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Chapter 1

Introduction

The fundamental concept in (Applied) Harmonic Analysis is the decomposition of data/
signals/ functions using representation systems with prescribed properties for a given class
of mathematical objects (data/signals/functions). This leads to useful ways to decompose
and modify or transform various such classes. Given (a subset of) a Hilbert space H, the
basic idea consists in the construction of a representation system ® = {¢;};e; — so that
there exists some mapping C : H — ¢°°, such that

f=2_CHHe;

1.1 Motivation: Sines and Cosines

A large part of this lecture will be concerned with Fourier Analysis in its different versions,
that is, with Fourier series, and discrete and continuous Fourier transforms. At the base
of all this are the trigonometric functions, which may be seen as the simplest periodic
functions. We will now see, why.

"Sinusoids describe many natural, periodic processes"

1.1.1 Harmonic Oscillator and the Spring Equation

We will begin our study of wave phenomena by reviewing the harmonic oscillator. Consider
a block with mass, m, free to slide on a frictionless air-track, but attached to a Hooke’s
law spring with its other end attached to a fixed wall.

Light here means that the mass of the spring is small enough to be ignored in the
analysis of the motion of the block. This system has only one relevant degree of freedom.
In general, the number of degrees of freedom of a system is the number of coordinates that
must be specified in order to determine the configuration completely. In this case, because
the spring is light, we can assume that it is uniformly stretched from the fixed wall to the
block. Then the only important coordinate is the position of the block. In this situation,
gravity plays no role in the motion of the block.
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Recall Newton’s second law: The acceleration a of a body is parallel and directly

proportional to the net force F' and inversely proportional to the mass m, i.e., F = ma =
m-x”.
As a second instance of a harmonic oscillator, consider a tuning fork, that is struck and
thus produces a sound. What happens as the tuning fork is struck? It will be deformed
and a restoring force F' strives to restore the equilibrium, the fork overshoots, etc. This
motion produces air pressure waves that are picked up by our ears.

How can the motion in these situations be modeled?

1. F is proportional to the displacement z(t) from equilibrium:
F = —kz, (1.1)
where k is an elasticity constant (whose unit would be 2. )
2. I produces acceleration proportional to itself:
F = ma, (1.2)
where m is the mass of the block (or the tine of the tuning fork).

3. Now recall that a = d*z/dt?, i.e. acceleration is the second derivative of displacement
x with respect to time t. We thus obtain the ordinary differential equation for the
harmonic oscillator: ,

d°x k
— = ——u(t 1.3
=) (13)

4. In order to understand the motion of the struck tine, we therefore have to find

functions x(t) that are proportional to their second derivative by a negative number

c=—EX.
m

d2
e sin(wt) = —w? sin(wt) (1.4)

and the cos(wt) fulfills (1.3)) analogously. In both cases w = \/% and the period of

the oscillation is then given by T' = 27‘['\/% = %r = %, where f is the usual frequency

in Hertz (whereas w is measured in radians per seconds, thus w = 27 f).

1.1.2 The Vibrating String and the Wave Equation

A vibrating string is a simple but fundamental model of wave motion. When a string (as in
a guitar, violin, or piano) vibrates, the oscillations propagate along its length and produce
sound. The dominant frequency of vibration determines the pitch of the note, which is
usually perceived as constant over time. Vibrating strings are thus the basis of any string
instrument such as the guitar, cello, or piano.
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Figure 1.1: A vibrating string fixed at both ends.

Let y(z,t) denote the vertical displacement of the string at position = € [0, L] and time
t. Assuming the string is perfectly flexible, under uniform tension, and fixed at both ends,
its dynamics are governed by the wave equation:
Py _ ,0%
— = —
ot? ox?’
where ¢ = /T'/u is the wave speed, with T the string tension and y its linear mass density.
This equation balances acceleration in time with curvature in space.

(1.5)

General Structure of Solutions

The wave equation is linear, and its most general solution can be written as
y(z,t) = fz —ct) + g(x + ),

where f and g are arbitrary twice-differentiable functions. Here: - f(z — ct) represents a
wave travelling to the right with speed ¢, - g(x + ct) represents a wave travelling to the left
with speed c.

Thus, the equation admits any wave shape provided it propagates undistorted at speed
c. This general result is known as d’Alembert’s solution of the one-dimensional wave
equation.

Why Sinusoids Solve the Wave Equation

Although any shape f(z — ct) or g(x + ct) is allowed, sinusoidal waves play a special role.
Consider the (one-dimensional) wave equation again:

Pu 0%
— = =—.
ot? dz?
A sinusoidal wave of the form u(x,t) = sin(kx — wt) satisfies:
0*u 5 . 0*u 5 .
Frche —k*sin(kz — wt), Tt sin(kx — wt).
Substitution into the wave equation gives
—w?sin(kxr — wt) = —ck*sin(kz — wt),

which implies the dispersion relation w = ck.

Sinusoids are therefore natural eigenfunctions of the second derivative and automati-
cally satisfy the wave equation. Moreover, because the equation is linear, any superposition
of sinusoidal solutions is also a valid solution.
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Boundary Conditions and Periodicity

For a string fixed at both ends, we impose
y(0,t) = y(L,t) =0 for all ¢.

These boundary conditions restrict the general solution to oscillations that are periodic in
space and time. We can demonstrate this explicitly.
From y(0,¢) = 0 we have f(—ct) + g(ct) = 0= g(ct) = —f(—ct). Applying y(L,t) =0
gives
f(L—ct)+ g(L+ct) =0.

Substituting the first relation yields

f(L—ct) = f(=L —ct),

implying that f (and hence y) is periodic with period 2L in its argument, corresponding
to a temporal period of %

Separation of Variables Approach

An alternative way to solve (|1.5)) is via separation of variables. Assume y(z,t) = T(t) X (z).

Substituting into (1.5) gives
() X"(x) )
AT(t)  X(z) 7

for some constant A > 0.

e The spatial equation
X"(x)+AX(z) =0, X(0)=X(L)=0
has nontrivial solutions

X,(a:)zsin(?) : An = (EY, n € N.

e The temporal equation
T"(t) + ANT(t) =0

has general solutions

T,(t)=A, cos(nTmt> + B, Sin(?t) .
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Standing Waves and Harmonics

Combining both parts, the normal modes of vibration are

yn(z,t) = sin(?) [An cos(%t) + B, sin(?t)] , n=12 ...

These are standing waves with n — 1 internal nodes. The corresponding frequencies are

ne
fn - i?
integer multiples of the fundamental frequency f; = 37. This explains the harmonic

structure of sounds produced by string instruments: the vibration is a superposition of
sinusoidal modes, which Fourier analysis precisely captures.

L

Figure 1.2: First three standing-wave modes on a string of length L. Each mode has n — 1
internal nodes.

Periodicity and Sinusoidal Basis

A function f on R is periodic with period p > 0 if f(z 4+ p) = f(x) for all x € R. For

5 c . . . . .
example, e*™"3z! is %—perlodlc for all integers n, since

2wini(t+%) _ p2min 2mingTt _ 2mingt

e e“MMe ™MLt = e*™MaL”,

Therefore, linear combinations of sinusoids of frequencies ng> form the general periodic
solution for a fixed string.

Summary. The wave equation admits a wide class of traveling-wave solutions f(x — ct) +
g(x + ct). Boundary conditions on a string select discrete, standing sinusoidal modes.
These modes explain the harmonic overtones of musical instruments and demonstrate why
sinusoids are the natural building blocks of solutions to the wave equation.
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Chapter 2

Discrete Fourier analysis

2.1 Definition of Fourier series and examples

Definition 2.1.1 (Z%periodic functions). A function f : R? — C is called Z*-periodic if
flx+k)=f(x) forallz € R* and all k € Z°.

That is, f repeats its values whenever its argument is shifted by an integer vector.

Equivalently, f has period 1 in each coordinate direction:
flre, ..o,z + 1,000 2q) = f(o,. .z, .., 24), j=1,....d.

Ezxamples.

o Ford=1, f(x) = e*™"* is Z-periodic for any integer n.

e Ford=2, f(x,y) = sin(2rx) cos(2mwy) is Z*-periodic.
Definition 2.1.2 (d-torus). The d-dimensional torus is defined as the quotient space

T .= R?/7°.
This means that points in R that differ by an integer vector are identified:
r~y if and only if x—y e Z%

Each coordinate of T can thus be viewed as lying in the interval [0,1) with endpoints
identified. For instance:

T' = 1[0,1) with 0 ~ 1, T? 22 [0,1)? with opposite edges identified.

Remark. Any Z*-periodic function f : R — C naturally defines a function on the torus:

f:r=cC, f([2]) = fla),

where [x] denotes the equivalence class of x in T?. This is well-defined because f(x + k) =

f(x) for all k € Z°.
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Figure 2.1: The 2-torus T? = R2?/Z?. Opposite edges of the unit square are identified,
forming a surface topologically equivalent to a donut.

Now we dive into the question of how periodic functions may be described. We start
with the definition of the real Fourier series.

Definition 2.1.3. For a p-periodic function f(x) that is integrable on [—%, E], the numbers

2 (P2 2
a, = — (x) cos( ﬂnx) de, n>0 (2.1)
p —p/2 p
and P
2 [P 2
b, = — f(z) sin( 7mq;) de, n>1 (2.2)
p —p/2

are called the Fourier coefficients of f. The expression

2mnx

(Swf) ) =2+ 3 fan cos(Z™ ) 4 by sin(2TEY N > 0, (2.3)

p p

1s called trigonometric polynomaial of degree N. The infinite sum

oo

% + ; [a,, cos(

is called the Fourier series of f.

27mx) 2mnx
p

+ by, sin( » )] (2.4)

Example 2.1.4. The Fourier series of a square wave Consider the [0, 1]-periodic function

1 for0§x<%
-1 for%§m<1

fx) =

Then its Fourier series is given by

o0

1 :
flx) = - 2 @D sin(27(2k — 1)z)
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sguare wave 3

0.2 0.4 06 0.8 1 "o 0.2 0.4 06 0.8 1

Figure 2.2: Fourier Series Square Wave

Remark 2.1.5. For a bounded, piecewise continuous function f, the Fourier coefficients
(2.1) and yield the best approximation with a trigonometric polynomial of degree N .
Furthermore, if f is piecewise smooth with finitely many discontinuities, its Fourier series
converges pointwise.

Remark 2.1.6. Note that best approrimation means, that the error which occurs, when
approrimating a given, p-periodic functions by a trigonometric polynomial of degree N,
as in (2.3), is minimal, if the coefficients a,, b, are the Fourier coefficients. This is
an immediate consequence of the fact, that the sinusoids form an orthonormal basis for
"all" periodic functions (which are sufficiently nice). We will consider this property in

Proposition [2.1.5.

2milty

The complex version of Fourier series: We can use Euler’s formula, e "»" = COS(Q?T%$)+
isin(27r%x) where ¢ is the imaginary unit, to give a more concise formula of the Fourier
series of a function f:

flz) = i Cn”™5?, (2.5)

n=—oo
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with the Fourier coefﬁcientsﬂ given by:

1 [P/?

fln] = co = - f(z)e 7" dx. (2.6)
PJ—_p

If we assume here p = 1, the above formulas simplify further and we can use Euler’s
formula, e*™* = cos(2wnw) + isin(2rnz) where i is the imaginary unit, to give a more
concise formula of the Fourier series of a function f:

— i CneQm'nx’ (27)

and

R 1/2

fln] = ¢, = f(z)e 2™ dy. (2.8)

—1/2

Example 2.1.7. The Fourier series of a sum of sinusoids
We consider the functions fi(t) = sin2nwot and fo(t) = cos2w3wyt, for arbitrary wy € N
and h(t) = fi(t) + % - fo(t). We want to compute and interpret the Fourier series of
these three functions. Obuviously, fi and fy are pure sz’nusoids with frequencies wy and 3wy,
respectively, hence, with periods py = wio and py = . It is clear, that fy is also periodic
with the longer pemod . (Check this by invoking the deﬁmtzon of periodic functions!)

