(z,y) =
(f(z,v),9(z,y)). The obtained mapping R : X? — X? is a solution of the Yang—Baxter equation if

and only if, forall x,y, z € X,
f(f(@,y),2) = f(f(z.9(y,2)), f(y,2)),
f9(z,y),9(f(z,9),2)) = 9(f(z,9(y,2)), f(y,2)),
9(f(z,y),2)) = gz, 9(y, 2)).

Example 2.2.

1. Let A be an Abelian group and let a,b € A. We put
R(z,y) = (z+a,y+D)
forall z,y € A. Then R is a solution of the Yang—Baxter equation on A.
2. For every group G, we put

R(z,y) = (v, zy~'a™)

forall xz,y € G. Then R is a solution of the Yang—Baxter equation on G.
3. Let G be a group and let ¢ € Aut(G) be an automorphism. We put

R(z,y) = (p(x), zye(z) ")
forall x,y € G. Then R is a solution of the Yang—Baxter equation on G.

A groupoid is a nonempty set endowed with a single binary operation. For a positive integer k
with k& > 1, a k-groupoid is a nonempty set endowed with k binary operations. Let (X, R) be a set-
theoretical solution of the Yang—Baxter equation and let R(x,y) = (oy(z), 72(y)), where z,y € X. We
say that R is a nondegenerate solution if both o, and 7, are invertible for every x € X. We say that R
is a square-free solution if R(z,x) = (z,x) forevery z € X.

A quandle is a groupoid @ with a binary operation (z,y) — z * y that satisfies the following axioms:
(Q1l) we have x x x = z forevery z € @Q,

(Q2) forall z,y € Q, there exists a unique z € Q withx = z x y,
(Q3) wehave (xxy)xz= (z*x2)*(y=*2z2)forallz,y, 2z € Q.

A groupoid is said to be self-distributive if it satisfies axiom (Q3). A rack is a groupoid that satisfies
axioms (Q2) and (Q3).

Example 2.3. Let G be a group.
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1. We define a*b=>b"tab. Then G endowed with the operation * is a quandle. We call it
the conjugation quandle of G and denote by Conj(G).

2. We define a * b = ba~1'b. Then G endowed with the operation x is a quandle. We call it the core
quandle of G and denote by Core(G). If G = Z/nZ then this quandle is said to be dihedral and
is denoted by R,,.

3. Let ¢ € Aut(G). We define a * b = ¢(ab~1)b. Then G endowed with the operation x is a quandle.
We call it the generalized Alexander quandle of G with respect to ¢ and denote by Alex(G, ¢).

A quandle @ is said to be trivial if z x y = x for all x,y € Q. Unlike groups, the universe of a trivial
quandle need not be a singleton. We denote by T}, a trivial quandle whose universe is an n-element set.
By T we mean an arbitrary trivial quandle.

We define a mapping S, : @ — Q. We put

S.(y) =y =z

Notice that axioms (Q2) and (Q3) holds if and only if S is an automorphism of @ for every x € Q). Such
automorphisms are said to be inner. They form a group which is denoted by Inn(X). A quandle @ is
said to be connected if the action of its group of inner automorphisms is transitive on Q. For example,
the dihedral quandle R,, is connected if n is odd and is disconnected if n is even. A quandle X is said to

be involutive if S2 = idg for every x € Q. For example, each core quandle is involutive for every group.

Let (X, R) with R(z,y) = (oy(x),72(y)) be a solution. We define a 2-groupoid (X,-, ). We
put z -y =oy(x) and yxx = 7,(y). If either o, =id for every y € X or 7, =1id for every x € X
then (X, R) is said to be elementary. Each elementary solution determines a self-distributive groupoid
on X. If this solution is nondegenerate then the groupoid is a rack. On the other hand, each seli-
distributive groupoid determines an elementary solution of the Yang—Baxter equation and each rack
determines a nondegenerate solution of the Yang—Baxter equation; moreover, a quandle determines
a nondegenerate square-free solution of the Yang—Baxter equation.

From Lemma 2.1 we deduce the following assertion that establishes a connection between solutions
and 2-groupoids.

Lemma 2.4. Let (X, -, ) bea2-groupoid andlet R : X x X — X x X, where
R(z,y) = (v y,yxx) forallx,y € X.

1. The pair (X, R) is a set-theoretical solution of the Yang—Baxter equation if and only if the condi-
tions

(z-y)z= (- (2xy) (y-2),
(yxz) - (zx(z-y) = (y-2)* (- (2*y)),
(zx(z-y)x(y*xx) = (2xy)*z
hold forall x,y,z € X.

2 Ifx-y=yflorallx,y € X then (X, R) is a set-theoretical solution of the Yang—Baxter equation
if and only if the operation x is self-distributive, i.e., we have

(zxx)*(y*xx)=(2xy)*x

forallz,y,z € X.

3. Ifyxx =y forallz,y € X then (X, R) is a set-theoretical solution of the Yang—Baxter equation
if and only if the operation - is self-distributive, i.e., we have

(zry)z=(22)(y 2

forallx,y,z € X.
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Example 2.5. On the set R of reals, we define a binary operation. We put
a* b= max{a,b}

for all a,b € R. Then (R, *) is a seli-distributive groupoid. This is a commutative groupoid that is
not a rack. Each element a € R is idempotent, i.e., we have a * a = a. We define R(x,y) = (z,y * z).
Then R is a degenerate solution of the Yang—Baxter equation on R. If we consider min instead of max
then we obtain a similar result.

As is proven in [40, Theorem 2.3] (see also [19, Proposition 3.7] and [, Proposition 5.2]), every
nondegenerate solution of the Yang—Baxter equation is conjugate to an elementary solution.

Proposition 2.6. Let R(x,y) = (0y(x), 72 (y)) for all x,y € X and let R be a left nondegenerate
solution of the Yang—Baxter equation, i.e., for everyy € X, let o, be a bijective mapping. Then R is
conjugate to the elementary solution

R/(l’, y) = (Ux (Ta—y_l(x) (y))a y)
If foralla,b € X, there exists x € X such that
Tyt () (@) = 051 (D) (2.1)

then this solution is nondegenerate.

2.2. Braid and virtual braid groups. Forn > 2, the braid group B,, on n strands is presented by
generators o1, 09, . ..,0,—1 and relations

Oi0i+10; = 0i4+10:0i+1, 1=1,2,...,n—2, (2.2)

oi0j = 004, li — 7] > 2. (2.3)

The virtual braid group V By, on n strands was introduced in [26]. This group is presented by

generators o1,09,...,0n—1 and pi, pa2, ..., pn—1 and relations (2.2)—(2.3) of the corresponding braid
group and the additional relations

PiPi+1Pi = Pi+1PiPi+1, i=1,2,...,n -2, (2.4)

PiPj = PjPi; i —j| > 2, (2.5)

p? =1, i=1,2,...,n—1, (2.6)

oipj = Pjoi, i —jl =1, (2.7)

PiPi+10; = Oi4+1PiPi+1, 1= 1,2,...,')1—2. (28)

The elements o1, 09, ..., 0,—1 generate a subgroup that is isomorphic to B,,. Relations (2.4)—(2.6) are

relations of the symmetric group S,,. The elements p1, pa, ..., pn—1 generate S,,. Thus, the group V' B,, is

generated by the braid group B,, and the symmetric group S,,. Relations (2.7)—(2.8) are called the mixed
relations of the virtual braid group.

3. QUANTUM AND CLASSICAL n-SIMPLEX EQUATIONS

3.1. Quantum n-simplex equation. We present the quantum n-simplex equation for an arbitrary n.
We recall the geometric interpretation of the Yang—Baxter equation. We consider straight lines I3,
lo, and I3 in the plain R?. Let Iy intersect Io at the point Ris and I3 at the point Ri3 and let Ra3
be the intersection point of ls and 3. Assume that Ry2, R13, and Rags are pairwise distinct and form
a nondegenerate triangle (2-simplex), see Fig. 1.

We consider the lexicographic order, i.e., let
Ris < R13 < Ras.

Then the Yang—Baxter equation is the equality between words, where the first word correspond to going
around the simplex in the increasing order and the second word corresponds to the reverse order, i.e., we
obtain

Ri2R13R23 = RazR13Ry2.
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2

Fig. 1. Geometric interpretation of the Yang—Baxter equation

We pass to the tetrahedron (3-simplex) equation. We increment the subscripts by 3 for the straight
lines in the plain from the Yang—Baxter equation and embed the plain into the 3-dimensional space.
We choose a vertex that does not belong to the plain and construct straight lines [y, l2, and I3 passing
through this vertex and the vertices of the 2-simplex. We associate each vertex with the subscript that
corresponds to straight lines passing through this vertex, see Fig. 2.

The tetrahedron equation is the equality between words, where the first word consists of vertices
ordered according to the lexicographic order and the second word corresponds to the reverse order, i.e,
we obtain

R123R145 Ro46 R356 = R356246 R145R123-

Using the same approach, we may write the 4-simplex equation as follows:

R1234 R1567 Ro5891368,1012479,10 = R479,102368,10 2580 21567121234

In general, the words on the left-hand and right-hand sides of the n-simplex equation are of length
n + 1 (this is the number of vertices of the n-simplex).

Assume that the n-simplex equation is constructed for n > 3. We rewrite it in the form

Ryl Rogg = Rogg - Rahy,

where k = (k1, ko, ..., kn11) € N*is a multi-index. We construct the (n + 1)-simplex equation. We
define an operation s, : N — N. We put s,(k) = k +n + 1. We extend this definition to multi-indices
as follows:

$n(®) = (sn(k1), $n(k2), - .., $n(kns1)) € NPT,

In this notation, the (n + 1)-simplex equation can be rewritten as follows:

R1’2""’n+1R178n(T)R278n(§) e Rn—‘rl,sn(ni-i-l) = Rn-‘rl,sn(ni-i-l) s R27Sn(§)R1,8n(T)R1,2,...,n+1-

We may regards multi-indices in the n-simplex equation as columns in the multi-index matrix M1,

SIBERIAN ADVANCES IN MATHEMATICS Vol.34 No.1 2024
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Fig. 2. Geometric interpretation of the tetrahedron equation

of size (n + 1) x n that satisfies the recurrent relation

1 2 3 e m
1
2
MI, =
MI, 1 + (n)
n—1
n

where (n) is the matrix of size n x (n — 1) whose entries are equal to n. We present the explicit form
of M1I,:

1 2 3 n
n+l n+2 --- 2n—1

[N

n+1 2n -+ 3n—3

n—12n-2 3n—4 ... "ot

n 2n—13n—3 ... 2ot
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By a linear solution of the n-simplex equation we mean a linear mapping R : V®" — V®" such
that the equality
Rily - Rogg = Ragg - Raly
holds for two linear mappings V&Y — V&N 'where N = n(n +1)/2. Here R : VO — V®N actas R

on the copies of V' with numbers in k and as the identity mapping on the remaining copies. Notice
that n + 1 is the number of vertices of the n-simplex and N is the number of its edges.

A set-theoretical solution of the n-simplex equation on a set X is a mapping R : X" — X" that
satisfies the n-simplex equation.

For convenience, we also consider the 1-simplex equation
RiRy = RoRy

(the equality for a pair of mappings on X x X). In this case, by R we mean a mapping R: X — X.
Notice that each mapping R : X — X is a solution of the 1-simplex equation because

Ri(z,y) = (R(z),y), Ra(z,y) = (z,R(y)), RiRa(z,y) = RaRi(z,y) = (R(x), R(y)).
3.2. Classical n-simplex equation. The equation
RiaR13R23 = RozRi13R12
is called the quantum Yang—Baxter equation. Along with it, the classical Yang—Baxter equation
[112,713] + [r12, 23] + [r13,723] = 0

is considered (see [8]), where [a, b] = ab — ba.

If (V, R) is a linear solution and R can be represented in the form

R=1+hr+O0(h?)

thenr: V — V is a solution of the classical Yang—Baxter equation.
The classical n-simplex equation is the equation

Yo rprs] =0, (3.1)
I<i<j<n+1

where the sum it taken with respect to the lexicographic order on multi-indices. This definition agrees
with the following assertion. Its proof consists in straightforward calculation.

Proposition 3.1. IfV isavectorspace, a linear mapping R: V" — V™ is a solution of the n-simplex
equation, and there exists a mappingr: V'* — V™ such that

R=1+hr+0(h?

thenr is a solution of the classicaln-simplex equation.