We first consider the Foumer coefficients of fi. Since its period is w%y we are looking for

the coefficients a,, b, in the expansion

+ Z a, cos(2mnwot) + by, sin(2mnwot)], n > 0. (2.9)

n=1

%o
2

We can now compute the coefficients (do it!!), according to the formulas given in Defini-
tion to find, using the orthogonality relations, that a, = 0Vn and by =1, b, = 0
for n #£ 1. Alternatively we simply look at the given form of f1 and argue that, since the
expansion in an orthogonal system is unique, the coefficients have to be of the very same
form! As a third version, compute the Fourier coeﬁﬁczents according to

We immediately derive (do it!!) that ¢; = f[1] = —i and c_, = f|— ] 5, which
leads us directly to the expression of the sine-function via Euler’s formula:

2miwoet __ e*QWiWOt

t) = sin 2mwot = !
f1(t) = sin 27wy 5

Let us first interpret these findings: obviously, the coefficients a,, b, in the Fourier series
express the "contribution” or energy of the cosine (or sine) function to the periodic signal
we wish to express. If we use the complex form, we split the energy contained in one

!The Fourier coefficients ¢, are often denoted by f [n], since f is the most common notation for the
Fourier transform of f.
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sinusoid into a positive and a negative part of equal absolute value (in the case of real
functions). If we use the real part, the contributions to "one frequency component” may be
split in cosine and sine parts. Since this is usually more complicated, the complex form is
usually preferred.

We now turn to fs, periodic with period ps, hence, if we consider the orthonormal basis
{cos(2mn3wot), m > 0} U {sin(2mn3woet), n > 1} in complete analogy to before, we
compute, or derive from the properties of our orthonormal basis, that a, = 0Vn # 1 and
a; = 1, b, = 0Vn. On the other hand, if we consider the basis {cos(2mnwot), n >
0} U {sin(2mnwot), n > 1}, which we will also have to use for h(t), we find that

[e.o]

fa(t) = % + Z [a,, cos(2mnwot) + by, sin(2mnwet)], n > 0. (2.10)
n=1

with a, = 0Vn # 3 and a3 = 1, b, = 0Vn! We can also derive the coefficients of the
complex form:

Combining all the above considerations, we now derie the Fourier coefficients of h(t)
according to 2.6): ¢1 = f[1] = 5, c.1 = f[-1] = —5,¢c3 = f3] =%, c.5 = f[-3] = 5.
The absolute values of these Fourier coefficients as well as the functions h(t) are shown
in Figure [2.3for wy = 10. Please also write out the real form of the Fourier series and
verify that the two forms are identical. In the figure, note that the z-axis is labeled with
the frequencies in Hertz. Of course, this is an interpretation of our observation that the
coefficients in the Fourier series correspond to the pure frequencies in the function (signal)
of interest: cqy corresponds to 0-wyHz, ¢; corresponds to 1 -woH z, etc.

We will often denote the Fourier coefficients of a function f by F[n] or f(n). More
precise explanations on scalar product, (norm and minimal error), orthogonality, and the
correspondence to ONBs:

Proposition 2.1.8 (ONB of exponential functions). The family of functions {\%ezm%x}kez

is an orthonormal basis of L*([—5, £]).

The proof consists of an easy part, namely showing the orthonormality of the functions
e, with respect to the inner product on L?([—5, £]), and of a more involved part, which
aims at showing completeness. This part may be accomplished in different ways. We may,
e.g., use Lemma which claims that f(m) = g(m) for all m implies f == g, a.e.
for all periodic L' functions. Then completeness follows from general properties of an
orthonormal system, since (f, e,,) = f(m) and hence f(m) = (f, en) = 0 for all m implies
f ==0, cf. Theorem below.

Alternatively, we state for the real sinusoids: The sines and cosines form an orthogonal

set: (note that the constant function is cos(2rx) for m = 0).

SIS

/ cos(27r@:v) cos(27rﬁx) dx = dpn, m>0n>1 (2.11)
- p p
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Signal: sum of two sinudoids

0NV

0 fr
0.5
'1 C | | | | | | | | |
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Time in Seconds
Fourier coefficients
1F | | I 1
0.8
0.6
0.4
0.2
| | | | | | |

-50 -40 -30 -20 -10 0 10 20 30 40 50
Frequency in Hertz

Figure 2.3: Fourier coefficients of the sum of two sinusoids
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5 mo . n
/ sin(2r—zx) sin(2n—z) dx = S, myn > 1 (2.12)
iy p p

2

(here d,,, is the Kronecker delta), and

(VS|

/ COS(2ﬂm$) Sin(27rﬁa:) dr =0, m>0,n>1 (2.13)
_ p p

[NIiS]

The span of these sines is dense in L*([—5,5]), hence they form an orthonormal basis of
this vector space.

Theorem 2.1.9 (Properties ONB). Suppose that {p,}22, is an orthonormal sequence in
a Hilbert space H. Let

VN :Span{gphgp%"'?@]\[}’ V= U VN
N=1

Then the following are equivalent:
(a) V is dense in H (with respect to the distance d(f,q) = |f — gl ),
(b) If f € H and (f,pn) =0 for all n, then f =0,
(c) If f € H and sy = 5210 (fou)pn, then ||sy — f]| = 0 as N = oo,
(d) If f € H, then N
IF17 =D [KF em)l
n=1

If these properties hold, {¢, }°°, is called an orthonormal basis or a complete orthonor-
mal system for H.

Proof. (a) = (b): Suppose f € H satisfies (f, p,) = 0 for all n. Then, for any v € V'
(finite linear combinations of {¢,}), it follows that (f,v) = 0.

Since V' is dense in H, there exists a sequence {v;} C V such that ||v; — f|| = 0 as
j — oo. By continuity of the inner product, we have

<f7vj> — <f7f>

However, since (f,v;) = 0 for all j, it follows that (f, f) = 0, which implies || f||* = 0.
Thus, f = 0.

(b) = (c): Let f € H and denote ¢, = (f, p,) and sy = ij:l cnon. By Bessel’s
inequality,

[eS)
D el < IFIP < oe.
n=1
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For M < N, the orthonormality of {p,} gives

N 2 N
sy — su|* = Z Cnipnl|l = Z len> =0 as M, N — co.
n=M+1 n=M+1

Thus, {sy} is a Cauchy sequence in H, and by the completeness of H, there exists u € H
such that ||sy — ul|| — 0.
Moreover, for all n,

<f_3N790n> = <f790n>_<3N7§0n> =0 fOYNzTL.

Taking the limit as N — oo with n fixed, we have (f — u,¢,) = 0 for all n. By (b),
f—u=0,s0||sy — f| = 0.
(c) = (d): Using the Pythagorean decomposition of the norm, we have

AP = 11f = swll* + s,
where [|sy|2 = 32N, |eq|? by orthonormality. Taking the limit as N — oo, and using (c)
to conclude || f — sy||? — 0, we obtain

o

1P =D leal®.

n=1

(d) = (a): Using the Pythagorean decomposition again:

N
AP = 1F = snll® + ) leal
n=1

Taking the limit as N — oo, the rightmost term tends to || f||* by (d), so ||f — sn]|*> — 0.
Thus, sy — f in norm, and since sy € Vy C V, it follows that V' is dense in H.
]

Exercise 2.1.10. Formulate the statements of Theorem[2.1.9 for the orthonormal basis of

complex exponentials given in Proposition [2.1.8,

Corollary 2.1.11. Consider the subspace which is spanned by the first 2N + 1 functions
of the ONB {e*™*t}, 7 i.e. by {e™** . k= —N,... . N}. Then, the best approzimation of

f € C([—3,3),C) by an arbitrary linear combination in My(t) = SV v e s given
by Sn(t) = Yooy flk]emikt,
Proof. Let us assume that, for some ¢, # f[k] = (f,e?™), we can achieve a better

approximation than with Sy:

1f = Myll3 < |If = Snl3 (2.14)
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We now show that this leads to a contradiction. We compute:

If — Myll3 =(f — My, f — My)
:<f, f> + <MN, MN> — 2R€<f, Mn>

1

=If15+ | My(t)My(t)dt — 2Re[(f, > cxe®™*")]

- k=—N

=

N

=[fI15 + Zchck/ /2 2kt =2k gy ORe] Z cr(f, ™)

k=—N

M\H

N

=[1f15+ > lewl® —2Re[ Y @(f, e*™)],
k

k=—N

where the last step follows from the orthogonality of the basis functions {e?**}. We carry
out the same steps for 5,, and obtain:

N

1f = Sxlla =IF115+ D I KIP = 2Re| Z f, e )]
k

=[f15+ > If kI —2 Z I = A1 = D 1 F IR

Hence, our assumption (2.14]) is equivalent to assuming

N
Z‘Ck‘Q_QRe[Z cn < 2mkt Z
k k=—N

k
for some ¢, k= —N, ..., N. We rewrite this as
N
>l —2Rel 3 @ flD]+ I/
k k=—N k
hence

> llenl® — 2Refer f[k]] = e 2 <0

k

and obviously the sum of positive values can never be negative. This contradiction con-
cludes the proof. O

From general properties of ONBs we can now easily deduce the following properties of
Fourier series:
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Proposition 2.1.12 (Parseval Identity).

(f, ) 222 = pz F(k)a(k) = p(f, e (2.15)

In particular, setting f = g, it follows, that

P
g = o Pisgpan = [ |f@)Pde=p Y Ik
—p/2 keZ
Proof. A direct proof, assuming that the interchange of sum and integral is justified:
p/2
(f, 92z 2)) = f(z)g(x)dz
—p/2
p/2
:/ f(:v)z Gn)e*™ v dx
—p/2 nez
2Tl p/2 2mily 2T AL
=SS0 [ fe e = p S FIHGTH
nez —p/2 kez
=p > f(k)g(k) =:p(f,d)e
keZ

2.1.1 Computing the truncation error

f(t) = Sn(t)+ Y flk)erm™*

|k|>N
How big is En(t) = f(t) — Sy(t) 7 And how do we measure?

1/2
Hf—sNuszf/ Ex(t)Pdt = 3 |f(k)
1/2

|k|>N

Because of the isometry of the Fourier transform, the error term can be computed by

Yo FRPE =11 D (k)P

|k|>N lk|<N

Example 2.1.13. Recall the square wave

=
&
I
—
—
[a)
IN
S
AN
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with Fourier series

Sln (2m(2k — 1)z),

400
R IET
k=1

T
hence 4
b, = — (nonzero only for odd n).
™m
If we keep only the first 5 nonzero terms (i.e. k = 1,...,5, corresponding to n =

1,3,5,7,9), the residual (mean-square) error over one period is the energy in the omitted
coefficients. Using Parseval’s identity (for period 1) one has

1
1
2dr = = b
| repan =530
n>1

Since f? =1 we get fol f2dx =1 and consequently

1 2

=320

n>1

Therefore the mean-square error (residual energy) after truncating to the first 5 nonzero
terms 1s

1 1 — 4 8
B — L 5 =33 ) = =
2 Z n 2 Z m(2k —1 T2 2k —1)2
ne{odd}\{1,3,...,9} k=6 k:6

Equivalently (using the total energy 1 = %ZkZI b3, ) one can write

5

1 4 2 8 < 1
B = 1_§;<7(2k—1)> a 1__Z(%—U

Fvaluating numerically,

= 1
—_ ~0.04 474,
% TE Ty 049835506747

hence g
E =~ — 0.0498355967474 ~ 0.0403952132.
T

The L* (RMS) error is the square root of the mean-square error:

Ep2 = \/Epg ~ v/0.0403952132 ~ 0.2009856.

Thus:

’Mean—square error ~ 0.0403952, RMS error = 0.2009856.

For interpretation: the first 5 nonzero Fourier terms capture about 1 — Es ~ 0.959605
or = 95.96% of the signal energy.

Example 2.1.14. In Figure you can see a harmonic signal with added noise, 1i.e.
which s of the form
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Harmonic Signal corrupted by noise

0 10 20 30 40 50

Fourier coefficients

0 5000 10000 15000

Figure 2.4: A harmonic signal corrupted by noise (upper plot) and its Fourier coefficients
(lower plot).

Historical Development of Convergence of Fourier Series

e Fourier (1822) Jean-Baptiste Joseph Fourier introduced the concept of representing
functions as infinite trigonometric series in his work on heat conduction:

= inT 1 " —inx
fz) ~ Z €™, e = ﬁ/_wf(a:)e dx.

n=—oo

Fourier conjectured that such series could represent a wide class of functions. How-
ever, his work lacked rigorous justification, particularly regarding the conditions un-
der which the series converges.

e Dirichlet and Pointwise Convergence (1829) Peter Gustav Lejeune Dirichlet
provided the first rigorous proof of the pointwise convergence of Fourier series. He
showed that if f(x) is piecewise continuous and has bounded variation on [—m, 7],
then its Fourier series converges pointwise to f(z) at points of continuity and to the
average of left and right limits at discontinuities.

¢ Riemann and Conditions for Convergence (1854) Bernhard Riemann extended
the theory of Fourier series by studying conditions for convergence using the concept
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of Riemann integration. He demonstrated that boundedness of a function does not
guarantee convergence of its Fourier series.

e Fejér and Cesaro Summability (1900) Lipot Fejér introduced Cesaro summabil-
ity, showing that the arithmetic means of the partial sums of a Fourier series always
converge uniformly to a continuous function. Fejér’s theorem provided a significant
advancement in understanding the norm convergence of Fourier series:

where oy (x) denotes the Cesaro mean of the partial sums Si(x).

e Kolmogorov and Divergence Examples (1923) Andrey Kolmogorov constructed
an example of an L' function whose Fourier series diverges almost everywhere. This
result showed that the convergence of Fourier series is not guaranteed for all integrable
functions and highlighted the limitations of Fourier’s original conjectures.

e Carleson and Almost Everywhere Convergence (1966) Lennart Carleson
achieved a major breakthrough by proving that the Fourier series of any square-
integrable function (f € L?) converges almost everywhere to f(z). His result re-
solved a long-standing open problem and was further refined by Richard Hunt (1968)
to apply to functions in LP for p > 1.

e Summary of Key Results
Pointwise convergence: Established for piecewise continuous and bounded varia-
tion functions (Dirichlet).
Norm convergence: Cesaro summability guarantees convergence for continuous
functions (Fejér).
Divergence: Constructed for certain L' functions (Kolmogorov).
Almost everywhere convergence: Proven for L? functions (Carleson), extended
to LP? for p > 1 (Hunt).

2.2 Pointwise convergence of Fourier series

Pointwise convergence of Fourier series is crucial in applications where local behavior of
functions or signals is significant. Key practical aspects include:

1. Signal Reconstruction: Fourier series are widely used in audio, image, and signal
processing to approximate or reconstruct signals. Pointwise convergence ensures the
approximation closely matches the original signal at specific points, preserving critical
details.
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2. Analysis of Discontinuities: Pointwise convergence highlights phenomena such
as the Gibbs phenomenon, providing insights into the limitations of Fourier series in
approximating functions with jumps or sharp changes.

3. Boundary Conditions in Physics: Many physical problems (e.g., heat and wave
equations) rely on Fourier series to satisfy boundary conditions. Pointwise conver-
gence ensures the solution matches physical constraints at key points.

4. Numerical and Computational Applications: Practical computations often in-
volve pointwise evaluations of Fourier series. Understanding pointwise convergence
aids in error estimation and improving numerical algorithms for approximating func-
tions.

5. Piecewise Smooth Functions: Many real-world functions, such as signals, are
piecewise smooth rather than globally smooth. Pointwise convergence ensures the
Fourier series represents these functions accurately at most points.

While other forms of convergence (e.g., uniform or L?) are also important, pointwise con-
vergence provides a critical perspective on how Fourier series approximate functions at
specific locations, making it indispensable in both theoretical and practical contexts.

2.2.1 Version I: Fourier series in R: Fejer

We first want to establish the following statement, which answers a question raised in re-
action to du Bois-Reymond ’s construction of a continuous function whose Fourier series
is not convergent: is a continuous function uniquely determined by its Fourier coefficients?
Fejer proved that the answer is yes and deduced it from the following statement.

Theorem 2.2.1 (Fejer’s Theorem). Let f: T — C be continuous then
N

on(fit) =) val—!lm' fn)e*™mt —s o f(t) (2.16)
n=—N

Corollary 2.2.2. Let f,g: T — C be continuous and f(m) =g(m)Vm € Z, then f = g.

Proof. Since all Fourier coefficients of f and ¢ coincide, we see immediately that

0=on(f,t) = on(g,t) —Noos f(t) — g(t).
O]

Note that on(f,t) = Ky * f(t), where Ky(t) = S0 N;FVI—J;'"'eZWW are the Fejer
kernels, basically the Cesaro sum of the Dirichlet kernels, which are defined in the appendix.
For the Fejer kernels, we can observe the following properties, which will enlighten the

strategy of the proof of Proposition [2.2.1]
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Lemma 2.2.3. 1. Ky(0) = N+ 1 and Kx(s) = v [Smsfjj(jg“r
2. Kn>0onT.
3. Kn(s) = 0 uniformly outside of [—4, 0] for all & > 0.
4. [ Kn(s)ds =1 for all N.

Proof. (1) We begin by evaluating Ky(s) explicitly:

N

(a) Ky(0) =N +1: For s =0, ™ =1 for all n. Thus:

The summation is symmetric around n = 0. Breaking it into terms for n > 0 and n < 0,
we compute:

> (N+1-1n)= ZN+1—n (N+1).

The sum Zg:o(N + 1 —n) is a simple arithmetic progression:

;<N+1_”):(N+1)+N+...+1:(N+1)2(N+2)'
Thus:
KN(O):NiLl'{(N+1)2(N+2)+(N+1)2(N+2)—(N+1) .

(b) Trigonometric Expression for Ky(s): The expression for Ky(s) can be derived
using the Fejér summation (see below) formula:

> (V41— fnf e = U L)
Thus:
1 sin(N + 1)7s)]?
K(s) = N+1 { sin(7s) ]



24 CHAPTER 2. DISCRETE FOURIER ANALYSIS

(2) obvious.
(3) For |s| > § > 0, the denominator sin(7s) is bounded away from zero:

| sin(7s)| > sin(7d) > 0

In the numerator, |sin((N + 1)ms)| oscillates but remains bounded by 1. Thus, outside
[—4, 6], we have:

Kn(s) = 1 [Sin((N—f—l)ﬂs)r< 1 1

N+1 sin(7s) ~ N+ 1sin®(md)’

As N — oo, the factor 55 — 0, implying that Ky(s) — 0 uniformly for s ¢ [—4, d].

(4) Going back to the original deﬁnltlon of Ky, the integral of Kx(s) over one period is:

N

N+1=n| o
Kn(s) ds:/KN(t) — "™,
/ I 2L
which is equal to 0 for all n # 0. For n =0: [.1ds = 1. O

Proof of Fejer’s theorem. using the properties in the previous lemma, the proof is con-
ducted as follows. Choose some sufficiently small 6 > 0 and sufficiently big /N, then

on(f,t) = Kn* f(t) = Ky = f(t) / Kn(s)f(t — s)ds,

since by the above Lemma, (3), Ky is negligible outside [—0d, §]. Furthermore, since f is
continuous at ¢, it is approximately constant on [t — 0,¢ + ¢], hence f(t — s) ~ f(t) for
s € [—4, 6] and we can write

1/2
~N(f, 1) —N/ Kn(s)f(t)ds =~ Kn(s)f(t)ds,

—-1/2

where in the last step we argue again with negligibility of K outside [—d, §]. Hence, due
to (4) in the previous Lemma, on(f,t) ~ f(t )flﬁz Kn(s)ds = f(t).

We now provide the technical steps:.

We aim to show that the Fejér summation operator

N

N+1—|n|; Tin
on(fit) =) Tle(n)eQ '
n=—N

converges uniformly to f(t) as N — oo, where f(n) are the Fourier coefficients of f, given

by
1
:/ f(x)e 2 dg.
0
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The Fejér summation can be expressed as a convolution:

UN(f,t):/O Ky(t —x)f(x)dx,

where t — x is interpreted modulo 1.

Since Ky (s) is a positive kernel that integrates to 1, it acts as an approximation to the
identity:.

Using the uniform continuity of f (which is implied if f is continuous on the compact
interval [0, 1]), we can write

on(F.t) — £(1)] = / Kn(t - 2)(f(x) — £(t) da|.

By the triangle inequality and the boundedness of Ky(s), we have

on (1) — 1(t)] < / Kn(t — ) |f(z) — £()] da.

For any € > 0, by the uniform continuity of f, there exists a § > 0 such that |f(x) —
f(t)] < € whenever |z — t| < ¢. Split the integral as:

/01 Ky(t—x)|f(x) — f(t)] doe = /

|z—t|<d lx—t|>0

L. For |z —t[ <0, |f(z) — f(t)] < and since [, , s Kn(t —2)dz <1, this term is
bounded by e. 2. For |z —¢t| >, Kn(t —x) — 0 as N — oo, and since f is bounded on
[0, 1], the contribution of this term vanishes.

Thus, for sufficiently large N, we have

lon(f,t) — f(t)] < e.
O

Theorem 2.2.4 (Pointwise Convergence I: continuous functions with ¢!-Fourier coeffi-

cients). If f : T — C is continuous and ), \f(n)| < 00, then Sy f Ao, f uniformly
on T.

Proof. According to the ' assumption on the coefficients f(n), we obtain, via the usual
Cauchy criterion, that one can find an e-dependent Ny, such that for all n < m < € we

have A A A
Y fReH < > f e < Y [f(R) <

n<|k|<m n<|k|<m n<|k|<m

Kn(t—2) |f(x) - £(¢)] do+ / Kn(t—2)|f(z) — £(t)] da.
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such that Sy(t) tends uniformly to some continuous g(¢) on [0,1] for N — oco. We still
need to show, that f = ¢g. Since fol e?™kt dt = 1 if and only if k = 0 and the integral is zero
for all other integers k € Z, we observe:

N 1 LN
f(k) = Z f(n)/ p2mi(n—k)t gy _ / Z f(n)627ri(n—k)t dt
n=-N 0 0 n=—N

1 N 1 N
= / ST Snf(t)e ik gt =2 / > g(te ™k at = (k)
0 n=—N 0 n=—N

and it follows by Corollary that f =g. [



Chapter 3

Fourier transform of functions on 7Z, R
and CVV

3.1 The transition to other domains

We first introduced the Fourier series, since they are, in a certain sense, the most natural
instance of Fourier transforms. The basic idea should be clear by now: a (periodic, so
far) function can be represented by a sum of weighted sinusoids, and the sinusoids can
be interpreted as the frequencies present in the function (signal). We will now push this
concept a bit further. First, we will simply turn around the interpretation of the two
variables involved in the definition of Fourier series, namely time ¢ and frequency, which
has so far been chosen to live on a discrete subset of R and labeled by the integers. The
next step is of vital importance for understanding the world of digital signal processing,
which is, in fact behind almost any modern technical tools we use. Indeed, if we assume,
that the frequency information contained in a signal is contained in an interval of finite
length, in other words, if the signal (function) is band-limited, we may - mutatis mutandis
- expand its frequency-information in a "Fourier series", and the corresponding coefficients
will then contain the time-information. However, as we have seen so far, this is discrete
information, indexed by k € Z - in Section we thus arrive naturally at a concept of
Fourier transform for discrete signals - as a dual concept of the Fourier series.

On the other hand, and complementary to the approach just described, we may think of a
periodic time-signal for gradually growing period, which means that, for p — oo, the size
of % in the definition of the sinusoids {e%igz}kez becomes infinitely small. This idea leads
to Fourier transforms on R, introduced in Section [3.1.2] with an integral replacing the sum
in the representation. The entire landscape of these different Fourier transforms can be
summarized as follows:

27



28 CHAPTER 3. FOURIER TRANSFORM OF FUNCTIONS ON Z, R AND C¥

Fourier Trans Discrete Infinite
ourleir ransiorn Sampling (time) Fourier Transform
FR: L (R) > Co(R) "l Fy o 02(Z) — L2([0,1))
Ff(w) = fR f(l’)e_ T Ff(w) _ ZkeZ f(k)eLQWikx

Periodization (time) | Sampling (frequency) Periodization (time) | Sampling (frequency)

v Y
Fourier Series Fast Fourier Transform
Fo.r) : L*([0, L)) — *(2) Fp:Cct—ct
FF(k) = \% foL F(x)e=2mike/L gy Sampling (time) Ffk) = % ZJL:—Ol F(j)e2miki/L

Y

3.1.1 The discrete Fourier transform

Let f : Z — C be a function defined on the integers. We consider the complex exponentials
2misn

e ,n €7, s e R and observe immediately, that

erilstmn — 2misn for all n,m € Z.