4. SOLUTIONS OF THE n-SIMPLEX EQUATION

In the sequel, we consider set-theoretical solutions only. We consider functions R : X™ — X" that
are defined on a subset D C X™. We say that a pair (X, R) is a solution of the n-simplex equation if

the n-simplex equation is valid at each point z € XV, where the left-hand and right-hand sides are well
defined.
We prove the following generalization of a well-known result for the Yang—Baxter equation.

Proposition 4.1. Let R: X™ — X" be a solution of the n-simplex equation.

1. IfR is invertible then the inverse mapping R=' is a solution of the n-simplex equation too.
2. Ify1,...,pn are pairwise commuting mappings on X then the mapping R : X™ — X" with

R(z1, ..., zn) = (p1(21), - on(2n)),
is a solution of the n-simplex equation.
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3. Ifp € Sym(X) is a bijection on X then the composition

(,DX n R ( 90—1 ) xXn
is a solution of the n-simplex equation.

Proof. (1) We consider the inverses of the mappings on the left-hand and right-hand sides of the n-
simplex equation. We find that R~ is a solution of the n-simplex equation.

(2) It is easy to see that the mappings of the form R; obtained from R commute pairwise. We
may permute mappings on the left-hand side of the n-simplex equation and obtain the expression on
the right-hand side.

(3) Let R = ©*™ R (o~1)*™. Then we have

Ry =" Ry (o7 )" = "N Ry (o7 1)V,

The equality

Rplty - Rogp = Ragg - RsRy
holds if and only if

(prN Ry (w—1)xN) (SOXN Rs (¢—1)xN) o ((PXN Rm(go_l)XN)
_ ((pr Rm((pfl)xN) o (prN R; (Spfl)xN) ((pr Ry ((pfl)xN) .
We cancel and obtain
¢ N RiRg- - Rig(o7 )N = oV Ropg - RgRy (071,
Since * is a bijective mapping, the obtained equation is equivalent to the initial one. O

We present a generalization of [24, Proposition 2.2].

Proposition 4.2. If R is a solution of the n-simplex equation and ¢ € Sym(X) is a bijective
mapping with

((pfl)XnRspxn =R
then the mapping
R=(pxidxpx..)R(idx ¢ ! xidx...)

determines a solution of the n-simplex equation, where (¢ x id X ¢ X ...) acts as ¢ on the odd factors

and as the identity mapping on the even factors, while (id x ¢~ x id x ...) acts as ¢~ on the even
factors and as the identity mapping on the odd factors.

Proof. Notice that

1 Xn

(pxidxpx...)=>0dx ¢ " xid x ...)p"",

1

(idx et xidx...)= (g )" (p xid x ¢ x ...),

and

Ri:=R=(pxidxex..)Ridx ¢! xidx...)

= (pxidx @ x...) (") "Re*™) (id x ¢! xid x ...)
=(idx ot xidx...)R(p xid x ¢ x ...) =: Rp.

In the equation, each index occurs exactly two times. The jth entry of 7 is the ith entry of j + 1. We

replace each mapping R;, where i is even, with (R 4); and replace each mapping R;, where i is odd, with

(Rp);. Foralliand j > i, the action on each component between R; and Ry is the identity mapping.

Indeed, if ¢ and j are of the same parity then this action is id o id; if the parities of 4 and j are different
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1 1

then the corresponding action is either ¢ o ¢~
the equation

or ¢~ o . Since each index occurs exactly two times,

(Rp)1(Ra)s - (R)igy = (R)ugr- - - (Ra)z(Rp)t
is reduced to the equation

®R;Ry...Ri;® = PR—1...RzR7®,

1 orid. O
Let (X, R) be an elementary solution of the Yang—Baxter equation, let R(z,y) = (x,y * =), and let
P(z,y) = (y,z) forall z,y € X. It is not difficult to verify that
PRP(z,y) = (z xy,y)

is an elementary solution of the Yang—Baxter equation.

The proof of the following assertion is elementary. We present the arguments because they will be
generalized later to the case of the n-simplex equation for an arbitrary n.

where ® denotes the component-wise action by either ¢, or ¢~

Lemmad4.3. IfR(x,y) = (x-y,y * ) is a solution of the Yang—Baxter equation then PRP(x,y) =
(x *y,y - x) is a solution of the Yang—Baxter equation too.

Proof. 1t is not difficult to see that
Ri3 = Po3R19Po3, Rog = PiaPo3Ri2Po3Pro,

where P;; : X? — X3 permutes the ith and jth components. Then the Yang—Baxter equation assumes
the form

P: Pa3 P; Po3 P P:
Ruy - REP - REPP® = REPP2 R - R

We denote R = PRP. Then R = PRP and from the Yang—Baxter equation it follows that

SPla BPlaPas  BPiaPasP SPiaPysPla  BPaPes  BP
R1212 'R1212 23 'R1212 23P12 :R1212 23 P12 _R1212 23 'R1212.
We conjugate on both sides of the equation by Py Po3 P12 = Py3. We obtain
E%zspu . E%s . El? _ ]'%12 . éﬁzs . fNifQ%Pm.
This equation is equivalent to the equation
RiaRi2Ri2 = RipRiaRia.

We conclude that R = PRP is a solution of the Yang—Baxter equation. O]

We generalize this lemma. We consider a solution (X, R) of the n-simplex equation and introduce
a permutation P € Sym(X"™). We put

P = P17nP27n_1 R P[n/2]+1,n7[n/2]7
where [n/2] denotes the integer part of n/2 and, for n =2m + 1, we assume that the ultimate

permutation P, /2141,n—[n/2] = Pm+1,m+1 is the identity mapping. Notice that P l1=P.

Proposition 4.4. IfR: X™ — X" is a solution of the n-simplex equation then R = PRP is a solu-
tion of the n-simplex equation too.
Proof. We rewrite the n-simplex equation
RiRy - Rogg = Ragg - Baly
in the form
RO RYn — RYn . RO R
RyRY' - RY" = RY R Ry,

where Q1,...,Q, € Sym(X™) are permutations. Since R = PRP, we have

RPRPQ: ... RFOn
1

_ pPQn . pPQL P
T Ry™" - Ry * Ry
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We conjugate on both sides of the equality by @1 P. We obtain
RPQ P RPQIQ'P RPQn 1Qn'P R _ R Rf’Qn 1Qu'P | RpP@Qy'P [PQLP
T 1 1 T :
We apply the equalities

PQ'P=Qn, PQIQ,'P=Qu1,...,PQun1Q, P = Q.
We obtain
HQn HRn—1 P15 p_pQ H@n-1 $Qn
RIMRE - RE Ry = RiRE' - RY™ RY™
We conclude that R is a solution of the n-simplex equation. O

Question 4.5. As is known, il R is a solution of the Yang—Baxter equation then S = PR satisfies
the braid relation 125923512 = S23512523. What corresponds to this relation in the case of the n-simplex
equation?

4.1. Composition of solutions. Two operations are defined on the set of linear solutions of the Yang—
Baxter equation (see, for example, [30]); namely, the tensor product and the direct sum. If (V;, R™M) and
(Va, R()) are solutions of the Yang—Baxter equation then the tensor product (V; @ Vo, RV @ R(?)) and
the direct sum (V; x Vo, R 4+ R(?)) are solutions of the Yang—Baxter equation too. The mapping
RM + R®) is defined on (Vi x V) ® (Vi x Va) by the rule

(M”+M%«®q>=Rm@®q»

(R )(ez®fq) = ei®fq7
(R )(fp®ej) = fr®ey,
@”+R)m@&)=R®%®ﬁ%

where {e, } is a basis of V; and { f3} is a basis of V5.

Assume that (X, A) and (Y, B) are set-theoretical solutions of the n-simplex and m-simplex
equation respectively. In the present subsection, we address the question on construction of new
solutions.

[f m = n then it is easy to construct the direct product of solutions. We have
AxB: (X xY)"—= (X xY)",
Ax B((z1,51), (32, 92), - -+ (@, yn)) = ((1(2), 91(9)), (f2(Z), 92(7)), - - -, (f(Z), 9n () ,
where
A(T) = (f1(Z), f2(T), ..., fu(T)), B@) = (91(8), 92(9), - - -, 9n())

for z = (z1,22,...,2y) and ¥ = (y1,¥2,...,yn). The mapping A x B is a solution of the n-simplex
equation.

Definition 4.6. Let A: X"tk — X"*F and B: X*+™ — X*+™ be mappings of the form
A@,9) = ([1(&,9) - [u(@,5), 0 (9), - ha(7), TEX™, geXP,
B(g) 2) = (h’l(g)a seey hk(?j)ygl(gv 2)7 )gm(ga 2)) ) ze X™
Then the mapping A #,B: X" tktm _ X7 +tk+m defined by the rule
A #kB(fa Y, 2) = (fl('i‘ag)v ey fn(‘fag)v hl(g)a ooy hk(ﬂ)vgl(ga 2)5 7gm(g, 2))
is called the k-amalgam of A and B.

Theorem 4.7. We consider positive integers n and m and a nonnegative integerk. Let A: X"tF —
X"k pe a solution of the (n + k)-simplex equation and let B: X*+™ — Xk+m pe a solution of
the (m + k)-simplex equation such that

A('fvg) = (fl(jag)v '”7fn(£7g)7h1(g)7 ) hk(g)), S Xna ye ka
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B@,2) = (@), b3, 015 2)s o g (3:5)), Z € X
Then the k-amalgam A #.B : X" tk+m . Xn+tk+m of A and B defined by the rule
A #kB('i.7 g? Z) = <f1('i.7 g)? ctt fn(:i', g)? hl(g)? ) hk(g)’QI(g7 2)7 A 7gm(g7 2))

is a solution of the (n + k + m)-simplex equation if and only if, for all i and j with 1 <1i <n and
1 < j<mandall elementsaqpg € X witha € {1,...,n+k}andp € {1,...,k+m},

g;i( a1, ai2, v Qlg—1, Gl  Olk+m )
g;( a1, a2, v Ggk-1, ask, -0 A2ktm ),
, Gi( Qnt11,  Ant12, t Gnglk—1, Gntlk, * 0 Ontlktm )
A
11
9]( bn+ " an+2,2) an+2,k—1) an—‘,—?,ku an+2,k+m )7
1,2 2,2
gj( bn+ ) bn+ ) Gn+43.k—1, On+3,ky " An43 k+m )7
Lk—1 2,k—1 k—1k—1
g (oA skl gt R g ks Gk )
Il
filt an,  aga, 0 Ay, b2 2, bz2, - bro ),
fit a1z, a2, ' Qpi12,  On42.2, bzz, - bkz ),
9j fi( a1 k-1, A2k—1, *°° Ant+1k—15 An42k—1, On43k—1, °°° bk,k ), )
fil aik, G2k, Gniiks Gng2k,  Gng3k, 0 Ongkk )
fz( a1,k+m, 2k+m> " Oni+lk4+m Oni2,k+m> Onit3k+m, " Antkk+m )
where
ij . (pntli—n—1 i—li—n—1
b = h;(b . iy e Qi k),

bij = hj(@nt14s s Antiis Dit1is o5 b i)

Proof. The assertion is clear from inspection of the matrix M I, 1, of the (n + k + m)-simplex
equation. The ((n+ k) x (n+ k + 1))-submatrix at the left upper corner and the ((k +m) x (k +
m + 1))-submatrix at the right lower corner are independent of the remaining entries of the matrix and
correspond to the (n + k)-simplex and (k + m)-simplex equations.

Since each function h; is independent of the first n and last m variables, the common entries of these
submatrices are independent of the remaining entries of the matrix. Therefore, the (n + k 4+ m)-simplex
equation splits into the (n + k)-simplex and (k 4+ m)-simplex equations on indices in the corresponding
submatrices. The remaining submatrices at the left lower and right upper corners consist of nm distinct
entries and are transposes to each other. The explicit expression of the (n + k + m)-simplex equation
on indices in these matrices leads to the above condition.

We illustrate the construction of the k-amalgam with a series of examples.