2mi(stl)n  2mi(s£2)n
)

In other words, the exponentials e?™" e , € ... cannot be distinguished if n
are integer values. Hence, in order to avoid ambiguity, we will synthesize f from e2™m/?,
for 0 < s <pandn € Z.

Definition 3.1.1 (DFT). The discrete Fourier transform of a (suitably regular) function
f on 7Z is defined as

R 1 — ‘
f(s)=F(s) = ) Z fln]e 2 /P for 0 < s < p (3.1)
f can then be written as
p .
fln] = / F(s)e* /P s, (3.2)
5=0

Note that the Fourier transform f = F of a discrete-valued function is a function on
the circle with diameter of length p.

Remark 3.1.2. Note that normally p s set to 1, so that the frequencies that occur in a
signal are normalized, on the unit circle. We will see later, when we discuss sampling (in
fact, any signal on Z is a digital, hence sampled signal, unless it stems from a, inherently
discrete process, e.g. a time-series of stock exchange values), that % corresponds to the
highest frequency that occurs in a real signal. The frequencies in the interval ]%, 1[ are then
the negative frequencies.

We introduced p in the above definition to guarantee generality and to emphasize the par-
allelism with the Fourier series.
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We now meet the concept of Dirac Impulse for the first time, see Appendix [A.2]

Example 3.1.3 (Dirac Impulse). Consider the function § defined on Z, that is equal to
0 everywhere, except for 6[0] = 1. It is then easy to see, that the DFT of ¢ is given by

5(s) = 1/p for all s € [0, p].

Example 3.1.4 (Sinusoid). Here, we are faced with the opposite situation: what is a pure

sinusoid f’s Fourier transform? f has one positive entry only, at frequency wg, and should
be equal to 0 everywhere else. So, using (3.2):

1
f[n] — / 5(w _ w0)627riwnd8 — 627riwon

=0

3.1.2 The Fourier transform of functions on R

We now consider integrable functions on R.

Remark: The Fourier transform provides a powerful tool for analyzing the frequency
components of functions. In this section, we focus on functions that are integrable on R,
meaning they belong to the space L'(R), as well as square-integrable functions in L?*(R).
The distinction between these spaces is important because the Fourier transform is defined
differently for each: for L'(R)-functions, it is defined by the integral in Definition 3.1.5,
while for L?(R)-functions, the Fourier transform is often extended using the theory of
distributions and the concept of density. The interplay between these spaces and the
Fourier transform allows for a comprehensive analysis of functions in various settings.

Definition 3.1.5. The Fourier transform of a function f € L*(R) is defined by
flw) = / F(#)e2mtdy. (3.3)
Note that, if f is integrable, the integral in (3.19)) converges and

|f(w)] s/oo | £(t)|dt < oo.

[e.e]

Proposition 3.1.6 (Inverse Fourier transform). If f e LY(R), then f is given by the
inwverse Fourier transform of f:

f(t) = /_ N Flw)e?™ ™t duw (3.4)

Remark 3.1.7. Note that the Fourier transform is usually extended to all functions in
L*(R) by using a density argument, similar to our approach in the proof of Proposi-
tion . Then, as before, an inner product can be defined on L*(R), and most arguments
work similar to the case of periodic functions.
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Example 3.1.8 (Fourier transform of the box function). Consider the function

H(x)::{l for—%<x<%

0 else

To compute the Fourier transform, first note that I is even, so that we can omit the sine-
part (generally we can observe, that the Fourier transform of even (symmetric) functions
is always real! On the other hand, the Fourier transform of real functions is symmetric
and we only have to consider the positive frequencies. This property is heavily exploited in
the processing of speech and music signals, which are always real.) We therefore have

fi(w) = /R M(z)e2m7 dy — / () cos(2rwz)dz

R

1

2 in(2 1

:/ cos(2rwzx)dx = sin(2mwz) 2,
_ 2mw T2

ol

_ sin(rw)  sin(—7w) _ sin(mw) =: sinc(w)
2w 2mw W

—Singx) only for x # 0. However according to

L’Hoépital’s rule, we have that lim,_,q sinc(z) = 1, since, for any open interval I around

Note that sinc(x) can be defined as sinc =

0, we have h'(z) =1 # 0 for h(z) = z and, since <L sinz = cosz and lim,_q cos(z) = 1,
we have lim,_, % = 1, and so lim,_, Sigz = 1. More directly, we may consider the
Taylor series sinx = Ziq%ﬁnﬂ; such that sinc(z) = > .07, (é;i)ln)!x% for x # 0,

and convergence to 1 is obvious.

We will next address two very basic operators that can act on a function or signal,
namely translation, or time-shift and modulation, or frequency-shift.

Example 3.1.9 (Translation and Modulation). For any real number xo, if g(x) = Tp, f () 1=
(= av), then gle) — 7502 (). A
For any real number wy, if g(x) = M, := > f(z), then §(w) = f(w — wp).

Example 3.1.10 (Dilation). Let a # 0 € R. Set g(z) = Dof(x) := af(ax). Let f be
the Fourier transform of f. Then, the Fourier transform of g is given by

R 1. w
g(w) = ped (g)
Example 3.1.11. Consider the Fourier transform of a damped oscillator:
f(t) = e " cos(wot)d(t), (3.5)
where the unit-step function 0(t) is defined as:

1, t>0
0(t) =<’ ’ 3.6
(1) {0’ <0 (3.6)
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The step function ensures the oscillator starts at t = 0. Without it, the amplitude would
blow up as t — —oo.
Rewriting f(t):

1 , 1 ,
f(t) = 56_7t62m“0t9(t) + 56_”6_2”“"“6’(75). (3.7)
Starting with the first term:
- 1 o0 )
Frnli) =5 [ etermte ity a (38)
_ %/OO e(—y—Qwiw—&—Qmwo)t dt. (39)
0
Evaluating the integral:
- 1 1 , , o
_ = (—y—2miw+2miwg )t 3.10
1 1
(3.11)

T 29+ 2mi(w — wp)

For the second term, the result is the same with wy — —wy:

~ 1 1
Fro(w) = 57 + 2mi(w + wp) (3.12)
The full Fourier transform is:
F(0) = Fran(@) + fup (@) (3.13)
= L ! + ! (3.14)

2 | v+ 2mi(w—wo) 7+ 2mi(w + wo)

3.2 Filters and convolution

We all know filters, since they are all around us. Every room is a filter, our own mouth is
a filter, and of course filters are part of any modern audio equipment. Light is filtered by
the air etc.

If we think about the characteristics of filters, then one of the most striking one is the fact
that it shouldn’t matter whether a signal is filter at an earlier time or later on. In other
words, a filter is a time-invariant system. Let us denote our filter by L, and we assume
that any input signal f is then mapped to an output Lf. We will hope to work with linear
filters, so that we arrive at the class of linear, time-invariant systems.

Definition 3.2.1 (Linear, time-invariant (LTT) systems). A linear operator L that maps
functions f € V to Lf € V', where V is a vector space, is called time-invariant, if

L(f(t —u)) = L(f)(t —u), equivalently: L(T,f) = T,(Lf).
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Let us now look at a very fundamental concept, the impulse response. Any LTI-system
is completely characterized by its impulse response. That is, for any input function, the
output function can be calculated in terms of the input and the impulse response. The
impulse response of a linear transformation is the image of Dirac’s delta function under
the transformation. [l
We now consider the mathematical derivation of impulse response of an LTI-system L .

Note that
/f du—/f St —u)d (3.15)

- / F(u) Lo, (t)du (3.16)

Finally, we use the last property of L, namely time-invariance, to see that Ld,(t) = L(0(t—
u)) = (L0)(t — u), hence

hence, because L is linear

_ / Fu)Lou(t)du — / Fu)(L6)(t — u)du (3.17)

Setting h(t) := (LJ)(t), we achieve

/f h(t —u)du =: h * f. (3.18)

As we see from ({3.34), an LTI-system is completely characterized by its impulse response.

Definition 3.2.2 (Impulse Response). Let L be an LIT-system. Its impulse response is
defined as h(t) = Li(t).

Example 3.2.3 (Discrete Impulse response). The Discrete Impulse Response refers
to the output of a discrete-time system when the input is a discrete-time impulse signal,
often represented as 0[n], where §[n] is defined as:

5ln] = 1 ifn=0,
Yo ifnzo

The Impulse Response h[n|, characterizes the behavior of a (LTI) system. For an digital
LTI system, the output for any arbitrary input x[n] can be calculated using the discrete
convolution:

'In practical situations, it is not possible to produce a true impulse used for testing. Therefore, some
other brief, explosive sound is sometimes used as an approximation of the impulse. In acoustic and audio
applications, impulse responses enable the acoustic characteristics of a location, such as a concert hall, to
be captured. These impulse responses can be used in applications to mimic the acoustic characteristics of
a particular location.
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yln] = > hlkz[n — k].

k=—o00

Thus, knowing the impulse response h[n] completely determines the system’s response
to any input. Some properties:

1. Causality: If the system is causal, hin] =0 for n < 0.
2. Stability: For the system to be stable, the impulse response must satisfy:

n=—oo

3. FIR (Finite Impulse Response) Systems: The impulse response h[n] is nonzero
only for a finite range of n.

4. IIR (Infinite Impulse Response) Systems: The impulse response h[n] is nonzero
for an infinite range of n, typically decaying over time.

Definition 3.2.4. The Fourier transform of a function f € L*(R) is defined by
flw) = / f(t)e 2mwtdt, (3.19)
Note that, if f is integrable, the integral in (3.19)) converges and

f(w)] < /oo f(1)]dt < oo

—0o0

Proposition 3.2.5 (Inverse Fourier transform). If f € LY(R), then f is given by the
wnverse Fourier transform of f:

f(t) = /_ N flw)er ™t dw (3.20)

Remark 3.2.6. Note that the Fourier transform is usually extended to all functions in
L*(R) by using a density argument, similar to our approach in the proof of Proposi-
tion . Then, as before, an inner product can be defined on L*(R), and most arguments
work similar to the case of periodic functions.

Example 3.2.7 (Fourier transform of the box function). Consider the function

H(x)::{l for—%<x<%

0 else
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To compute the Fourier transform, first note that 11 is even, so that we can omit the sine-
part (generally we can observe, that the Fourier transform of even (symmetric) functions
s always real! On the other hand, the Fourier transform of real functions is symmetric
and we only have to consider the positive frequencies. This property is heavily exploited in
the processing of speech and music signals, which are always real.) We therefore have

I1(w) :/RH(:c)ezmmdx:/H(:c) cos(2rwx)dx

R

[NIES

sin(2rwz)

:/ cos(2mwr)de = ———[2__,

1 2w 2

2
_sinfr) _sin(me) _sinre) o
2w 2mw W

Note that sinc(x) can be defined as sinc = sin(r) only for x # 0. However according to

L’Hopital’s rule, we have that lim,_, sinc(x) = 1, since, for any open interval I around

0, we have h'(z) =1 # 0 for h(z) = x and, since - sinz = cosz and lim,_q cos(z) = 1,
we have limx_ﬂ)% = 1, and so lim,_,g Sizx = 1. More directly, we may consider the
Taylor series sinx = Y >, (égi):)!x%“, such that sinc(z) = Y 0 (égi):)!xZ" for x # 0,

and convergence to 1 is obvious.

We will next address two very basic operators that can act on a function or signal,
namely translation, or time-shift and modulation, or frequency-shift.

Example 3.2.8 (Translation and Modulation). For any real number xo, if g(v) = Ty, f () 1=
f(x —0), then gl) = e 27 f(w). A
For any real number wy, if g(x) = M, := e*™0 f(x), then g(w) = f(w — wo).

Example 3.2.9 (Dilation). Let a # 0 € R. Set g(z) = Dof(x) := /af(az). Let f be the
Fourier transform of f. Then, the Fourier transform of g is given by
f).

9(w) =

SENS
SHES

Example 3.2.10. Consider the Fourier transform of a damped oscillator:
f(t) = e cos(wet)b(t), (3.21)
where the unit-step function 0(t) is defined as:

1, t>0,

o(t) = {0’ . (3.22)

The step function ensures the oscillator starts at t = 0. Without it, the amplitude would
blow up as t — —oo.
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Rewriting f(t):
1 —t 2miwot 1 —t _—2miwot
ft) = g€ e 0(t) + g¢ e 0(t). (3.23)

Starting with the first term:

~ 1 o0 .
Fraol) = 5 / el 1) (3.24)
_ 1 / T el g (3.25)
2 Jo
Evaluating the integral:
f+ ((_,u) _ l |: 1 e(—fy—27riw+27riwo)t > (326)
0 2 | —v —2mi(w — wp) 0
1 1
== ) 3.27
27 4 2mi(w — wp) (3.27)
For the second term, the result is the same with wy — —wy:
~ 1 1
"y == , : 3.28
The full Fourier transform is:
F(@) = Fran (@) + frun (@) (3.29)
1 1 1
== + (3.30)

2 |y +2mi(w—wo) v+ 2mi(w + wp)

3.3 Filters and convolution

We all know filters, since they are all around us. Every room is a filter, our own mouth is
a filter, and of course filters are part of any modern audio equipment. Light is filtered by
the air etc.

If we think about the characteristics of filters, then one of the most striking one is the fact
that it shouldn’t matter whether a signal is filter at an earlier time or later on. In other
words, a filter is a time-invariant system. Let us denote our filter by L, and we assume
that any input signal f is then mapped to an output Lf. We will hope to work with linear
filters, so that we arrive at the class of linear, time-invariant systems.

Definition 3.3.1 (Linear, time-invariant (LTT) systems). A linear operator L that maps
functions f € V to Lf € V, where V is a vector space, is called time-invariant, if

L(f(t —u)) = L(f)(t —u), equivalently: L(T,f) = T,(Lf).
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Let us now look at a very fundamental concept, the impulse response. Any LTI-system
is completely characterized by its impulse response. That is, for any input function, the
output function can be calculated in terms of the input and the impulse response. The
impulse response of a linear transformation is the image of Dirac’s delta function under
the transformation. [

We now consider the mathematical derivation of impulse response of an LTI-system L .

Note that
/f du—/f It —u)d (3.31)

- / F(u) Lo, (t)du (3.32)

Finally, we use the last property of L, namely time-invariance, to see that Ld,(t) = L(0(t—
u)) = (L0)(t — u), hence

hence, because L is linear

_ / Fu)Lou(t)du — / Fu)(L6)(t — u)du (3.33)

Setting h(t) := (LJ)(t), we achieve

/f h(t —u)du =: h * f. (3.34)

As we see from ({3.34), an LTI-system is completely characterized by its impulse response.

Definition 3.3.2 (Impulse Response). Let L be an LIT-system. Its impulse response is
defined as h(t) = Li(t).

Example 3.3.3 (Discrete Impulse response). The Discrete Impulse Response refers
to the output of a discrete-time system when the input is a discrete-time impulse signal,
often represented as 0[n], where §[n] is defined as:

5ln] = 1 ifn=0,
Yo ifnzo

The Impulse Response h[n|, characterizes the behavior of a (LTI) system. For an digital
LTI system, the output for any arbitrary input x[n] can be calculated using the discrete
convolution:

2In practical situations, it is not possible to produce a true impulse used for testing. Therefore, some
other brief, explosive sound is sometimes used as an approximation of the impulse. In acoustic and audio
applications, impulse responses enable the acoustic characteristics of a location, such as a concert hall, to
be captured. These impulse responses can be used in applications to mimic the acoustic characteristics of
a particular location.
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= > hlkzn -

k=—oc0
Thus, knowing the impulse response h[n] completely determines the system’s response
to any input. Some properties:

1. Causality: If the system is causal, hin] =0 for n < 0.

2. Stability: For the system to be stable, the impulse response must satisfy:

> |hn]| < oo.

n=—0oo

3. FIR (Finite Impulse Response) Systems: The impulse response h[n] is nonzero
only for a finite range of n.

4. IIR (Infinite Impulse Response) Systems: The impulse response h[n] is nonzero
for an infinite range of n, typically decaying over time.

Here are the general definitions of convolution:

Definition 3.3.4 (Convolution). The convolution of two functions f,g € L'(R) is defined
by
=) = [ Sl —wdu= [g)f¢-wdu=g=p)0)  (335)

u

For functions f,g on Z, we define

o

> fmlgln —ml = glm]fln —m] = (g% f)ln] (3.36)

m=—o0 m=—oQ

For functions f,q on Zy, which are simply vectors in CV, periodically extended, i.e., we
let fin] = f[n'] and g[n] = g[n'] if n = n'(modN) and define

N-1 N—

flm]g[n — glm mldu = (g * f)[n]. (3.37)

H

The following examples help understand the action of convolution.

Example 3.3.5. Linear averaging over [=T,T):

1 t+T 1
= o7 |, S0t =g [1rnt — 0@ = (0= 1))
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Excursus: eigenfunctions

Eigenfunctions of a linear operator L defined on some function space are non-zero functions
h such that
Lh = \h

for some scalar A, the corresponding eigenvalue. In the theory of signals and systems, the
eigenfunction of a system is a signal h which produces a scalar multiple (possibly complex)
of itself as a response to the system:

Lh = \h, A e C.

Now assume that there exists an orthonormal basis (ONB) {¢g}rez of V' consisting of
eigenfunctions of a mapping (system, operator) L, i.e.

f= chcpk, for all f e V.
k

Then:
Lf = Z CkLQOk = Z )\kckgok.
k k

In other words, L acts as a **multiplication operator®* on the coefficients of the function’s
expansion.
End of excursus.

Since we have already seen that complex exponentials provide natural signal expansions
with clear interpretations, let us next consider what happens when an LTT system acts on
them. Intuitively, since LTI systems are filters, we should expect that complex exponentials
corresponding to a particular frequency are merely amplified, damped, or phase-shifted.

Now, for an LTI system L with impulse response h, we have:

Le2m‘wt — / e2wiwuh(t o U) du (338)
R
:/627riw(t—u)h(u) du (339)
R
— 2miwt / efZNiwuh(u) du = e2miwt iL((,d) (340)
R

Thus, e*™! is an eigenfunction of any LTI system, with eigenvalue iz(w)

Proposition 3.3.6 (Convolution relation). For f,g € L'(R?), we have

— ~

fxg=1[g
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Proof. Theorem ensures f * g € L'(R%). Fubini’s theorem gives

L1 ana= [ |[ 1= s)as)a

Now compute:

at< [ [ 1= slg)ldsat = 1711 gl

/d/d ( 27rza:§dydl,
R R
( e~ 2mi(z—y.8) dm) e~ 2mi(y.€) dy
= y) §(&) e dy = f(£) §(S). O

Example 3.3.7 (Convolution of box functions). Define the triangle function:

1— <1
A<x):{ 2l ol <1,

0, else.

Then for I = [—1

1
5+ 3), we have

since

(I * 11 () = / L () (y — ) de

o0

1
[T 1de, —1<y<0,

1
leldx, 0<y<l1.
Yy—3

y+17 _1<y§07
=<¢1l—-y, O<y<l,

0, else.

See also: https: //en. wikipedia. org/wiki/File: Convolution_ of_ boz_ signal_with_
1tself2. gif

Example 3.3.8 (Convolution with sinc function via Fourier transforms). The sinc function
is defined as:
sin(7t)
Tt
The convolution of two functions f(t) and g(t) is given by:

(f * 9)(t / F(r)olt —7)d

sinc(t) =


https://en.wikipedia.org/wiki/File:Convolution_of_box_signal_with_itself2.gif
https://en.wikipedia.org/wiki/File:Convolution_of_box_signal_with_itself2.gif
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By the convolution theorem,

F{f gt = F{f} - Fg}

Since the Fourier transform of sinc(t) is the box function:
F{sinc(t)} = II(w),
we have:
F{f x sinc}(w) = F(w) I(w).
Hence,
(f * sinc)(t) = F~{F(w)I(w)},

which shows that convolution with a sinc function acts as a **low-pass filter**.

Proposition 3.3.9 (Fourier invariance of the Gaussian). For ¢ : R = R, ¢(x) = e 7l*I”,
we have

P(&) = ¢(8),

i.€., the Gaussian is tnvariant under the Fourier transform.

771'11?2

Proof. We start in one dimension with f(z) =e
The Fourier transform is defined by

fA(f) _ / 6771':17267271'1':)35 dr.
R
We first find a differential equation satisfied by f. Differentiate f(¢) with respect to &:
1 —mx? d —2mizé . —mx?  —2mixé
&)= [ e™ —(e Ydr = =2mi | xe” ™ e dx.
R

dg R

Notice that the right-hand side can be expressed in terms of the Fourier transform of the
derivative of f. Since
2
f(z) = —2mwe ™,

we have
F{fHE) = 2mis ().

Combining both expressions gives the differential equation:

d - .
d_gf(g) = =271 f(§).

This is a separable ODE:
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Integrating both sides yields:

~

nf() = - +C = f(&)=Ce

To find C', evaluate at £ = 0:
f(0) = / e dr =1,
R

since fR e ™*dz = 1. Thus C' =1, and

~

e
fe) =em.
In d dimensions, separability implies

p——E (€) = el

since the multidimensional Gaussian factorizes into products of one-dimensional Gaussians.
Hence the Gaussian is invariant under the Fourier transform. O

As an exercise, prove the following generalization: The dilated Gaussian @, (t) = e~ mt?/a

has the Fourier transform ¢,(w) = /ae ™"

3.3.1 The Fourier transform on L2

Definition 3.3.10 (Fourier transform and inverse Fourier transform). Let (£, z) denote
the standard inner product in R®. For f € L'(R%), we call

~

(FAIE = f(&) = f( Je 26 4 (3.41)

the Fourier transform of f. )
For f € LY(RY), we define the inverse Fourier transform f : RY — C by

f&) = f(—¢) = | J@e it dy,

Lemma 3.3.11. For f € L'(RY), we have f € C(R?) and || f|los < || f]l1:-

()] = S/Rd\f(xﬂdx.

If &, — &, then f(z)e 2™} 5 f(z)e 272 for all z € RY. Since |f —2milenT) | <
|f(z)], the dominated convergence Theorem implies f(&,) = f(€). O

Proof. We estimate

f(x)e_%i@’@dx

]Rd
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For f € L*(R%), we would like to apply the “inverse” Fourier transform to f but Lemma
suggests that we could be faced with f & L'(R?). Therefore, we replace L'(R?) with
a “nicer” function space that better fits to the Fourier transform. For f € C*(R?) and
a, B € N?, define

Pas(f) = sup [2207 f ()|

zeR?

Definition 3.3.12 (Schwartz space). The Schwartz space is
S(RY) := {f € CX(RY) : Ya, B € N* ps(f) < o0},
where f,, — f if and only if pas(fn — f) — 0 Va, B € N9,
Proposition 3.3.13. For f,g € S(RY), we have
VaeN'  9°f, f.g, fxg € SRY,
and 0%(f x g) = (0°[) *
Proof. [1]. O

Although
A : S(RY) — S(RY), (3.42)

there are other issues. ..

Lemma 3.3.14. For f € S(R?) and o € N, we have

0°f(€) = @mi&)*f(€),  9°f = ((=2ri)*f).
Proof. Integration by parts with f(do0) = 0 yields

727ri(:p,£)daj
8Z‘k RY 8xk

9 —27i(x,€)
/ (@) ax,f s

/ F@)(=2mig)e 2 @O dr = 2mig, f(€).

Interchange of differentiation and integration yields

iA 9 —27r1 (@,&)
(DO = o [ e
0 .
= |, g V@) de

= —/ omizy, f(x)e @8 dg. O
Rd
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Lemma [3.3.14] implies that (3.42)) is equivalent to
all¢)Pa) = f€), € eR4 (3.43)

Definition 3.3.15 (Approximate identity). An approzimate identity is a family (ue)eso C
LY(RY) such that it holds:

(a) Je > 0 such that ||uc||r < ¢, Ve >0,
(b) [ue=1, Ve>0,
(¢) for any neighborhood U of 0,

‘/ | <% 0.
X\U

Proposition 3.3.16. Let U = (u.). be an approzimate identity. Then for f € L'(R), it
holds that

lim || f — f*ucli =0
e—0

Furthermore, there exists a sequence (€)ken, €x > 0 such that
lim fxu(t) = f(t) a.e.
k—oo

Moreover, if f is continuous (or uniformly continuous and bounded), then lim. o(f *
ue)(t) = f(t) pointwise (or uniformly).