Example 4.8. Let X be a set and let A, B : X? — X? be solutions of the Yang—Baxter equation
such that

A(xvy) = (fl(x7y)7f2(xay))7 B(th):(gl(z7t)792(z7t))7 z,y,2,t € X.
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By Lemma 2.1, we have

fi(filz,y),2) = fi(filz, f2(y, 2)), f1(y, 2)),
fi(fa(z,y), f2(fi(m, ), 2)) = f2(filz, f2(y, 2)), f1(y,2)),
fo (falz,y), fo(fi(z,y), 2)) = fa(z, fa(y, 2))
and
91 (91(z,9),2) 91 (91(, g2(y,2)), 91(y, 2)) ,
91 (92(2, ), 92(91(2,9), 2)) = 92 (91(2, 92(y,2)), 91(y, 2)) ,
92 (92(2, ), 92(91(2,y), 2)) = g2 (2, 92(y,2))

forall z,y, z,t € X. We put

R(%% Zat) = (fl(x7y)7 fQ(xa y),gl(Z,t),QQ(Z,t)), x,Y,2,t € X.
We describe conditions guaranteeing that the mapping R satisfies the 4-simplex equation

Ri234 R1567 R2589 R368,102479,10 = F479,1012368,10 22589 R1567 121234

Straightiorward calculation shows that

Ru79,10R368,10 Rasso R1s67 R1234(2, y, 2, 1,0, 4, 7, 5,1, )
= (filfi(z, ), p), fi(f2(z,y), f2(f1(2,y).p)), f1(91(2, 1), 91(q: 7)), [1(g2(2: 1), g2(q, 7)),
fa(fo(z,y), f2(f1(z,9),p)), f2(91(2, 1), 91(q, 7)), fa(g2(2, 1), 92(q, 7)), 91 (g1 (s, ), v),
91(g2(s,u), g2(g1(s, 1), v)), g2(92(s, u), g2(91 (s, u), v)))
and

Ri234 R1567 Ras80 368,10 Ra79,10(T, Y, 2, 1,0, 4, 7, 8, U, v)
= (filfi(z, f2(y,p))s f1(y,0)), f2(fi(z, f2(y,P)), f1(y, ), 91 (f1(2, @), f1(t, 7)),
92(fi(z,q), f1(t,r)), fa(z, f2(y: ), 91(f2(2, @), fo(t, 7)), 92(f2(2, @), fo(t, 7)),
91(91(8, 92w, v)), 91(u, v)), g2(91 (s, g2(u, v)), g1 (w, v)), g2(s, g2 (u, v))).

We equate the expressions on the left-hand and right-hand sides. We obtain a system of ten equations.
The first, second, and fifth equations together mean that A is a solution of the Yang—Baxter equation.
The last three equations mean that B is a solution of the Yang—Baxter equation. Therefore, the map-
ping R is a solution of the 4-simplex equation if and only if

filgi(z,1),91(q,7)) = q1(f1(z,9), f1(t,7)),
fi1(g2(2,1), g2(q, 7)) = g2(fi(z,9), fi(t, 7)),
f2(g1(2,1), 91(q,7)) = g2(f2(2,9), f2(t, 7)),
fa(g2(2,1), 92(q,7)) = g2(f2(2,9), fo(t, 7))

for all z,t,¢q,7 € X. Notice that these equalities coincide with the conditions on f; and g; from
Theorem 4.7.

Example 4.9. Let X be a set and let A, B : X? — X? be solutions of the Yang—Baxter equation
such that

Az, y) = (f(z,y), My)), Bly,2) = ((y),9(y,2)), =,y,2€X.
By Lemma 2.1, we have

f(f(z,y),2) = f(f(z,h(2)), fy,2)), f(h(y), h(2)) = h(f(y, 2)),
9(y,9(2t)) = g(9(y,2),9(h(y),1)), 9(h(y), h(z)) = h(g(y, z))
forall z,y, z,t € X. We consider the mapping

R(x,y,z) = (f(xay)vh(y)ag(yv Z))
from X3 to X3. We have
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Ri23R145Rou6 R3s6(, Y, 2,1, D, q)
= (f(f(, h(t), f(, 1)), h(f (5, 1), g(f (1), F (2, D)), h*(t), g(h(t), h(p)), 9(t, 9(p, q)))

and

Rs3s6Roa6 R145 R123(2, Y, 2,1, D, q)
= (f(f(z,y), 1), f(R(y), (1)), f(g(y, 2), 9(t, D)), K*(t), h(g(t,p)), 9(g(t, p), g(h(t),q))) -

We conclude that R is a solution of the tetrahedron equation if and only if, for all z,y, z,¢,p,q € X, we
have

f(f (@, (D)), fy: 1) = f(f(,9),1),
h(f(y,t)) = f(h(y), (1)),
9(f(y:1), f(zp)) = F(9(y,2),9(t,p)),
g(h(t), h(p)) = h(g(t,p)),

g(t,9p,q) = g(g(t,p),g(h(t),q)).

[f A and B are solutions of the Yang—Baxter equation then the first, second, fourth, and fifth equalities
hold. We find that R is a solution of the tetrahedron equation if and only if, for all y, z, ¢, p € X, we have

9(f(y,1), f(z,p)) = f(9(y,2),9(t,p)) -
In this case, we obtainn = m = k = 1 and, by Theorem 4.7, the mapping A #1 B : X3 — X3, where
A #1B($, Y, Z) = (f(xa y)? h(y)v g(ya Z)),

is a solution of the tetrahedron equation if and only if the following equality holds:

g (f(ai1,a21), f(a12,a22)) = f (g(a11,a12), g(az1, a)) .

Remark 4.10. Notice that, for k € {0, 1}, the elements b/ and b; ; do not occur in the conditions
of Theorem 4.7. It is easy to see that, for k = 0, if A#(B is a solution of the n-simplex equation then
B#yA is a solution of the n-simplex equation too.

4.2. Simple solutions. In the present subsection, we define a certain class of solutions of the n-
simplex equation.

Definition 4.11. A solution T': X™ — X" of the n-simplex equation is said to be simple if
T(Z’l, 7$n) = (xs(l)a 7xs(n))>
where s : {1,...,n} — {1,...,n} is an arbitrary mapping.
Example 4.12. Let X be an arbitrary set.
(1) The identity mapping id : X — X is a simple solution of the 1-simplex equation.
(2) The mappings P, Pr?, Pr2 : X% — X? defined by the rules
P (z,y) = (y,2),
Pri: (z,y) = (z,2),
Pr3: (w,y) — (y,v)
forall z,y, z € X are simple solutions of the 2-simplex equation.
(3) The mapping Pr3 : X® — X3 defined by the rule
Pr3: (z,y,2) = (4,9:9)
forall z,y, z € X is a simple solution of the 3-simplex equation.

[t is obvious that the product of simple solutions is a simple solution too.
The following assertion is immediate from Theorem 4.7.

Proposition 4.13. Let R: X" — X™ be a solution of the n-simplex equation and let A €
{idx, P, Pr?, Pr3, Pr3}. Then R#oA and A4#oR are solutions of the (n + m) -simplex equation.
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Definition 4.14. A solution R is said to be indecomposable if R = A#B for no solutions A and B.

Question 4.15. (1) Is there a natural n such that the n-simplex equation admits simple indecom-
posable solutions that do not belong to {idx, P, Pr?, Pr3, Pr3}?

(2) As is known, the permutation Pj9 is a solution of the Yang—Baxter equation. Describe all n > 2
such that permutations without fixed points are solutions of the n-simplex equation.

Proposition 4.4 allows us to find permutations that give rise to solutions of the n-simplex equation.

4.2. Linear and affine solutions. Linear and affine solutions of the Yang—Baxter and tetrahedron
equations were studied in [9, 10, 21, 25].

Theorem 4.7 allows us to prove the following assertion.

Proposition 4.16. Let A and B be linear solutions of the n-simplex and m-simplex equation
respectively. Then theirO-amalgam A#oB is a linear solution of the (n + m)-simplex equation. If the 1-
amalgam A#1 B is defined for A and B than it forms a solution of the (n + m — 1)-simplex equation.

Proof. Let f: X™ — X be a linear mapping. We rewrite it in the matrix form
f(@) = a1y +agma + ...+ anw, = 2" [f] = [f]" 7,

where [f]7 = (a1, a2, ..., a,) is the tuple of coefficients, 7" = (1, x2,...,z,) is the tuple of variables,
and -7 denotes the transposition operation. We rewrite the conditions of Theorem 4.7 for k € {0,1} as
follows:

[F1F Mlg) = [g]" MT[f].
Here f denotes a component of A, g denotes a component of B, and M is an (n x m)-matrix.
This means that, for all linear solutions A and B, the mappings A # B with k € {0, 1} are solutions
of the corresponding n-simplex equation. O
4.3. Construction of rational solutions from linear solutions. We consider a linear solution
(R, R) of the Yang—Baxter equation, i.e., let
R(x,y) = (17, (1 — aqan)x + agy), where ag, ag € R.

Proposition 4.16 provides us with a solution R : R™ — R™ of the n-simplex equation of the form
;X5 if 7 is Odd,
€4 — (1 - Ozifloéi)l‘i—l + o;x; + (1 — aiaiﬂ)xi“ if 7 is even
(1 — aj104)Tp—1 + iz if i = n is even,

where a; € R.

We consider a rational function f : R — R such that f~! is a rational function too. For example, we
may consider a linear-fractional transform with

ar +b _dr—b

flz)= crtd f M) =

We conjugate the solution by f. We obtain a rational solution (f~*)*"Rf*". For a linear-fractional
transform f, the solution assumes the form

( (iad — be)x; + (o — 1)bd

a—cx’

if 7 is odd,
ca(l — a;)z; + (ad — a;be)
azri_1+b axz;+b Cooazipatb)
d (ﬁl cwiatd T Yegird T Bit1 cxit1+d b e
= ; " if 4 is even,
€T; — o Lar;—1 .ax;+ . aTi41
' a—c (6’ caiatd T Ycgyd T Bi+1 cxi+1+d>

aTn—1+b azn+b)
d <ﬂn CTn_1+d + ancxs-l-d) b
arn—1+b aTn+b
a—=c (ﬁn cTp_1+d +an cxn+d>
where 3; =1 — ;10 for i € {2,3,...,n}. This construction allows us to construct a set of new

rational solutions of the n-simplex equation. It is interesting to know which rational solutions can be
obtained from linear solutions by conjugation.

if i = niseven,
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Example 4.17. We consider
ar=az3=1, ar =ay =0.
Then we have
P2 =03 =ps=1
Let
a=c=1, b=0, d=-1.
We obtain a solution of the 4-simplex equation

Tl + x3 — 22173
y L3, L3 | .
1-— 13

(21,2, 23, 24) (901,

Example 4.18. Let R be the solution of the 4-simplex equation defined by the rule
R(x1, 9,73, 74) = (T2 — T4, T1 + T3, T3, 74).

For f we take the mapping = — Ll We obtain a solution of the 4-simplex equation
l’ —_—

Y RF™ (2, 29, 23, 24) — (

To — x4 1+ 23— 21123 o
1+ 20my’ 1— 2123 )

Question 4.19. Is it possible to obtain the electric solution by conjugating a linear solution?

4.4. From solutions of the n-simplex equation to solutions of the (n — 1)-simplex equation.
The construction of the k-amalgam defined above allows us to construct a new solution of larger
dimension form a pair of solutions. We turn to an opposite problem, i.e., is it possible, for a solution
(X, R) of the n-simplex equation, to construct a solution of the (n — 1)-simplex equation?

Proposition 4.20. Let R: X™ — X" forn > 3, let R be a solution of the n-simplex equation, and
let there exist xg € X such that R(xy, ... ,x0) = (o, ..., xo). Then

R™(x1,...,%n_1) := R(x0, %1, ..., Zn_1), R (z1,...,%n_1) = R(x1,...,Tn_1,20)
are solutions of the (n — 1)-simplex equation.

Proof. 1f R is a solution of the n-simplex equation then the mappings R; with 1 <i <n+1 act

on X, where N = n(n +1)/2. We consider a set X,,, C X* such that the first n coordinates are equal
to xg, i.e., we have

Xog = {(20, ..., 20, Tns1, Tny2, ..., zn) € XV
———
n

We restrict the solution of the n-simplex equation to X,,. On the right-hand side of the equation, we
apply Ri:

Ri(xo, ..., T0, Tnt1, Tnt2y---,TN) = R(zo,...,xo) X idN_”(:cn+1,xn+2,...,zN)
—_———
n
= (.’EQ, <3 L0 Ln41y Tnt2y - - - ,.’EN).
———
n

We find that R7 acts as the identity mapping on X;,. On the set X, the n-simplex equation assumes
the form

The mappings on both sides of the (n — 1)-simplex equation act on X', where N’ = N — n. We remove
the first n coordinates and consider the above equation restricted to the last N’ coordinated. We obtain
the (n — 1)-simplex equation after the shift of all indices by —n.

We show that R! is a solution of the (n — 1)-simplex equation. We consider the set X, where
the coordinates with numbers in n 4 1 are equal to 2. We notice that R acts on this set as the identity
mapping. O
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5. TROPICALIZATION

5.1. Tropicalization of rational solutions. By tropicalization we mean a certain mapping from
the set of rational functions to the set of piecewise-linear functions. Dynnikov [16] used tropicalization

for studying representations of the braid group B,, in the permutation group Sym(Z?"). In particular, he
found nondegenerate solutions of the Yang—Baxter equation on Z?.

In the present section, we establish a connection between rational and piecewise-linear solutions of
the n-simplex equation for an arbitrary n.

In the formulation of the main result, we need a series of definition and the following notation. Let
R(z1,z9, ..., x,) denote the field of rational functions over the set R of reals. A solution (R, R) of the n-
simplex equation, where

R(l‘l,.’EQ, cee ,.Tn) = (T17T2, o 7rn)7 ;€ R(£17£27 cee )xn)a

is called a rational solution.

Let I,, denote the subset of nonzero fractions of the form r = f/g € R(x1, x2,. .., z,) such that each
nonzero coefficient of f is equal to 1, the constant term of f vanishes and either ¢ = 1 or each nonzero
coefficient of g is equal to 1 while the constant term of g vanishes. A rational solution

R(z1,z0,...,xy) = (11,72, .-, Tn), 7i € R(x1,22,...,20),
of the n-simplex equation is said to be I-rational if all components r; belong to I,,.
Example 5.1. [t is easy to see that the electric solution
xy Yz
R = — - J7
G <a;+z—|—xyz’ T Et Yz, x—i—z—l—xyz)

of the tetrahedron equation which arises in the electric network theory and is well-known as the star-
triangle transform is an I-rational solution.

The mapping

Re(%y,z)—< i , T+ 2 Yz )

r+z x4z
obtained from Rg by removing all monomials of degree 3 is an I-rational solution too.
Let PL,, denote the set of piecewise-linear functions from R™ to R.

Definition 5.2. By the fropicalization we mean the mapping (-) : I, — PL,, that is defined for
functions r = f/g € I,,, where

— E | i — E B! J
f_ all---l'nxl "'xnn7 9= /6]1---]7L:1:]_ "'$nn7

z1"1“"”Ln>0 ]1++]n20
by the rule
max {i1z1+...+i,2,} — max 1Tl + ...+ Jnx if 1,
o z‘1+...+in>0{ nn} j1+...+jn>0{‘7 Jntn} g 7
max {i1x1+...+ipx ifg=1.
i1+...+in>0{ nn} g

The recursive procedure below allows us to obtain 7! from r.

Proposition 5.3. Let r =r(x1,...,2y), 11 = r1(x1,...,xy,), and ro = ro(x1, ..., x,) be rational
functions in I,,.

1. Ifr =x; thenrt = x; fori =1,...,n.
2. We have (r1 +ra)t = max{rt, rt}.
3. We have (r1r9)t = rt + b,

t
1

4. We have <> =rl—rk.
T2
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In particular, the definition of the tropicalization is well defined, i.e., if r1 and ro are equal as rational
functions then so are their tropicalizations.

Let R(z1,...,xy) = (r1,72,...,7) € (In)" be a rational vector-valued function in n variables.
The tropicalization of R is defined component-wise as follows:

Ri(zy,...,2n) = (ri(z1,. .., 20), .. rh(21, .. 1)),
Example 5.4. The tropicalization of the electric solution Rg from Example 5.1 is the mapping
Rliy(w,y,2) = (x +y — max{z, 2z, + y + 2}, max{z, 2,z +y + 2}, y + 2 — max{x, z,x + y + z}).
The tropicalization of R, from Example 5.1 is the mapping
R!(x,y,2) = (z +y — max{xz, 2}, max{xz, z}, y + z — max{z, z}).
The mappings RY; and R, are piecewise-linear solutions of the tetrahedron equation.
Remark 5.5. The solution RY, consists of three linear parts. We have
Ri(e,y,2) = (2,9 + 2 — ),
Ry(z,y,2) = (x +y - 2,2,9),
Rs(z,y,2) = (—z,x +y + 2z, —x).

We may regard these mappings as mappings on R3. It is not difficult to show that (R, R;) and (R, Ry)
are solutions of the tetrahedron equation; however, (R, R3) is not a solution.

Definition 5.6. Let 1 and 79 be rational functions in R(z1,...,x,) and let 1 < k < n. By the k-
composition of r1 and ro we mean the rational function ry og r9 € R(x1,. .., z,) defined by the rule

(riogro)(x1y ... xn) i=11(21, oo, Th—1,72(T1y o ooy )y Tl 1y - -+ » L)
Proposition 5.7. Ifry,re € I, then (r1 of r2)t = 1} of 7.

Proof. We use the recursive procedure from Proposition 5.3. If ri(z1,...,z,) = z;, where x; is
a variable, then there is nothing to prove. If

ri(z1, .., xn) = f(z1, .. 2n) xg(x1, .o 20),
where f and g are rational functions in I, and x € {+,-,/}, then
iz, xn) = [, ) # gt (2, ),

where *! € {max, +, —}, and

(riogre) (@1, .., xn) = (fopre)(x1,...,xn) % (gogT2)(X1,...,2n).
We find that
(r1 o )t (1, .. 2n) = (fop o) (x1, ... 20 *' (gogpro)i(x1,...,2).
By induction, we obtain the required assertion. O

Corollary 5.8. The tropicalization preserves the composition of rational vector-valued functions of
such a form.

Theorem 5.9. If (R>o, R) with R € (I,)" is a solution of the n-simplex equation on the set of
positive real numbers then its tropicalization (Rsq, R') is a solution of the n-simplex equation too.

Proof. Foreveryn > 2, the n-simplex equation has the form
Rily - Rugp = Ragg - IRy
We apply the tropicalization on both sides of this equality. We obtain
(RiRg -+ Rygp)' = (Ragp -+ RaRy)"
By Corollary 5.8, we have

t ot ¢ t t pt
RyRy - Ry = Rpg - IRy
This means that R? is a solution of the n-simplex equation. O
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5.2. formal tropicalization. The following question naturally arises: Is it possible to obtain new
solutions by using transforms that are similar to the tropicalization on a suitable class of solutions of
the n-simplex equation? Surely, such transforms should exist. We call transforms that take solutions
into new solutions formal tropicalizations. In the rigorous definition of a formal tropicalization, we
need the notion of a partial algebra, i.e., a generalization of the notion of an universal algebra, where
partial operations are allowed [18, Ch. 2]. A simple example of a partial algebra is a field, where
the inverse with respect to multiplication is not defined for the zero element.

Definition 5.10. Let A be a partial algebra of signature ¥ and let R : A™ — A" be a partial function
represented as a tuple (fi, ..., f) of n-ary functions of a signature ¥’ C X. Assume that (A, R) is
a solution of the n-simplex equation. Let B be a partial algebra of signature = and let g be a mapping
that takes an n-ary function symbol of ¥’ into an n-ary function of the signature Z. For every f;,
let g(f;) be the n-ary function of the signature =, where each function symbol of ¥’ is replaced with
the corresponding n-ary function of the signature Z. The mapping RY : B™ — B"™ represented by
(9(f1),---,9(fn)) is called a formal tropicalization of the solution R if (B, RY) is a solution of the n-
simplex equation.

The assertion “(A, R) is a solution of the n-simplex equation” can be regarded as N equations ®p
in N variables such that, for every tuple of values of variables and every equation, either this equation
holds or the value of the expression on one of its sides is undefined.

These equations may be regarded as formulas of the equational logic. For algebras, the equational
logic was considered in [18, Appendix 4].

We adhere the above notation. Let T' be a set of equational formulas of the signature ¥’ such

that A satisfies T" and each formula in ® can be deduced from T'. We call T a set of axioms for
the solution (A4, R).

Proposition 5.11. Let (A, R) be a solution of the n-simplex equation and let T be a set of its axioms.
If g is a mapping such that B satisfies g(T) := {g(¢) : ¢ € T} then (B, RY) is a formal tropicalization
of (A, R), i.e., is a solution of the n-simplex equation.

Proof. 1t is easy to see that the sets g(®g) and ® s coincide. Since @ can be deduced from 7', we
conclude that g(®r) can be deduced from ¢g(7"). Therefore, B satisfies ® . O

Example 5.12. We consider the usual tropicalization of rational functions. We may regard rational
solutions as solutions in the algebra (X, -2, /2, +2,1%). Each solution can be deduced from the following
set of axioms:

a-b=b-a, a+b=b+a,
a-(b-c)=(a-b)-¢, a+(b+c)=(a+b+¢, a-(b+c)=a-b+a-c
a/b=a-(1/b), (1/a)-(1/b)=1/(a-b), a-1=a, a/l=a, ala=1.
Hence, there exists a mapping ¢ to the signature of an arbitrary algebra that satisfies these axioms. One
of such algebras is (X, +2, —2, max?, 0"). Since we regards multiplication by a fixed natural number

as multiply applied addition operation, we may use the mapping g for rational solutions with natural
coefficients and, in a sense, for rational solutions with positive rational coefficients.

Corollary 5.13. Let (A, R) be a solution of the n-simplex equation and let B be a subalgebra of A
of the same class of signature ¥. Then (B, R) is a solution of the n-simplex equation.

Proposition 5.14. Lef (A, R) be a solution of the n-simplex equation and let B be the homomorphic
image of A with respect to a homomorphism h. Then (B, R) is a solution of the n-simplex equation.

One of advantages of formal tropicalizations is possibility to regard solutions of the n-simplex
equation as templates instead of fixed functions.

Example 5.15. As is known,
(w,y) = (aa:, by + (1 - ab)$)7

where a,b € Z, is a solution of the Yang—Baxter equation over Z. Since Z is a generic Z-module for
the theory of left modules over commutative rings, the mapping

(z,y) = (az,by + (1 — ab)),
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where R is a commutative ring and a,b € R, is a solution of the Yang—Baxter equation over each left
R-module.

The following assertion is immediate from Proposition 5.14.

Corollary 5.16. Let (A, R) be a solution of the n-simplex equation and let T' be a set of its axioms.
We consider the subset T of formulas in T with occurrences of variables and the class & of algebras
defined by T'. For an arbitrary algebra B € R, if there exists a homomorphism h : A — B then (B, R")
is a solution of the n-simplex equation.

Example 5.17. Let R denote the class of commutative rings with the partial operation for taking
the inverse element. Let (R, R) be a solution of the n-simplex equation of the form (R, ..., Ry,), where

i Qg1 j,n

_E aj-x;" Ty
- Bk Bryn’
gbk-xl’l-...-xn’"

In R, there is an obvious homomorphism h : R — D’[R™] from the field R of reals with the standard
operations of addition and multiplication to the linear space D'[R™] of compactly supported distributions
in R™ with the addition and convolution * of functions. This homomorphism is defined by the rule

r—r-5eD[R™, rekR,

R;

&jm, Bem € NU {0} for all j, k, m.

where § is the Dirac delta-measure. Then (D’[R™], R") is a rational solution of the n-simplex equation.
The components of the function R" have the form

) ) ) ) -1
R? = (Z a; -:U?J‘l K ..k x%””) (Z bj - xfj’l X ..k ;Ugj") ,

where the powers correspond to multiple application of the convolution and the inverse is considered
with respect to the convolution.

6. SOLUTIONS OF THE PARAMETRIC YANG—BAXTER EQUATION

6.1. Group extensions and the Yang—Baxter equation. We consider a group extension

1— s F-2s5@.dspg. 47

and a section ¢ : K — G, i.e., amapping with j o ¢ = idg. Asis proven in [35], if K is an Abelian group
then the conjugation quandle Conj(G) provides us with a solution of the Yang—Baxter equation
a,b pa,c pb,c b,c pa,c pa,b
Ry Ri3 Roy = Rys Rz Ryy,  a,b,c € K,
on H with parameters in K.