Proof. Step 1: Approximation for Simple Functions

First, consider f = xq, where () C R is a measurable subset. We aim to show:
Using the definition of convolution:
Applying Fubini’s theorem to interchange the order of integration:
Define ¢,(t) = |xo(t) — xq(t — s)|. Then:

Step 2: Estimating ¢,(t)

For fixed s, note that ¢,(t) = xqu(s+)(t) — Xon(s+q)(t). The measure of the symmetric
difference (Q U (s +@Q)) \ (Q N (s + Q)) can be made arbitrarily small for small |s|:
Thus, for s € [—6,0]:

Step 3: Completing the Argument

Using the properties of g.:

Split the integral into two parts:

For s ¢ [0, 0], the integral [, ¢(t)dt is bounded by 2|xq|1, and [ R\ [—6, 0]gc(s)ds —
0as e— 0. For s € [—6,0], [ qs(t)dt <7

Since 7 > 0 is arbitrary:
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Step 4: Extending to General f € L}(R)

For general f € L'(R), given 7 > 0, choose a step function h such that |f —h|; < 7. Using
the triangle inequality:

The first term is less than 7 by construction, and the second term converges to 0 as
¢ — 0 because h is a step function. The third term is bounded by |h— f|1-|ge|; < 7. Thus:

Step 5: Almost Everywhere Pointwise Convergence

The almost everywhere convergence follows from the Riesz-Fischer theorem, which states
that L! convergence implies the existence of a subsequence ¢, with lim;_,. €, = 0 such
that f * g, (t) = f(t) almost everywhere. O

Example 3.3.17. The family U = (u.)., defined as

2

—TT

ge(t) = €=

18 an approximate itdentity.

Theorem 3.3.18 (Inversion of Fourier transform on L'). Let f € LY(R) with f € L*(R).
Then the function f can be reconstructed (almost everywhere) from f using the formula:

= / Flw)e?™™tdw.
R

In particular, f can be modified on a set of measure zero to yield a continuous function.

/f 2mwtd //f 727mws 2mwt dS dw

Interchange integration (Fubini’s theorem):

= /R F(s) ( /R e2mi(t=s) dw> ds.

Using the property of the Dirac delta:

/ 2T (i = i(z),
R

= / Flw)e?™™t du.
R

Technically: Let us write out the integral we aim to study:

/f(w)eQWi“’tdw://f(s)e_%iwse%mdsdw.
R RJR

Proof. Formally:

it follows:
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We multiply the integrand by a Gaussian weight function to ensure the integral converges

more rapidly. Define:
— / f(w 27rzwt —€ w2/2d
R
where € > 0 is arbitrary. Since f € L'(R), the dominated convergence theorem implies:
hm[ / f )™ dw, for all t € R.

Next, we analyze I.(t) by interchanging the order of integration, which is valid by the
Fubini-Tonelli theorem due to the Gaussian factor. This gives:

/f / —2miws 2mwt e~ ¢ w2/2dwd8

The inner integral is a Gaussian-weighted Fourier transform:
; 2,2 2m _(t=s)?
/627rzw(t s) w /2d iy
2
R

Substituting this result, we obtain:

N / f(S)\/T -l ds = f *uc(t),
R €2

t2
”e 22 is a Gaussian kernel.

By Proposition [3.3.16/on approximate identities, there exists a sequence (€ )ren, € > 0
such that: limg_, I, (t) = f(t), almost everywhere, hence

where u () = (/2

/ flw)er ™t dw = lir% I.(t) = f(t), almost everywhere
R €E—

Since the function [, f(w)e*™*dw is continuous when f € L'(R), f can be modified in
a set of zero measures to become continuous.

]

Corollary 3.3.19. Suppose that f € L'(R) is continuous in 0 and that f(w) > 0 for all

w € R. Then
:/f(w)dw
R

Using the previous result we can show the following.

Theorem 3.3.20 (Isometry of Fourier transform). For f € LY(R%) N L*(RY), we have

1f172 = A1z (3.44)
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Furthermore, we have, by polarization for f,g € L"(R%) N L*(RY),

(f,9)2 = (f,9)r2. (3.45)

Proof. Consider f" € LY(R) N L*(R) defined as f'(t) = f(—t). It is easy to see that the

Fourier transform of f’is f/(w) = f(w). Define

F = fxf" (the convolution of f and f’).

As an exercise, show that F'is continuous. Moreover, the Fourier transform of F' is given
by:
F(w) =fw)>o0.

By Corollary [3.3.19, it follows that

17112 = F(0) = / @) P,

oo

Using polarization, we get the fundamental result related to the preservation of the L?-inner
product. [

We now extend F to L*(R%): for f € L*(R%,C),

/ f(:p)e_%i(“”@ dz

Rd _/_/
¢L!

is not well-defined.

Theorem 3.3.21 (Unitarity of Fourier transform on L?). F can be uniquely and continu-
ously extended from L'(R?) N L*(RY) to an isometric isomorphism F : L*(R?) — L*(R?),
that is, for all f,g € L*(R) we have

<f7 g>L2 - <.f7 g>L2' (346)

and
f=FFFf
where F* s the adjoint of F, as defined in Definition |53.5.10:

P = [ )

3For a complex inner product space V, the inner product is generally conjugate symmetric, i.e.
(x,y) = (y,x). The polarization identity for complex spaces is:

1 . . . ,
(@y) =7 (lz +yl* = llz = ylI* + ille + iyl* — ille — ayl]?).
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Proof. This is a standard density proof. Let f € L*(R). For each n € N, define
frn = Xi=nm)-
Since f,, has compact support and f € L*(R), it follows that
fn€ LN(R)N L*(R) for all n.

Moreover, because X|—nn, — 1 pointwise and monotonically, we have

1f = fulli2 = / \f(x)|2XR\[_n7n](w) dr — 0 asn — oo,
R

by the monotone convergence theorem. Hence, (f,,) converges to f in L?(R) and is therefore
a Cauchy sequence in L*(R).
By Plancherel’s theorem, the Fourier transform is an isometry on L*(R), so

17 — Foullzz = |l fo — funllzz for all m,n € N,

Thus, (fn) is a Cauchy sequence in L*(R) and hence converges to a limit in L*(R). Fur-
thermore, this limit does not depend on the particular approximating sequence (f,,).
We therefore define the Fourier transform of f by

f:=lim f, in L*(R).
n—ro0
This defines a unique linear operator
F:L*R) = L*(R)
which is an isometric extension of the Fourier transform on L'(R) N L?(R). In particular,

1fllze = |If|[z2 for all f € L2(R),

and all standard identities of the Fourier transform extend to L*(R) by density. O

3.4 The finite discrete Fourier transform

So far, we have been dealing with functions/signals that are

1. continuous in time and have infinite duration; they have a Fourier transform that is
continuous in time and has infinite bandwidth ("duration in frequency").

2. discrete in time and have infinite duration; they have a Fourier transform that is
continuous in frequency and has finite bandwidth.

3. continuous in time and have finite duration (in other words; they are periodic); they
have a Fourier transform that is discrete in frequency and has infinite duration.
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We notice that finite duration (or, ly, periodicity) in one domain (i.e. in time or frequency)
leads to discreteness in the other domain. We now address the fourth case, which is the
case of signals, that are both finite in duration and discrete, or, discrete and periodic.

Remark 3.4.1. We want to point out that finite duration is equivalent to periodicity only
in the sense, that the entire information that is contained in the signal is actually contained
i an interval of finite length. in this sense, a periodic function can be identified with a
function supported on an interval of finite length or on the torus T = {z € C: |z| = 1}.
As we will see later, in the context of sampling, we may have to distinguish meticulously
between periodic signals and signals that are supported in an interval of finite duration and
are zero elsewhere.

Definition 3.4.2 (Finite discrete Fourier transform). The finite discrete Fourier transform
of f € CN, i.e. of a vector of N complex numbers is given by

2

-1

FfIK = K = FIK = 5 3 fln] - 7%, (3.47)

n

Il
o

The inverse transform yields the expansion of [ as

N-—
FF fn] = Ffln Flk] - ™, (3.48)

k=0

H

Remark 3.4.3. The Fourier transforms we discussed so far, gave us information about
the amount of any pure frequency, i.e. complex exponentials, present in a given signal.
Obviously, the sinusoid must have the same basic properties as the underlying signal under
consideration: for peritodic signals with a certain period p, we only considered sinusoids
with the same period, for discrete-time signals we only considered discrete-time sinusoids,
whereas, for continuous time signals of infinite duration, any complex exponential is a
candidate in the expansion .

For the finite, discrete signals, which are in fact vectors in CV, we may ask, how many
complex exponentials are eligible for the definition of a corresponding Fourier transform.
We have two criteria:

(a) they should be periodic with length N, that is, we require that

e27r7,5(n—|—N) _ 6271'1371, fOT all n,

which means that s = %
(b) we observe that for all m € Z:

627r7,kﬁ _ e?ﬂ'z(k—i—mN)N7 fOT’ all n,

which is a similar phenomenon as observed for discrete-time sinusoids before. This means,

that, since s = %,3 = kiTN,s = %, all give the same signals, we have only N
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distinct sinusoid adequate for analyzing our N -finite, discrete signals, namely €™ % | for
k=0,...,N—1.

Of course, this is exactly what you should have expected: since the complex exponentials
have provided ONBs so far, they should provide an orthonormal basis for CN as well.
Obuviously, this means, that there should be N of them.

Example 3.4.4. Note that for k = 0, e>™*~ is constantly equal to 1, then, the rotation
of the vector e*™*~ | that rotates, as n goes from 0 to N — 1, accelerates with growing k:
k =1 corresponds to a single rotation, k = 2 to 2 rotations, etc., up to N/2, from where

the frequencies decrease, since they become negative.

We next show, that the vectors e>™*¥ in fact form an orthogonal basis.

Proposition 3.4.5 (Discrete Fourier basis). The vectors sg, k =0, ..., N —1, with entries
si[n] = e¥™ % are orthogonal in CV. The set {\/Lﬁsk, k=0,...,N—1} is an ONB.

Proof.

1 — 627ri(k—l)

o 2mi(k—1) % __
o € V= 1 — e2mi(k—1)/N (3'49)

where the last step follows from the well-known formula for geometric series: 27]:7:_01 AR

122" Now, (3.49) is zero, if k # [, and for k = [, we evaluate the sum as S0 ! e2milh-D% —
1—z ) ) ) ) n=0
SV "1 = N, therefore, the normalization sk leads to <\/Lﬁsk, \/LNS;Q =~lsell3=1. O
Example 3.4.6. e The Delta Function

e The Constant Function

e The Delta train or Dirac comb on CV
When m = 1,2, ... divides N , we define the Dirac comb as

111, ] = {1 ifn=0,4+m,+2m, ... (3.50)

)0 otherwise
Here, m specifies the spacing between the "teeth” hence m' := N/m is the number of
teeth. We can easily verify that 111, has the Fourier transform

L, [k] = %le/m[k]- (3.51)
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e Periodicity on CV:
Let N =m-m/, m,m’ € Nt and assume that f is m-periodic on CN. We show that

flk] = 0 if k is not a multiple of m’:
Since f is m-periodic, we have fin+m]— f[n] =0. Now, since, for ny € Z

g[n] = f[n — no] has the Fourier transform §[k] = e~ 27*o/N f[k],

we may write

(627rikm/N . 1)f[k3] _ (627rik/m’ . 1)f[k’] —0
hence fk] =0 if m' # k.

Now this is all really nice, but maybe also sometimes confusing; it seems that different
versions of the Fourier transform are appropriate for different situations and have various
advantages and disadvantages. Isn’t there something like a unifying approach. Indeed
there is! And since it is based on a smart and important mathematical idea, we introduce
its basics in the next section.

3.5 Tempered distributions

Recall the definition of Schwartz space S (Definition [3.3.12)). Since neither S(R?) nor
L*(R?) are suitable to deal with certain derivatives [} we need to introduce a new space.

Definition 3.5.1. The tempered distributions are the elements of
S'(RY ={L:S(R%) — C | L is linear and continuous}.
We endow S’(R%) with the weak*-topology, so that, for L,, L € S'(R%),
L, — L & Vne SMRY . Lu(n) — L(n).