We generalize this result. We represent elements of G as pairs (z,a) € H x K and assume that
i(x) = (z,1) and j((z,a)) = a. Then the multiplication on G regarded as a set of pairs is determined by
the formula

(z,a) 0 (y,b) = (x Oby,a o b) for a suitable = oby € H,

) )

where a o b is the product on K. We denote the multiplication on H by the same symbol o. This agrees
with the formula

(z,1) 0 (y,1) = (zoy,1).
We regard H as an algebra with the set of binary operations
{ o |a,be K}.

By the axioms of groups, these operations satisfy the following axioms.
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l. Forallz € H and a € K, there exists a unique 56;11_1 = x;_ll , € H such that

-1
alg O T=x o , =1
@ a-la a,a

ZL‘_l

2. Forallz,y,z € H and a,b,c € K, we have

(x ao,b y) aoC;),c S a,<b)oc (y b(,)c Z).

We generalize this construction to groups with a right distributive groupoid structure. We assume
that a set G is endowed with a binary operation % : G x G — G such that (G, %) is a right distributive
groupoid. Let a set H be closed with respect to % and let this multiplication define a right distributive
groupoid structure on K. As is known,

R(g,h) = (g,hxg), g,heQq,

is a solution of the Yang—Baxter equation on G. In [35], the operation % was considered with a * b =
b~labfora,b € G,i.e., (G,*) was the conjugation quandle.
We represent G as the set of pairs (z,a) € H x K. We have

(z,a) * (y,b) = (x * Y, a* b) for a suitable x * Y € H.

We obtain an operation « on H and a set { * | a,b € K} of operations. The following assertion is obvious
because x is right distributive. 7

Lemma6.1. Forallx,y,z € H anda,b,c € K, we have
(xxy) * z=(x x2z) * (yx*2z).

a,b axb,c a,c axc,bkxc b,c
We are ready to prove the following assertion.
Proposition 6.2. Foralla,b,c € K, the equality
,b ,cxb b, bxa,ck R b
Ryy Riy™ Rog = Ry Ry RY)
holds in H, where
R (z,y) = (z,y * z), wu,v€ K.
v, u

)

Proof. Since (G, R) is a solution of the Yang—Baxter equation, for all g, h, k € G, we have
Ria Ri3 Ra3(g, h, k) = Ras Ri3 Ria(g, h, k).
Letg = (z,a), h = (y,b), and k = (z, ). We consider the expression on the left-hand side:

Rig Riz Roz((2,a), (y,b), (2,¢)) = Ri2 Ris((z,a), (y,0), (z,¢) * (y,b))
= Ris Ri3 ((m,a),(y,b z*y,c*b) ( ), (y,0), ((z x y) = x,(c*b)*a))

c,b cxb,a

= <(:U,a),(ybﬂ7<ax,b*a),((z xy) * x,(c*b) *a))-

c,b cxb,a

We consider the expression on the right-hand side:

Ro3 Ri3 ng((az, a), (yv b)? (z7c>) = Ra3 Ri13 <(a;, a)a (Z/ b* x,bx* a)v (27 C))

,a

= Rys ((x,a),(y & wbra), (2 3 x,c*a))

,a c,a

,a c,a cxa,bxa b,a

= ((m,a),(yb* x,bxa),((z x x) * (y x :U),(C*q)*(b*cl))).
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We consider the restriction of R to H x H and put
R (2, y) = (z,y * x)
v,

foru,v € K. We obtain the required equality. O

Corollary 6.3. If(K,x) is a trivial right distributive groupoid(i.e., ifu x v = u for allu,v € K) then,
foralla,b,c € K, the equality

a,b pa,c pb,ec _ pb,ec pa,c pa,b
Ryy Riy Ryz = Roy Ryy Ry)
holds in H.
Example 6.4. We consider a group extension

1 H—y0-21,K 1.

We assume that K is a group of exponent 2. As is well known, the group K is Abelian. For example, we
may consider K =~ (Z/2Z)". On (G, o), we consider the elementary solution R : G? — G? of the Yang—
Baxter equation defined by the rule

R(z,y) = (z,z0y ‘o).
1

This solution corresponds to the core quandle (Core(G),*), where yxz =xo0y™ oxz. We again
regard G as the set of pairs (g, k), with ¢ € H and k € K. We represent the group operations on G
as follows:

(91, k1) 0 (92,k2) = (91 © g2, k1 0ka),

1,k2
(gla kl)_l = (g];]lgfla k1_1)7

where o : H? — H denotes an operation on H that depends on parameters a and b and gk_,i,l denotes

a,b

the inverse element with respect to . ’?_1. We define a mapping R*® : H?> — H?. We put

Ra’b(w,y)=<:c,(w o Yy © 96)

a,b~1 ab—la

Then R is a solution of the parametric Yang—Baxter equation
a,b pa,c pb,c b,c pa,c pa,b
Riy Rz Ryz = Rys Ry3 Ry
Remark 6.5. As is known, on each group GG, we can introduce two distinct structures of a verbal
quandle; namely, Core(G), where g * h = hg~1h, and Conj,,(G), where g *, h = h="gh" for a natural n.
The case of Core(G) was considered in the previous example. The case of Conj; (G) was studied in [35].
The description of the case of Conj,, (G) is similar. The quandle Conj,,(G) provides us with a solution
of the parametric Yang—Baxter equation if the subgroup K™ of K generated by nth powers of elements
forms a subset of the center Z(K) of K.
6.2. Representations of virtual braid groups and the Yang—Baxter equation. In [2, 5],
representations were constructed of the virtual braid group V' B,,. In [5], a representation ¢ : VB,, —
Aut(F, 3,) was constructed to the automorphism group of the free product F, 3, = F,, x Z3", where

F, = (x1...2,)isafree group of rank n and Z3" = (w1, ..., Wy, U1, ..., Upn,v1,...,0,) is a free Abelian
group of rank 3n. It is determined by the following action on the generators:
W Wit Ui
. Tj — Tyl 1T ) . Wy — Wi41,
p(oi) : Wit (o) :
Tit1 — T, ) Wi1 — Wy,

Ui — Uiy, Vi — Vi1,
p(oi) : p(oi) :
U1 — Uj, Vit1 — Ui,
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-1
’U
RN Wi — Wit1,
w(pi):{ MO plp)q 1T

Tipg — ;'

U — Uiy, Vj — Vig1,
w(pi):{ ' o w(m%{ ' o

Ui+l — Uq, Vi+1 — U;.

Wi+1 — Wy,

Theorem 6.6. Let G = B x A, where A and B are groups and A is an Abelian group.

the mappings
R (z,y,2) = (2%, xy"z™"", 2),
Ry, y,2) = (2", y, 2z 2™ ),
Ry (@, y,2) = (z, 9%, y2"y ™)
give rise to a solution of the parametric Yang—Baxter equation

RU'U'LU u,p,q pPU,P,4 _ pv,P,q pU,p,q pu,v,w
13 23 23 13 12

on B with parameters u,v,w, p, q,u1, vy, u2, v € A.
The mappings
Ty3° (x,y,2) = (2,9, 2),
Tﬁ‘}l’vl (CL‘, Y, Z) = ($u1 » Y 201)7
TZuB;MQ (:L" Y, Z) = (l‘, ywa 202)
give rise to a solution of the parametric Yang—Baxter equation
T T T = T T T
on B with parameters in A.
Proof. LetG = B+ A. Wedefine R,T: G x G — G x G. We put

R (z,y) = (z¥, 2y z™""), T""(z,y) = (z",y")
forxz,y € Bandu,v,w € A.

We construct a mapping R that is a solution of the parametric Yang—Baxter equation

RU« sV, wRuhvl ;W1 RU«Q,UQ:U)Q _ RU«Q,UQ:'U)Q RUI:ULU}I RU , U, W
12 - 23

where

R?év’w (z,y,2) = (2, zya™"", 2),

Rulml,Wl (.’E, y, Z) — (l’wl,y, CL'Zull'_wlvl),

Ruz,@Q,ﬂ/Q (113, y’ Z) — (.fU, y’wg’yzugy—’wm}g)‘
We consider the action of the expression on the right-hand side. We obtain

Ru y Uy wRu17’U1 ,<W1 R’LLQ,?)Q,’LUQ (x’ y’ Z) _ Ru ,U, ’U}Ru1,’U17’U}1( 7 wa’ yz’U,Q ywa’UQ)

= Ry (" y2, a(yzteymrere) T

_ (xwlw W WU . —WIWY Ul L U2UL

Ty Y XY 2Ty

We consider the action of the expression on the left-hand side. We obtain

u2ﬂ)27w2 Ulavhwl u,v,w u27'U27w2 ulaU17w1
RY RY RY™( RY R (

x,Y,z) = ¥ xyteT) z)

U2, V2, W
_R 2,V2 Q(xww17xy T —wv $wzulx ww11}1)

— (l,wwl ’ W yungfwvwz 7 xyuxfwarwugz
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Since z, y, and z are arbitrary elements of B, we obtain the following system of equations:
wwp = ww, wp = w2, UW2 = WU, WIW = wWiwwv,
u=uy, wlug—v) =0, ugug = uguy, wav2 = w11,
w(vwzvg - wlvluz) = 0, UV2W9 = W2V2UT .

This system implies that wy = ws, u = u1, us = v, and vy = v1. Hence, there are three free parameters
for R}y and two free parameters for Ryy"V™" = R3™™' ) while R53">"* = Ryy™™" lacks free
parameters.

Thus, we obtain a solution of the parametric Yang—Baxter equation

R A
We consider the mapping T': G x G — G x G defined by the rule T%"(z,y) = (z*,y"). Then
T3 (z,y,2) = (2,9, 2),
Ti5 " (w,y, 2) = (2™, y,2™),
T3 (x,y, 2) = (w,y", 2")
are mappings on G. We prove that they satisfy the parametric Yang—Baxter equation.
We consider the action of the expression on the right-hand side. We obtain
115 Ty Ty (@, y, 2) = Ty Ty " (x, 42, 2%2) = Ts" (2™, yt2, 220) = (™1™, y"2Y, 2%2").
We consider the action of the expression on the left-hand side. We obtain
Ty Ty TS (x,y, 2) = To Ty " (2, y¥, 2) = Ty 2 (2", y¥, 2%) = (™1, y¥"2, 2"1%2).

Therefore, we have six free parameters. O

7. SOLUTIONS OF THE PARAMETRIC n-SIMPLEX EQUATION

We generalize the results of the previous section. As above, we assume that G is an extension of
a subgroup H by a group K and (G, R) and (K, ) are solutions of the n-simplex equation on G and K
respectively such that the diagram

G —F 5 g

= E

k)

Gn —— K™

commutes, where G and K™ are the Cartesian products.
Each element 2 € G is represented by a pair (h, k) such that k = j(z) € K, h =i (z - (p(k))™!) €
H, where i is an embedding of H into G, and i(h) = (h, 1). We represent
R(x1,...,zn) = R((h1, k1), (ho,k2), ... (hn, kn)) = (y1,92,- -, yn) € G™.
We represent the expression on the right-hand side as follows:
(V1,925 - - - yn) = (B}, kL), (R, KS), ... (K, k) for some h; € H and k] € K.
We put
RFvFn(hy, o hy) = (By, B, .. hy),
r(kiy e kn) = (K, Ky, . kD).
We rewrite R as follows:
R(x1, ..., xy) = (RF P (hy o hy),r(k, . k).

Since R is a solution of the n-simplex equation on G, the family R¥1>-+*» of functions is a solution of
the parametric n-simplex equation on H.
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Proposition 7.1. Let (G, R) be a solution of the n-simplex equation. We define

Sm(ki, ... kn) =p"(r=go...ori(k1,...,kn)),
Zm(k’l, . ,]{IN) :pﬁ(’rmo N orﬁ(kl, e .,kN)),

where p™ denotes the projection from K~ to K™ whose kernel consists of components with numbers
outside the multi-index. Then (H, R¥*») is a solution of the parametric n-simplex equation

21(k) pea(k) | pEng1(k) _ psnti(k) | psa(k) psi(k)
1 2

n+1 n+1 2 1 ’
wherek = (ki1,...,ky) € KV is a vector of parameters.
[i r = id, i.e., the identity mapping, then we obtain
k1 ks krrr ket ks k1
RY'RY - R25 = R R RN

Notice that if r(ko, ... , ko) = (ko, ..., ko) for some kg € K then (H, RFo:--F0) is a solution of the n-
simplex equation.
7.1. Solutions of the n-simplex equation on group extensions. We consider a group extension

1 B R @ d 1.

We assume that (H, R) and (K, T) are solutions of the n-simplex equation on H and K respectively.

Definition 7.2. We say that (G, Q) is an extension of the solution (H, R) by the solution (K,T)
if (G, Q) is a solution of the n-simplex equation and the diagram

Hn 4 anr " Kn

2 o I

Hm i ar J Kn

commutes. We identify the group H™ with its image under " in G™.

Proposition 7.3. If (H,R) and (K, T) are solutions of the n-simplex equation then there exists
a solution (G, Q) of the n-simplex equation that is an extension of (H, R) by (K, T).

Proof. We consider the extension of the Cartesian powers

o

J
o — i
1l —— H" —— G" K" —— 1.
ﬁ\_‘?’/

For every g € G™, there exists a unique representation g = hykgy, where
kg:SOOjn(k)a hg:gk;17

and hy € H™. Therefore, we represent the set G™ as the Cartesian product of the sets H™ and K™. We
define

Q(g) = R(hg)e (T5"(9)) -

In terms of the Cartesian product above, we represent this function as (R(hg), 9Tj"(kg)). Notice that
a function F' defined on A x B for some sets A and B is a solution if and only if its projections are
solutions. We conclude that @ is an extension of solutions if and only if ¢T'j"(g) is a solution on G.

We put ¢ = @", where ¢ is a section of G 7, K. We obtain a solution because the equality

(@"T5")1 - (@ T3 gy = (@ T3 g - - (@"T5")1
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is equivalent to the equality

NI N LGN Ty N = N T N L N Ty Y.
Since j o ¢ = id, the above equality holds if and only if (K, T) is a solution. O]
We illustrate the use of Proposition 7.3 for constructing new solutions.

Example 7.4. We consider the additive group (Z, +) of integers as an extension of the form

0—3Z—t572-1457 0.

Here i denotes the multiplication by p and, for every b € Z, we denote by j(b) the remainder in
the division of b by p. For simplicity, we denote b := j(b) and if a = (a1, as, . .. ,a,) € Z" then we write
a:=(a1,az,...,a,) € Zy.

Let R and T be solutions of the n-simplex equation on Z and Z, respectively. We fix a set-theoretical
section ¢ : Z,, — 7Z. For each b € Z, there is a unique representation

(b—(b), b) € Z X Zp.
Hence, the mapping
ar R(a— ¢"(@) + ¢"T(a)

is a solution of the n-simplex equation on Z.

Forexample, letn = 3. Assumethat R =idand T : (z,y, z) — (x4 2y — 22,2z — y, z) are solutions
of the tetrahedron equation on Z and Z,, respectively. Then the mapping

(2.9,2) = (@+2y—2:) +o -2, 2z —y) +y—7.2)

is a new solution of the tetrahedron equation on Z, where the section embeds Z, into Z as the first p
nonnegative elements.

8. INVERSE LIMIT OF SOLUTIONS

Let A denote a category of algebras such that the n-simplex equation makes sense. For example, we
may consider the category of groups, rings, modules, etc. We define a category CA(n). The objects are
pairs (X, Rx ), where X is an object of A and Rx is a solution of the n-simplex equation. Morphisms
of CA(n) are morphisms of A such that

Mor((X, Rx), (Y, Ry)) = {f € Mor(X,Y) | fo Rx = Ry o f}.

We describe solutions on the inverse limit. For the definition of the inverse limit and its properties,
the reader is referred to [33, Ch. 3]. Let D be a small category and let ¥ : D — CA(n) be a diagram. We
apply the forgetful functor T : GA(n) — A and obtain a diagram in A.

Proposition 8.1. If the inverse limit im(T o F) exists in A then the inverse limit im F exists
in CA(n).
Proof. Since the limits commute, we have

b 7" = G Tl

Let X =1lim(7 o &)™ and let F' denote 3. For an arbitrary object A € D, let p4 € Mor(X, F(A)) be
the morphism from the definition of the limit. We define a mapping R on X. We put

(z4)aep — (Ra(ra))aep-

We need to prove that R(X) C X. Assume that there exists x € X with R(z) ¢ X. Then there exists
a morphism f4p such that

fap opa(R(z)) # pp(R(x))
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or, which is equivalent,

fap o Ra(ra) # Rp(zB).

Conditions on morphisms imply
Rp(fap(xa)) # Rp(zp).

Since f(z4) = xp, we arrive at a contradiction.
For objects A, B € D and a morphism f € Mor(A, B), the diagram

/\

—)F)

commutes, where fap = F(f).
Since 24 = pa(x), the condition on morphisms yields
fapoRaopa(r) = Rpo fapopa(r) = Rpopp(z).
We conclude that the diagram

commutes too. O
Corollary 8.2. We regard p-adic integers Z,, as the inverse limit of Z,y. and assume that (Z,, Ry)

with k =1,2,... are solutions of the n-simplex equation such that Ry o (¢r)*"™ = Ry_1, where ¢y,
is the projection from Zx to Zyk-1. Then this family determines a solution (Zy, R) of the n-simplex
equation.

Example 8.3. We consider the family of linear solutions
Ry(z,y, ) = (akw, (1 — agbp)z + bry, (1 — agbr)crw + (1 — ber)y + cp2)
of the tetrahedron equation on Z,x. We also assume that the coefficients satisfy the conditions
ape1 = ap  (mod p)*, brii =b, (mod p)¥, ¢ = (mod p)k.
The family Rj, generates a solution R on Z,, where
R(z,y,2) = (az, (1 —ab)xz + by, (1 —ab)cx+ (1 —bc)y + cz),
and a, b, and c are p-adic numbers defined by the sequences

a=(ay,...,ak,...), b=1(b1,...,bg,...), c=(Cly.ve,Chy...).

9. TETRAHEDRON EQUATION AND CORRESPONDING ALGEBRAS
In the present section, we consider the tetrahedron equation
R123R145 Ro46 R356 = R356246 R145R123.

By a solution we mean a set-theoretical solution of this equation.

9.1. 3-Ternoinds. An algebra with a single ternary operation is called a fernar. An algebra with
k ternary operations is called a k-ternoid. 1T R = (f,g,h) : X3 — X? is a solution of the tetrahedron
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equation on a set X then we define three ternary operations [-, -, -]; : X® — X withi =1,2,3 on X. We
put

la,b,cly = f(a,b,¢), [a,b,cla=g(a,b,c), [a,b,c|s=h(a,b,c),
where a, b, c € X. For simplicity, we distinguish between operations by using distinct types of brackets
and write
[a,b,cly = [a,b,c], a,b,clo = a,b,c), [a,b,cl3={a,b,c}.
Straightiorward calculations prove the following assertion.
Proposition 9.1. Let (X, [-,-,-],(-,-,-),{",+,-}) be a3-ternoid. It determines a solution of the tetra-
hedron equation if and only if the following six equations hold for all (x, v, z,t, p, q) € X5:
[z, (y,t, {z,p,a}), (2,0, D), [y, . {2, p, 4}, [z, 0, q]] = [[>, 9, 2], ¢, ),
([z,(y, t,{z,p,4}), (2,0, D)), [y, t, {2, 0, ¢}], [z, 0, 4]) = [{x, 9, 2),([%,v,2],t,p), d],
{[z, (. t,{z,p,a}), (=, 0, D), [y, t, {2, p, 4}, [2, 0, 4l
= [{z,y, 2} {[z,y, 2], t, 0}, {2, 9, 2), (2, 9, 2], . p) s g},
(z,(y, t.{z,p.q}), (z.p. @) = {(=,y,2),([z,y,2], £, p), @),
{z,(y,t.{z,p,a}), (2.0, 0} = (2,9, 21 {l2, v, 2], £, 0} {2y, 2), (2, 2], 8, ), a),
{v.t.{z,p,a}} = {z, v, 2h {lw . 2], £, 0}, {(2,y, 2), ([, 9, 2], 6. p) a3 -
The following three corollaries describe elementary solutions of the tetrahedron equation.
Corollary 9.2. Let (X, [,-,"]) be a ternar. Then the mapping R : X3 — X3 defined by the rule
R(a,b,c) = ([a,b,c],b,¢), a,bce X,
satisfies the tetrahedron equation if and only if

[z, t,p): [y, t. 4], [z, p, 4]l = [[2,y, 2], t, p]
forall x,y, z,t,p,q € X.
Corollary 9.3. Let (X, [,-,"]) be a ternar. Then the mapping R : X3 — X3 defined by the rule

R(a,b,c) = (a,[a,b,c],c), a,b,ce X,
satisfies the tetrahedron equation if and only if

[z,y, 2], [x, 8, pl, 4] = [, [y, 1, d], [2, p, 4] (9.1)
forallxz,y,z,t,p,q € X.
Corollary 9.4. Let (X, [,-,"]) be a ternar. Then the mapping R : X3 — X3 defined by the rule

R(a,b,c) = (a,b,[a,b,c]), a,b,ce X,
satisfies the tetrahedron equation if and only if

[z, y, 2], [, ¢, 9], [y, ¢, 4] = [y, ¢, [2, P, ] (9.2)
forallx,y,z,t,p,q € X.

Remark 9.5. We notice that the equation in Corollary 9.3 is “more symmetric” than equations in
Corollaries 9.2 and 9.4. In particular, the number of variables is the same on the left-hand and right-
hand sides, while the number of variables on distinct sides of the remaining equations is distinct.

We call solutions from Corollary 9.2 elementary solutions of the first kind or 1-elementary
solutions; we call solutions from Corollary 9.3 elementary solutions of the second kind or 2-
elementary solutions; we call solutions from Corollary 9.4 elementary solutions of the third kind
or 3-elementary solutions.

Let Pi3: X3 — X3 denote the permutation of the first and third components, i.e., put Pi3(z,y, z) =
(z,y,2). I Ris an 1-elementary solution then Pj3RP3 is a 3-elementary solution and vice versa.
Therefore, we only need to consider 1- and 2-elementary solutions.
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9.2. 1-Elementary solutions. We study 1-elementary solutions of the tetrahedron equation. We
introduce an algebra (X, *,5,9,>) with four binary operations satisfying the relations

zoy=(zdz)°(yd=z),

(zoy)*(zow) = (z*2)0 (y*w),
(@5y)52 = (25 2)5 (y72),
(xxy)dz=1ab(yo=z).

We call this algebra the first tetrahedral 4-groupoid or a Ty-groupoid.

Proposition 9.6. AT} -groupoid generates a 1-elementary solution (X, R) of the tetrahedron equa-
tion according to the rule

R(z,y,2) = (x> (yo2), y, 2), =z,y,2¢€X.

Proof. We prove that R is a solution. It suffices to show that R satisfies the equality in Corollary 9.2.
This equality assumes the form

(x> (top))>((y>(tog))o (25 (poq))) = (x> (yo°2)) > (top).
We consecutively apply the relations to the expression on the left-hand side. We obtain

(x> (top)) > ((yB(tog))o (25 (pogq))) = (x5 (top)) B ((y*1)Jq) o ((2%p)Iq))
= (@B (top))>((y*t)o(z%p)) = (¢ (top))>((yoz)*(top))
= (zB(yo2))> (top),
i.e., the required equality holds. O
Example 9.7. We consider an algebra (V,*,5,<,5) on a vector space V, where
¥y =Pz + (1 - Py,
xoy:=x—vy,
zdy =z +(f—1)y,
x>y =Pz + (1-P)y,
and 3 is an endomorphism of V. This system generates the solution
R(z,y,2) = (Br+ (1 =By + (B -1)z,9,2), zy,z€V.

There exists 2-groupoids that give rise to 1-elementary solutions in a similar way. We consider
an algebra (X, %, ) such that

(zoy)*(zow) = (z*2)0 (y*w).
We call this algebra the first reduced tetrahedral 4-groupoid or a reduced Ti-groupoid.

Proposition 9.8. A reduced T, -groupoid generates a 1-elementary solution (X, R) of the tetrahe-
dron equation, where

R(z,y,2) = (x*(yoz2), y, 2), =z,y,2€ X.