For f:R% — C measurable, we write

Lt = [ e, ne SR,

If L; € S'(R%), we simply write f € S'(R?). We also define
Ll (RY) :={f R = C| f measurable, 1x - f € L'(R?) VK C R? compact}

Proposition 3.5.2. If f € L} (R?) and AN € N: lim, o0 KO — 0, then f € S'(RY).

toc [
Proof. [1]. O

“Note that, according to Lemma [3.3.14] given f € S(R?), it could be that W‘f() ¢ S(R?) (and
¢ L*(RY)).
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Example 3.5.3. - 1€ S(RY), 1o € S'(R).

- S(RY € S'(RY) by Theorem .

- For zy € R, we have 0., € S'(R?), where 6,,(n) := n(xo), for n € S'(RY).
Definition 3.5.4. For L € S'(R%) and g € S(R?), we define L - g € S'(R?) by

L-g(n):=L(g-n), neSRY.

For f,g € S(R?), we observe L;-g = Ly.,.

Definition 3.5.5. For L € S'(R%) and g € S(R?),
Lxg(n):=L(g *n), neSRY,

yields L g € S'(RY), where g~ () := g(—=x), for x € R%.

This extends the convolution of functions:
Lemma 3.5.6. For f,g € S(R?), we have L g = Ly.,.
Proof. Exercise (Fubini, substitution)
Lemma 3.5.7. For g € S(RY), we have 6 * g = L,.

Hence, 8§y * g = g in S'(RY).

Proof. For n € S(R?), we compute

0% g(n) = bolg™ # 1) = /

R4 R?

Definition 3.5.8. For L € S'(RY) and a € N, we define 0°L € S'(R?) by
O°L(n) = (~1)*'L(@™ ),  ne€ SR

Lemma 3.5.9. For f € S(RY), we have Lgas = 0*Ly.

Proof. For d = a = 1, integration by parts yields

Lot = [ Famais = [f@n@)= - [ fe)g @

By iteration, we obtain the general formula.

Example 3.5.10. We have 0"l ) = 0o since

811[0,00) (n) = —/

R

9(—y)n(0 — y)dy = / g(y)n(y)dy = Ly(n).

loo (@) n(o)de = = [ 0Mg(a)ds = n(0) = (o)

o1
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Definition 3.5.11. For L € S'(RY), we define L, L € S'(R?) by
L(n):=L(7),  L(n)=Lm)  neSR.
Lemma 3.5.12. For f € S(R%), we have E} = L; and Ly=Ly.

Proof. Fubini leads to
Ly(n / f@
- [ @ / a(y)e >0 dyda
= [ [ s dany)ay

- [ fmtay = L.

The proof for “is analogous. [

Example 3.5.13. We have 1 = &, since, for n € S(R?),
i) = [ s = [ e Ods = i(0) = n(0) = 6(o)
R R

Proposition 3.5.14 (Convolution relation distributions). For L € S'(R%) and g € S(R?),

we have -
Lxg=1L-g
Proof. For n € S(R?), we compute
Lxg(n) = Lxg(n) = L(g™ *1n)
= L(F (g~ *n))
= L(g-n) = (L-9)n). N

Proposition 3.5.15 (Fourier transform for tempered distributions). The Fourier trans-
form F . S'(RY) — S'V(]Rd), L — L is a topological isomorphism with inverse F ! :
S'(RY) — S'(RY), L+ L.

Proof. [1]. O

Example 3.5.16 (The Sha distribution). The Sha distribution, also known as the Dirac
comb, is denoted by Shal| It is important in Fourier analysis because it relates Fourier

5This letter was chosen because it resembles the way people visualize the function, a long series of
vertical spikes. The function is called the Dirac comb for the same reason.
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series and Fourier transforms. It connects sampling and periodization. It is its own Fourier
transform and, with a few qualifiers discussed later, the only such function.
The 01 distribution is defined as

I(z) = Z dz—n)= Z T.0(z),

n=—oo n=—oo

where 0(x — n) is the Dirac delta distribution centered at n. The action of 6(x —n) on a
test function is to evaluate that function at n. You can envision 1 as an infinite sequence
of spikes, one at each integer. The action of III on a test function is to add up its values
at every integer.

The product of IL1 with a function f is a new distribution whose action on a test function
© 1s the sum of fo over all integers. Alternatively, you could think of the distribution as a
sort of clothesline on which to hang the sampled values of f, much like how a generating
function works.

Now consider a function f defined on [0,1], i.e., zero everywhere outside the unit inter-
val. The convolution of f with §(x —n) is f(x —n), i.e., a copy of [ shifted to the interval
[n,n+1]. By taking the convolution with 11, we create copies of f over the entire real line,
effectively turning f into a periodic function. Instead of saying the function f extended to
create a periodic function, you can simply write f * I11.

What is the Fourier transform of I1¢ The Fourier transform of 6(x) is 1, i.e., a
constant function

If you shift a function by n, you modulate its Fourier transform by exp(—2minw), hence:

F(II)(w) = M(w) = > exp(—2minw).

n=—oo

This equation only makes sense in terms of distributions: the right-hand side does not
converge in any classical sense. However, it turns out that the right-hand side is also 111/

To show that the exponential sum equals 111, i.e., that 111 is its own Fourier transform,
we resort to the definition of the Fourier transform of a distribution As a distribution,
exp(—2minw) acts on a test function @ by integrating against it. This results in the Fourier
transform of ¢ evaluated at n. Thus, the Fourier transform of I acts on ¢ by summing
the values of p’s Fourier transform over all integers. By the Poisson summation formula,
see Section this is equivalent to summing the values of ¢ itself over all integers,
which 1s the action of 1. Hence, 111 is its own Fourier transform.

The 11 distribution is essentially unique. Any tempered distribution with period 1 that
equals its own Fourier transform must be a multiple of 111.

Take a look at https: //dsptllustrations. com/pages/posts/misc/ the-dirac-comb-and-1its
html

SRemember: the more concentrated a function is, the more spread out its Fourier transform.


https://dspillustrations.com/pages/posts/misc/the-dirac-comb-and-its-fourier-transform.html
https://dspillustrations.com/pages/posts/misc/the-dirac-comb-and-its-fourier-transform.html
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Chapter 4

Sampling

4.1 How does the Music end up on a CD? Sampling and
Filtering

In the previous chapter we introduced continuous and discrete-time signals in a somewhat
unrelated manner. This chapter deals with the core of modern digital signal processing: the
idea and the basic theory of sampled signals. The principal idea is the following: which
conditions of a continuous signal guarantee perfect reconstructions from discrete signal
samples?
In order to understand the principal idea, let us first look at what happens to the Fourier
transform, if we sample a signal as to obtain f; from f. In Figure 4.1} you see the plot of
the excerpt of a (pseudo-)continuous signal (a piano sound), with its Fourier transform. In
the lower plots, a rather coarsely sampled signal (Sampling rate 11025 samples per second)
and its Fourier transform are shown. It should be immediately obvious, what happens to
the Fourier transform, if we sample f: the Fourier transform f of f is periodized!
So, the answer to the next question, namely, how to obtain the original signal from the
sampled version, should be really easy: since the sampling process leads to repeated copies
of the (hopefully bandlimited) spectrum, all we need to do is multiply with a lowpass filter
in order to get rid of the unwanted copies: f = fd -II, hence f = f; *II. Here we are
intentionally sloppy and don’t specify any of the involved parameters, since we only want
to get across the basic idea - and this seems almost perfect!
However, if we look a bit closer at the spectrum of f, namely, if we apply a logarithmic scale
(which actually corresponds to our perception of audio), we can see, that the spectrum of
f has not actually dropped to anything close to 0, see Figure so, what will happen to
the frequencies above the cut-off? In fact, if we don’t suppress them by highpass-filtering
before the sampling process, those samples will show up as - usually unwanted - aliases in
the lower frequency bands.

Aliasing is an effect which is one of the limitations of discrete-time sampling. An
example of aliasing can be seen in old movies, e.g. when watching wagon but also car
wheels: the wheels appear to go in reverse. This phenomenon can be observed if the

95
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Figure 4.1: Subsampling and resulting Fourier transform
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rate of the wagon wheel’s spokes spinning approaches the rate of the sampler (the camera
operating at about 30 frames per second) H

The same thing happens in data acquisition between the sampler and the signal we
are sampling. For an example, have a look at Figure [£.3] Here, the effect of undersam-
pling is immediately obvious: the sinusoid of 330Hz appears as a sinudoid with much lower
frequency, namely 30Hz. In the lower plot, the wrong sampling rate of 320Hz maps the
frequency 330Hz to 10H z. We will now study a simple case of this phenomenon mathe-
matically.

Example 4.1.1. Consider a complex exponential (a phasor) with frequency wo, i.e. p(t) =
e?mwot - Now, assume that we sub-sample this phasor to obtain

de(n) _ 627riw0(nT)’
i.e., T is the sampling interval. We have seen many times by now, that adding 2wink to
exponent doesn’t change this (discrete) function:

@d(n) _ eQﬂiwo(nT)+27rink _ eQﬂ'iTn(wo-l—k:/T)’ fOT alk e 7.

This equation tells us that, after sampling, a sinusoid with frequency wy cannot be dis-
tinguished from a sinusoid with frequency wo + k/T, k € Z. Note that Fs = 1/T 1is the
sampling rate.
If we sample real-valued signals, however, we always have to consider positive and negative
frequencies, so, to a real sinusoid (sine or cosine) with frequency wy, we have in fact aliases
at + + wok/T.

Example 4.1.2. Recall now the Fourier series of a square wave as defined in Eram-

ple[2.1.9)

R | :
fla) = - ; Gr =) Sner(2k - o)

Obuviously, this periodic function does NOT have a finite number of frequencies in it: its
spectrum, i.e. the frequencies contained in the square wave decay like 1/n - and this really
slow! We note that, due to this infinite bandwidth, the square-wave cannot be sampled
properly: sampling, no matter how densely must always lead to aliasing, as we shall see
next.

We assume a sampling rate of Fy = 44100H z and consider a square wave with fundamental
frequency F = T00H z. Then, the Fourier series of this function is simply

) = % ; ﬁ Sin (2 + 700 = (2k — 1)z)

! This effect is even called "wagon-wheel effect".
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Aliasing: a 330Hz sinusoid is sampled at 300Hz
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Figure 4.3: Aliasing by subsampling
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since now we have 700 oscillations per second. In this case, the highest frequency that is still
below the Nyquist frequency of 22050H z is the 31st harmonic which belongs to the frequency
31-700 = 21700. The next frequency contained in the signal, with index 33 is 23100H z and
is above Nyquist. It will therefore show up as an alias at (23100 —44100)H z = —21000H z.
This effect continues for all higher frequencies, and of course, all the negative frequencies
turn into positive aliases accordingly. The phenomenon is shown on Figure [{.4]

Note that in the current case, the fundamental frequency divides the Sampling rate, and
the aliases become quasi-harmonics. In contrast, if we choose F' = 800H z, the aliases will
occur in frequencies that are not related not the fundamental frequencies, see Figure [4.5.
While aliases should be avoided in usual sampling procedure, intentional aliasing can lead
to interesting sound effects.

We now turn to a more technical approach to sampling.

4.2 Formal Sampling

4.2.1 Poisson summation formula

We start by connecting the Fourier transform with Fourier coefficients of a periodic function-

Lemma 4.2.1. If f € L'(T%) and ( fk) € (MZY), then f € C(T?) with

kEZ

f=) fre?m®) (4.1)

kezd
converging uniformly and in L*(T¢) and L?(T?).

. € (Y(Z) implies uniform convergence, so that

Proof. The condition < fk>
k

€L

g:=>Y_ feed*™ec(T?) c LX(T) c LY(TY).

kez?