Proof. Notice that R is a solution if it satisfies the equation from Corollary 9.2 which assumes
the form

(z¥(top))* ((y*(tog))o(z%(poq))) = (x*(yo2))* (top).
We consecutively apply the relations to the expression on the left-hand side and obtain
(z¥(top))* ((y*(tog))o(z%(poq))) = (z*(top))*((yoz)*((tog)o(poq)))
=(z%(top))*((yoz)*(top)) = (x*(yoz))*(top),
i.e., the required equality holds. O
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Example 9.9. We consider an algebra (V,%*,3) on a vector space V, where
zxy = fr+(1- Py,
roy =1z —y,
and (3 is a fixed endomorphism of V. This system generates the 1-elementary solution

R(z,y,2) = (Br+ (1 =By + (B - 1Dzy,2), z,y,z€V.

Notice that this algebra is similar to the algebra from Example 9.7. In general, if x ¥y = xbyina ;-
groupoid then we remove the operations x <y and x > y and obtain a reduced T -groupoid. The authors
do not know whether there exist 77 -groupoids such that we do not obtain a reduced 7 -groupoid after
removing x <y and z 5 y.

9.3. 2-Elementary solutions. We study 2-elementary solutions of the tetrahedron equation with
the use of an algebra (X, x, o, <,>) with four binary operations, where

x> (yxz)=(z>y)*(z>2),
(xoy)<dz=(x<z)o(y<z),
(xxy)o(zxw) = (xoz)*(yow),
(xpy)<dz=zp>(y<dz),
(xxy)<dz=z>(yoz).

In the sequel, we call this algebra the second tetrahedral 4-groupoid or a Tx-groupoid.

Proposition 9.10. EveryTs-groupoid X determines a 2-elementary solution (X, R) of the tetrahe-
dron equation, where

R(z,y,2) = (z, x> (yoz2), 2), =z,y,2z¢€X.

Proof. Notice that R is a solution if it satisfies the equality in Corollary 9.3. This equality assumes
the form

x> ((y>(tog)o(zp(pog)) = (x> (yoz)) > (x> (top))og).

We apply the relations of the Ty-groupoid on the left-hand side of the equality. We obtain

x> ((y>(tog))o(zp(poq)) =z>(((yxt)aq)o((zxp)<q))

=z (((yxt)o(z+p))<q) = (x> ((yoz)*(top))) g
= (x> (yoz)) = (x> (top)))ag= (x> (yoz))>((x>(top))oq),

i.e., the required equality holds. O

Assume that there is a 2-elementary solution (X, R) of the tetrahedron equation, where

R(z,y,z) = (z,[z,y,2],2), =,y,z€ X.

We ask if this solution is determined by a Ty-groupoid.

The following assertion shows that the answer is positive if certain conditions on the ternar (X, [+, -, -])
hold.
Proposition 9.11. Assume that a ternar (X, [-,-,-]) defines a solution of the tetrahedron equation.

Let there exist an element ¢ € X with [c,c,c] = ¢ and a function{-} : X — X with

{le,z,cd} = e {zh, d =2, [{zh {y} d = {lx,y,d}s e {z) {y}] = {le 2, 9l}-
We put

vxy=[z,y,c, zoy=lezyl, zry=I[z,{y}.d, z<y=][c{z}y]
forallz,y € X. Then (X, *,0,>,<) is a Ty -groupoid.
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Proof. 1t is easy to see that
(x*xy)o(zxw)=c[z,y,d,[z,w,]] =

= [[e,z, 2], [c,y,w],c] = (z 0 2) * (y o w),
{[yvz C]} ] = [:C’ [{y}a {Z},C], [Cv ) CH =
[z, {y}, o, [z, {2} c. ] = (x> y) * (0 2),
{le;z,y}, 2] = [[e; e, [e, {}, {y}], 2] =
[c,
E

>(y*z) =

[z,
(zoy)az=]c
= [e,[e;{z}, 2], [e, {y}. 2]l = (w<2) o (y 2 2),

(zry) <z =[e{[z,{y}, ]}, 2] = {le; [z, {y}, o, [e, 2, ]} =
= {lle,;z,d, [e, {y}, 2], e} = [, {le, {y}, 2]} ] = 2> (y < 2),
zv(yoz) = [z, {ley, 2]}, o = {lle,z, d, [e,y, 2], o]} =
={le; [z y, cls ez, dl} = [e{[zy, ), 2] = (e xy) a2
We conclude that all relations of a T»-groupoid hold. O
We use the operations from the above assertion and construct a mapping
(,y,2) — (x,>(y 0 2),2), =z,y,z€ X,
that gives rise to a solution of the tetrahedron equation.

Question 9.12. Does this solution coincide with the initial solution? In other words, is this true that
[z,y,2] =x> (yoz)forallz,y,z € X?

Example 9.13. We consider an algebra (V, %, 0,<,>) on a vector space V', where
zxy = (1-pB)z+ Py,
zoy:=pfr+(1- 7By,
zay:=(1-pBz+y,
zoy:=z+ (1 - Py,

and g3 is an endomorphism of V. It is easy to see that we obtain a T5-groupoid. We obtain a 2-elementary
solution (V, R) as follows:

R(z,y,z) = (z,(1 =Bz + Py + (1 - P)z,2), z,yz€V.

On the other hand, if 3 is an automorphism then we put ¢ := 0 and {x} := 8712 and construct a T,-
groupoid (V, *, 0, <,1>) from (V, R).

Remark 9.14. It is not difficult to see that the restrictions (V,x) and (V, o) of the Ty-groupoid
(V,*,0,<,1>) from the above example form generalized Alexander quandles.

10. VERBAL SOLUTIONS

Let G be a group. A verbal solution of the n-simplex equation is a solution (G, R) of the form

R(917927 e 7971) = (w1(917927 s 79”)7w2(gl)927 s 7971)7 e 7wn(917927 cee 7gn))7

where each w; = w;(z1,22,...,2,) with i =1,2,...,n is a reduced word in a free group F,, =
(x1,...,xn). A verbal solution R is said to be k-elementary if each word w; (except for wy,) is equal
to xT;.

10.1. Universal verbal solutions. i (G, R) is a verbal solution of the n-simplex equation and
¢ : G — H is a homomorphism such that (Ker(y), R|ker(,)) is @ solution of the n-simplex equation
then we obtain a new solution (¢(G), R¥), where

R?(0(91),0(92), - -+, 9(gn)) = (9(g1), ©(93) - - -, (gn))
and

R<gl7927 AR 7977/) = (917957 A 79’:1)'
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As is known, for every group G, there exists an elementary solution R : G2 — G2 of the Yang—Baxter
equation. We can construct such a solution by taking a quandle on G (for example, either the conjugation
quandle Conj(G) or the core quandle Core(G)). We formulate a general question.

Question 10.1. Let G be a group. Is there a mapping R : G™ — G™, n > 2, that gives rise to
nondegenerate (elementary) solutions of the n-simplex equation?

Here by a trivial solution we mean a permutation of components.

In the present section, we consider elementary verbal solutions of the tetrahedron equation on
an arbitrary group, which is equivalent to studying solutions on the free group Fg. We recall definitions
from the combinatorial group theory. We regard F}, as the free product on n copies of an infinite cyclic
group. We represent elements in F}, as reduced words

w =it atk, a; € Z\A{0}, iy #djpforj=1,2,... k-1 (10.1)

Lyt
Each subword xzj is called a syllable. The number k is called the syllable length of w and denoted

by l(w). By the i-syllable length of w we mean the number of syllables that belong to (z;) (we
denote it by I;(w)). For example, if w = x5 °z32; "2125 € F3 then we have [(w) = 5, 1 (w) = l3(w) = 2,
and lp(w) = 1.

We also consider cyclic reduced forms of words. Word (10.1) is said to be cyclic reduced if either i1 #
i, or both conditions i; = i and ayay; > 0 hold. If a word w is not cyclic reduced then it is of the form

w = u~ wou, where wy is a cyclic reduced subword of w and = denotes the equality of words. Moreover,

we have w™ = u~'w{u for every integer m. For example, we have 23 22z "aq2§ = x3° (22 "2103) 23
and the subword 22x; “x123 is cyclic reduced.
Lemma 10.2. Let w = w(x,...,x,) be a reduced word in a free group F,,. Letl;j(w) =k > 0 for

a suitable j with 1 < j <n. Then l;(w™) > k for every integer m # 0. Moreover, the first and last
symbols of w coincide with, respectively, the first and last symbols of w™ for every positive m.

Proof. We assume that m > 0. If m < 0 then the proof is similar.
We assume that wis cyclic reduced. Ifi(w) = [;(w) = 1 thenw = 2, where avis a nonzero integer. It
is obvious that the required assertion holds. Assume that I(w) > 1 and w is a word of the form described

in (10.1). If either ¢y or 4y, is distinct from j then [;(w™) = km. If iy = 4;, = j then & > 1 and we have
Li(w™)=km—(m-—1)=m(k—1)+1.
Sincem > 2, weobtainm(k —1)+1>2(k—-1)+1=2k—1> k.

[T w is not cyclic reduced then w = u™ wou. I k = 1j(w) = 21;(u) + L;(wo) then I;(w™) = 21;(u) +
lj(wg"). By the above, we find that I;(wg*) > 1;(wo). Thus, we have I;(w™) > 21;(u) 4 I;(wo) > k. Let
k = 1j(w) = 21;(u) + lj(wo) — 1. This is possible if either both the ultimate syllable of u~! and the initial
syllable of wg belong to (x;) or both the ultimate syllable of wq and the initial syllable of u belong to (z;)
(notice that these two conditions cannot hold simultaneously). Then

Li(w™) = 2lj(u) + (wg') — 1 > 2(u) +j(wo) =1 > k.

The second part of the lemma is trivial. O

Lemma 10.3. Lefw = w(x1,x2) and g = g(x1,x2,x3) be reduced words in the free group Fs such
thatl(w) =k, l3(g) =m >0, andl(g) > 1. We denoten = ls(w(g(x1, x2,x3), g(x4, x5, x3))). Then

n>m ifk=1, (10.2)
n>2m—1)+(m-2)(k—2) ifk>2 m>2. (10.3)

Proof. We assume that
w = m?lxglx?%? . .x?sxgs, (10.4)

where o, B; € Z and only oy and 3, may vanish. If & = 1 then w is either a power of z; or a power of 5.
In this case, we obtain the required assertion from Lemma 10.2.
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We prove (10.3). If m > 2 then there may be only one cancellation of x3 in g(x1, z2, £3)® g(x4, 25, 23)°.
We conclude that

I3(g(z1, w2, 23)" g(24, 25, 73)°) > (m — 1) + (m — 1).
It is possible to cancel 3 in g(x1, 2, 23)% g(x4, x5, 23)% g
I3(g(z1, 02, 23)" g(24, 25, 3)" g(21, 22, 23)%) > (M — 1) + (m — 2) + (m — 1).

We repeat this argument & times and obtain (10.3). O
We use the notation from the previous lemma. We obtain the following assertion.

Lemma 10.4. Letw = w(x1,x2), letl(w) = k > 2, and let

(1,22, x3)¢ only twice; hence, we have

9(z1, 22, 23) = g1(1,22) 2§ g2(T1,22), i £ 1, a#0.
Ifn = lg(w(g($1,$2,m3),g($4, s, ".173))) thenn = k.
Proof. Assume that

w =Mz a2 ateal (10.5)

where «;, 8; € Z and only o and 35 may vanish. We represent

w(g(x1,z2,x3), 9(x4, T5,23)) = w(g1(x1, x2) 2§ g2(21, 22), g1(x4, T5) 2§ go(T4, 25))
= (g1(z1,22) 2§ go (21, 22))* (91 (%4, 75) 2§ g2 (24, 5))"" (9121, 22) 2§ g2 (21, 22))™
(g1(za, z5) 2§ go(a, 5))%2 . . (9121, 22) 25 go (1, 22))* (g1 (x4, 25) 5 go(24, T5))

Since g1 and gy are nontrivial, cancellations are possible inside either

B

(91(@1, 2) 25 g2 (@1, 22))™ or (g1(z4, 5) 25 ga(24, ms))ﬁi
and are impossible between these words. We conclude that n = k. O
We describe verbal 3-elementary solutions of the tetrahedron equation.

Theorem 10.5. Lef R: G® — G? be a verbal 3-elementary solution of the tetrahedron equation for
every group G. Then one of the following conditions holds.

1. We have R(x,y,z) = (x,y,yw_l),
2. we have R(z,y, 2) = (x,y, v y),

3. we have R(x,y,z) = (z,y,w(y, 2)), where R'(y,z) = (y,w(y, 2)) is a solution of the Yang—
Baxter equation for every group G.

Proof. 1i
R(z,y,2) = (x,y,w(x,y,2)), 9,2 €G,
is a solution of the tetrahedron equation then, by Corollary 9.2, we have
w(w(z,y, z),w(z,t,p), w(y,t,q)) = w(y,t,w(zp,q)). (10.6)
We assume that x does not occurin w, i.e., we have w(z, y, 2) = w(y, 2). In this case, equation (10.6)
assumes the form
w(w(t,p),w(t,q)) = w(t, wip,q)).
We conclude that R/(y, 2) = (y,w(y, 2)) is a solution of the Yang—Baxter equation for every group G.
We assume that w(zx,y, z) depends on . We consider three possible cases.
Case l: w(z,y,z) = w(z, 2).
In this case, equality (10.6) assumes the form
w(w(z, 2), w(y,q)) = w(y, w(z,q)). (10.7)

[t is easy to see that the expression on the left-hand side of (10.7) depends on x, which is a contradiction.
We conclude that this case is impossible.
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Case 2: w(z,y, z) depends on all generators.
In this case, we may assume that
w(x,y,z) = 2" g1(x,y)2*% ... gn(x,y)2*" ",  «a; € Z, and only oy and o, 1 may vanish.
We rewrite the expression on the left-hand side of (10.6) as follows:

(w(y,p, q))* g1(w(z,y, 2), w(z,t,p))(w(y,p,q)** ... gn(w(z,y, 2),w(x,t,p))(W(y, P, q)) """

Notice that, for every g;(x1, z2), the word ¢;(w(z,y, 2), w(z,t,p)) depends on ¢ and z. Moreover, since
(w(y,p,q))* depends on ¢ for every nonzero «;, the word g;(w(x,y, z), w(x,t,p)) is independent of x.
By Lemma 10.4, we have either w = x7h(y, z) or w = h(y, z)x” for suitable 0 # v € Z and h(z,y) €

Fy(x,y).

Assume that w = 27h(y, z). If we have g;, = y* for some k € Z then, by Lemma 10.2, the word

gio (w(z,y, 2),w(x,t,p)) depends on x, which is a contradiction. Therefore, we have h(y, z) = y®2°,
where «, 5 € Z\{0}. We obtain

(2752 (2157 (47 p0¢%)P = g1t (TP
Since x can be canceled only if y = —1 and o = 1, we have
Py (y e”) =y (= e
Since 8 # 0, we arrive at a contradiction.
Similar arguments show that the case in which w = h(y, z)x? is impossible.
Case 3: w(z,y,z) = w(z,y).
In this case, equality (10.6) assumes the form
w(w(z,y),w(x,t)) =w(y,t). (10.8)
We know that [(w(x,y)) = k > 2. We assume that I, (w(x,y)) = m > 2. We have
Ly(w(w(z,y), w(z,t)) >2(m—1)+ (m —2)(k—2) >2(m —1) > 0.
We conclude that the word w(w(z, y), w(zx,t)) depends on x. Thus, we obtain I, (w(x,y)) = m =1 or,
which is equivalent, w(z, y) = y®a’y¢, where b # 0.

It is not difficult to prove that w(z,y) = y®aby® satisfies (10.8) if and only if either w = 2~y or
— 1
w=yr . O
Remark 10.6. We consider the permutation Pi3(z,y, z) = (2z,y, ) of the first and third variables
and a 3-elementary solution R(z, vy, z) = (x,y,w(z,y, 2)) of the tetrahedron equation. Then

P13RP13(15, Y, Z) = (w(za Y, $), Y, Z)
is a 1-elementary solution of the tetrahedron equation.

We describe verbal 2-elementary solutions of the tetrahedron equation.

Theorem 10.7. Let R: G® — G? be a verbal 2-elementary solution of the tetrahedron equation for
every group G. Then one of the following conditions holds.

1. We have R(x,y, z) = (z,w(z, 2), z), where eitherw = xz orw = zz,

2. we have R(x,y,z) = (z,w(x,y),z), where R'(z,y) = (z,w(x,y)) is a solution of the Yang—
Baxter equation for every group G,

3. we have R(z,y,z) = (x,w(y, 2), z), where R'(y,z) = (y,w(z,y)) is a solution of the Yang—
Baxter equation for every group G.
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Proof. 1i
R(z,y,z) = (z,w(z,y,2),2), x,y,z€Qq,
is a solution of the tetrahedron equation then, by Corollary 9.3, we have
w(w(z,y,z), w(z,t,p),q) = w(z,w(y,t,q), w(z,p,q)). (10.9)
We assume that x does not occurin w, i.e., we have w(z, y, z) = w(y, z). In this case, equation (10.9)
assumes the form
w(w(t,p), q) = w(w(t, q), w(p,q))-
We conclude that R/(y, z) = (y,w(y, 2)) is a solution of the Yang—Baxter equation for every group G.
We assume that w(z, y, z) depends on z. We consider three possible cases.
Case l: w(z,y,z) = w(z, 2).
In this case, equality (10.9) assumes the form
w(w(z, 2),q) = w(z,w(z,q)). (10.10)
Letlo(w(z1,22)) = k > 1and letl; (w(z1,22)) = m > 1. By equality (10.10) and Lemma 10.2, we have
m = L (w(@,w(z0)) = L (ww(z, 2),q)) = (k — m.

We obtain lo(w(z1, x2)) € {1,2}. Similar arguments prove that l; (w(z1, x2)) € {1,2}. Straightforward
calculations yield two solutions; namely, w(x, z) = zz and w(z, z) = zz.

Case 2: w(z,y, z) depends on all generators.
Letm =l (w(x1, 2, z3)) and let n = l3(w(z1, x2, x3)). Then

w = wi (21, 22) 25" wa(xr, x2) ... 25" w1 (21, T2).

We assume that m > 3. [t is easy to see that

n+1
m =l (w(z,w(y,t,q),w(z,p,q))) = Z lo(wi(w(z,y, 2),w(z, t,T))).
i=1

We assume that there exists a subword wj(z1, z2) of w such that k = [(w;(z1, 22)) > 1. By Lemma 10.3,
we have

m > lp(wj(w(z,y, 2),w(z, t,7) >2(m—1)+ (m—2)(k—2) > 2m —2 > m.

Therefore the syllable length of each subword w;(z1, x2) is equal to one, i.e., we have either w;(z1, x2) =
z]t orw;(z1,22) = asgZ By Lemma 10.2, we have [ (w;(w(z,y, 2), w(z,t,r))) > m. We obtainl + 1 =
1 in the above sum; however, the word w depends on x3. We conclude that m € {1, 2}.

Similar arguments prove that n € {1,2}. A finite set of possibilities for w remains. Straightforward
verification shows that there are no solutions among them.

Case 3: w(z,y,z) = w(z,y).
In this case, equality (10.6) assumes the form
w(w(z,y),w(z,t)) = w(x,w(y,t)). (10.11)
We conclude that R'(z,y) = (z,w(x,y)) is a solution of the Yang—Baxter equation for every group G.[]
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The above results show that there are no nontrivial invertible elementary verbal solutions of the tetra-
hedron equation on free non-Abelian groups. The authors do not know whether such nonelementary
solutions exist. On the other hand, Korepanov constructed a nontrivial invertible solution of the 4-
simplex equation on a free non-Abelian group.

Example 10.8 (I. G. Korepanov). Let G be a group. We fix elements a,b € G. Then the mapping

1

(x7 y? Z7 w) = (ywi a/7 xbz’ w’ Z)? x? y? Z7w e G7

determines a solution of the 4-simplex equation on G. It is easy to see that this solution is verbal if
a=b=1.

Definition 10.9. We consider the endomorphism R : F,, — F,, of the free group defined by the rule

R(z1,x2,...,2n) = (wi(z1,22, ..., ), W2(T1, T2y« o, X))y e ooy Wi (T1, T2y .oy Tp))

on the generators. Let V be a group variety. We say that R determines a universal verbal V-solution
of the n-simplex equation if (G, R) is a solution for every group G € V. If V is the variety of Abelian
groups then we speak about universal verbal Abelian solutions, if V is a variety of nilpotent groups then
we speak about universal verbal nilpotent solutions, etc.

10.2. Verbal solutions in Abelian groups. We consider the free Abelian group of rank n and find
universal verbal Abelian solutions of the n-simplex equation. There is a one-to-one correspondence
between verbal solutions of the n-simplex equation on the free Abelian group Z™ and linear solutions
over the ring Z. Each linear solution R over Z can be represented by a matrix, i.e., we have

R(z) =Mz, ze€Z", M € M,(Z).

Proposition 10.10. [fa mapping R is determined by a matrix M and is a solution of the n-simplex

equation then the mapping determined by the transpose matrix M™ is a solution of the n-simplex
equation too.

In several cases, solutions of the n-simplex equation are known. For example, all linear bijective
solutions of the 2-simplex, 3-simplex, and 4-simplex equation are listed in [21]. We list all universal
Abelian solutions in these cases.

Proposition 10.11. Let G be an Abelian group and let v, 3 € Z. Then each universal verbal solution
of the Yang—Baxter equation is determined by one of the following mappings, wherea,b € G-

(a,b) = (a®,b7),

(a,b) — (b,a),

(a,b) = (ab' =7, 0%),
(a,b) — (a®, al~*5pP).

Proposition 10.12. Let G be an Abelian group and let o, 3,y € Z. Then each universal verbal
solution of the tetrahedron equation is either the k-amalgam of solutions of the Yang—Baxter and 1-
simplex equations or is obtained from mappings in the list

(a,b,¢) — (a*,a,a ﬁbcﬁ),

(a,b,c) — (bya,a”*bc™),

(a,b,c) — (aablfaﬂca(ﬁ’yfl)y bﬁclfﬁ’n ),
(a,b, ) — (a®b BB pBcl=B7 1)

where a, b, c € G, by conjugation (see Proposition4.4) and transposition (see Proposition 10.10).
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Proposition 10.13. Let G be an Abelian group and let o, 3,v,8 € Z. Then each universal verbal
solution of the 4-simplex equation is either the k-amalgam of solutions of the m-simplex equation with
m < 4 or is obtained from mappings in the list

(a,b,¢,d) — (bd™ !, ac,d, c),

(a,b,c,d) — (b be=d*P L ae, d 8 dP),

(a,b,c,d) — (b,a, afabca,aaﬁflclfaﬁdﬁ),

(a,b,c,d) — (be=%d*®  acd™P, c*d* =" dP),

(a,b,c,d) — (b,a, a*abca,aa’gb*ﬂckaﬁdﬂ),

(a,b,¢,d) — (a®bc™?, ¢, b,bPed?),

(a,b,c,d) — (a®, bed™P a=bd, d%),

(a,b,¢,d) — (a®be=*d™?, cd=, bd, d%),

(a,b,c,d) — (aabl—ocﬂc’y(aﬁ—1)d75(1—aﬁ)7 bﬂcl—ﬁ’ydﬂﬁv—l)’ 07d1_75, d5),
(a,b,c,d) — (aablfaﬁca(ﬁ%l)da5(1fﬁv),bﬁclfﬁvdé(ﬁvfl)jcvdlf’ﬁ?d5)7
(a,b,c,d) — (aabl—aﬁca(ﬁv—l)daﬁ(l—vé), Wil =BrgPvo=1) v gl=d, dé)7

wherea, b, c,d € G, by conjugation (see Proposition 4.4) and transposition (see Proposition 10.10).

11. QUESTIONS FOR FURTHER STUDY

In conclusion, we formulate open questions for further study.

1. Find verbal universal solutions of the n-simplex equation in the class of all groups.

2. A connection is known between the braid group Bs and the Yang—Baxter equation. Which groups
correspond to the n-simplex equation?

3. Multi-switches were introduced in 3, 4]. Is it possible to use them for constructing solutions of
the parametric Yang—Baxter equation?
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