Since (1(Z%) c (2(Z%), we have f € L2(T%). Obviously, §i = fi, so that we deduce g = f
in L?(T9), hence, f = g almost everywhere. O

Proposition 4.2.2. If f € L'(R?), then

wf =) f(-+k)

kezd

converges pointwise almost everywhere and wf € LY(T%) with

wa”Ll(Td) < HfHLl(Rd)-
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Figure 4.4: Aliasing by discretization of Square Wave
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Proof. According to Theorem and the monoton convergence theorem,

o= [, 11

kezd

—Z FC+R)]

kezd

/Z|f (- + k)]
kez®

where Y, ;4 | f(- +k)| converges almost everywhere (and in L'(R?). Hence, 3, 4 f(-+k)
converges almost everywhere with upper bound @|f| and @f is Z%-periodic, and we have

“waLl(’JI‘d) < Hw|f‘HL1(Td) = HfHLl(IRd)' o

For f € LY(R%), how do f(k) and (ff)k relate to each other?
Theorem 4.2.3 (Poisson formula). Let f € L'(R%).
a) Fork e 7

A

@k =fk), kez.

b) If ((57);@) red € (NZ) and Tf is continuous, then

Z.f 27r1kx’ JIGTd.

kezd

c) In particular, for x =0, and d = 1 we obtain

Yo fk)y =Y fk)

keZ keZ

Proof. By Proposition and Theorem [A.1.2] we have
@i = [ @ha) o
_Z/ f £E+l —27r1<k‘ac>d

lez?

_ Z f((L’) e—27ri<k:,x)dx

Part b) follows from (4.1)) since both sides are continuous. O
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Figure 4.6: sinc(§) = %, for |z| < 10.

Corollary 4.2.4. For f € S(R?), we have
@f)(@) = flk)e?m®o  peT

kezd

Proof. Since Wf converges uniformly, Theorem implies the claim. O

4.2.2 The Shannon Sampling Theorem

We define ()
sin(m
i = eR
sne(¢) = TR (e R,
see Figure [A.2
Lemma 4.2.5 (Fourier transform Box). Ford =1,2,..., we have

Fil (1[_1

Proof. For d =1, we compute

()@= [ o
1 .
_ _277-15 [e—2mz§]
e~ TE _ Tt
—2mi€
cos(—7€) + isin(—n&) — cos(m€) — isin(w§)
—27€

D=

]d> (&) = Hsinc(&), £ eRe. (4.2)

| ol

N[

For d > 2, we observe

so that we derive

f(l[_; ]d) (€) :/}Rl[_éé](:pl)e_z’ﬁ“&dxl---/Rl[_;’

Since sinc(—¢;) = sinc(;) and F1f(€) = Ff(—¢&), we conclude the proof. O

] (zq)e 2mrdlddy,,

N[
[N
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Definition 4.2.6. Fort > 0, the Paley-Wiener space PW(t) is

PW(t) = {f € L(B) : supp(f) € [-1.1]'}
Theorem 4.2.7 (Shannon’s sampling theorem). Let o(€) := %, sinc(&;). If f € PW (3),

then

F=> fk)e(-—k) (4.3)

kez?

holds in L*(R?) and uniformly in R®.

Proof. Since f € PW (1) implies f e Li(RY), Poisson’s formula yields
f(=k) = (Ff) (k) = @f). (4.4)
Due to supp(f) C I, we have
so that @f € L2(T%) because
712 PN o l? 2
55 e = [ J@H@] o= [ |F@)] dz = 110, < o

Thus, [(4) implies (f(k)),eze € 2(Z%). We further derive in L?(R?)

e kez?
= f(k‘)l[_%é]d C_L
kez?
=Y f(R)F (p(- = k),
kezd

where we have used Lemma for F~1. Applying F~! to both sides implies (4.3) in
L*(RY).
To verify uniform convergence, recall |p|? € L'(R?) with

(leP), =F(eP) (b, kez. (4.5)
Since F (|¢|?) = F (¢ - ) = $*p = § % (—), we obtain

supp F (J¢]?) C [-1, 1%,
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The function F (|¢|?) is continuous, so that (4.5)) yields (cTTcp\P) =0 for all 0 # k € Z°.
k
We deduce w|p|? = ¢ € C is constant. Cauchy-Schwartz leads to

1/2
DW=k < | > WP e =500
Ikl =m l&llZm
uniformly since (f(k)) ez € (*(Z7). O

We now allow for f € PW(t).

Corollary 4.2.8. Suppose that 0 < a < 2% and ¢ € PW (%) satisfies

P6) =1, ¢¢€ [—at,at]’ (4.6)

If f € PW(t), then

f=>" flkaye (= — k)

kezd

holds in L*(R) and uniformly in R%.

Note that ¢ can be chosen as in (4.2)), but it is not necessary if 0 < a < % The number

% is called Shannon’s sampling rate or Nyquist rate.

Proof. Put g = f(-a), so that g € PW (at) C PW (). EXERCISE: Go through the proof

of Theorem and observe that the condition (4.6)) with 0 < a < % is sufficient. O]

4.2.3 An alternative view: sampling is periodization in the Fourier
domain

In Section [3.4] we looked at the finite DFT of a Dirac comb and noted that it exhibits
periodicity. Now, we will prove the continuous analog of this observation: if a continuous
function is sampled, its Fourier transform is periodic.

Theorem 4.2.9 (Sampling is periodization in the Fourier domain). The Fourier transform
of the discrete signal fq obtained by sampling a continuous signal f at a sampling interval
T s

fulw) = 53 Fw— 2. (4.7

keZ

Proof. First note that, considered as a distribution, f; has the form

Ja=f-1r.
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Now we invoke the convolution theorem for the Fourier transform: if h(t) = f(t) - g(t),
then h(w) = [f * g](w), hence
A A — 1 A
faw) = (f * Ir)(w) = 7 (f * 0T

1
T

) = 7 3 fw— )

kEZ

]

Let us now recollect, what we have observed so far: if we are given a continuous signal
f, and we sample it with a sampling rate of 1/7" samples per second: fy[n] = f(Tn). Then,
the corresponding Fourier transform fd is a periodized version of the original f' , with period
equal to the sampling rate, i.e. 1/7. Now, under the assumption, that the original signal
was effectively bandlimited to the interval [—55, 5] it is now quite obvious what needs to
be done to recover the continuous waveform: we have to cut off all the unnecessary copies
of the spectrum. The elimination of all frequencies above |5-| leads to interpolation, in

other words, to the reconstruction of the original function from its samples.

Theorem 4.2.10 (Shannon Sampling Theorem II ). Assume that the Fourier transform
of a continuous signal f is contained in the interval [—%, %], then f can be perfectly
reconstructed from its samples at nT', i.e. from fq= f-Wlr as follows
t— nT)

T

F(t) = f(nT)sinc(

ne”L

(4.8)

Proof. Note that for n # 0 the support of f (w — 7) does not intersect with the support of
f(w), since f(w) =0 for |w| > 5. Therefore

fulw) = (@) for || < o

We then have f(w) = [T - Ilz - f,](w) and thus
f(t) =F T Ty - fa)(t)
and F 'l = ﬁ;, since Il is symmetric, hence

F(t) =(TTp * fa)(t) = Ty + Y f(nT)8(t — nT)

neL

= ST (¢ = nT)

ne’l

Recall that II(z) = sinc(z) and, since ﬁ;(x) = 171\1'[(93) = L D/1I(z), we find

T - T

ft) = Z f(nT)smc(% —n).

ne’
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Aliasing: a 330Hz sinusoid is sampled at 300Hz
1 Q@ @ J ! d o I J T @ @ f !

QO D iy e ) b

| g @ | | b b | | p |
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 01
Time in Seconds

Aliasing: a 330Hz sinusoid is sampled at 320Hz

T 1HH ' ST |

l l AL LTTSELLIST

0 0.02 0.04 0.06 0.08 01 012 0.14 0.16 0.18
Time in Seconds

Figure 4.7: Sampling too sparsely.

Undesired aliases can be suppressed by applying prefiltering to analog signals before
sampling them ]

4.2.4 Aliasing

If we do not sample sufficiently dense, then we cannot expect to reconstruct the correct
function, see Figure [4.7]

If a > %, then aliasing occurs, i.e., higher frequency components are falsely taken as

lower frequency contributions. More specifically, write f € PW(¢) as the finite sum

_ . 1 11° 4
f_;fmd with &’upp(fm) C [_§7§:| +m7 m GZ )

2 Anti-alias Filter: The pre-filtering of an analog signal, before it is digitized or sampled, to remove
or substantially attenuate the undesired aliasing components, i.e. those components that have higher
frequency than half the sampling rate.
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which is derived from f,, := F ! <f 1[_l 1t > For the sampling rate a = 1 > 5, we
202 ™M

consider

F(z) = Z f(k)sinc(x — k).

kezd
The periodization of f satisfies
lezd m m

Therefore, we derive

m\»—A
NI

m

so that F' does not contain any frequencies beyond [—%, %}d. The Fourier reconstruction
leads to

o= /[11] 3" ful€ +m)em e,

m

The lower frequency components with £ € [—%, %]d should be fg(f). However, there are
the additional contributions }, fm(€ +m) that are induced from higher frequencies.

Further, we obtain

> / (€ m)e ) d

1
27

— Z / e27ri(3:,§)e—27ri(3:,m>d£

1
27

l
2
— Z f’m ) —2mi{z,m)

m

w\»-‘

Thus, instead of f = fy + zm# fm, we obtain F' = f, + Zm#) fon ()€ 2miEm)

Exercises: Understanding Aliasing and the Nyquist Rate

Exercise 1: Nyquist Rate and Bandwidth For each of the following signals, calculate
the Nyquist rate:

1. fi(t) = sin(27 - 10¢) + sin(27 - 20¢)
2. fo(t) = cos(2m - 50¢t)
3. fs(t) = e~ sin(27 - 5t)

Suggest a sampling rate for each signal that avoids aliasing.
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Exercise 2: Fourier Transform and Aliasing Given the signal f(t) = sin(27 - 5t)
sampled at rate a = 8 Hz:

1. Compute the Fourier Transform of the sampled signal.

2. Show how the higher frequency components fold back into the interval [—%, %}

Exercise 3: Reconstruction and Error Analysis Consider the signal f(t) = cos(27 -
3t) sampled at rate a = 4 Hz.

1. Reconstruct the signal using the given sampling points.
2. Compare the reconstructed signal to the original by plotting both on the same graph.

3. Quantify the error between the original and reconstructed signals.

Exercise 4: Simulating Aliasing Write a Python script to sample the continuous-time
signal f(t) = sin(27 - 10¢) at various sampling rates a = 5, 10,15 Hz. For each case:

1. Plot the original and reconstructed signals.

2. Observe and describe any aliasing effects.

Exercise 6: Frequency Domain Representation Using the following skeleton code,
visualize the spectrum of the sampled signal f(t) = cos(27 - 25¢t):

import numpy as np
import matplotlib.pyplot as plt

# Parameters
fs = 50 # Sampling frequency

T = 1/fs # Sampling period
t = np.arange(0, 1, T)
# Signal

t_signal = np.linspace(0, 1, 1000)

f = 25 # Frequency in Hz

signal = np.cos(2 * np.pi * f * t_signal)
sampled_signal = np.cos(2 * np.pi * f * t)

# Compute FFT
fft_sampled = np.fft.fft(sampled_signal)
freqs = np.fft.fftfreq(len(fft_sampled), T)

# Plot
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plt.figure()

plt.plot(freqs, np.abs(fft_sampled))
plt.title("Frequency Spectrum")
plt.show()

Complete the code to:

e Plot the signal in both time and frequency domains.

e I[dentify aliasing in the frequency domain.

e Suggest ways to mitigate aliasing (e.g., filtering).

71
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Chapter 5

More flexibel transformations

5.1 Introduction - Uncertainty principle and time-frequency
molecules

So far, we have been looking at a signal as being described either in time or in frequency
- with the Fourier transform as a means of transformation from one domain to the other.
Many signals of interest, however - above all: music and speech - are not stationary over
time, they are time-variant, and we will be more interested in finding the frequency-content
at a particular point in time, rather than knowing which frequencies comprise the entire
signal. With this question we enter the important realm of time-frequency (TF) analysis
(TF-Analysis). The desire to have complete insight in the local time-frequency structure,
however, is impaired by a central fact of both TF-analysis and - more famously - quan-
tum mechanics, called uncertainty principle. Loosely speaking, it states that, the more
concentrated f(t) is, the wider its Fourier transform f(w) must be. In other words, the
scaling property of the Fourier transform may be seen as saying: if we "squeeze" a function
in ¢ (time), its Fourier transform "stretches out" in w (frequency). It is not possible to
arbitrarily concentrate both a function and its Fourier transform.

Exercise 5.1.1 (Gaussian Window). The Fourier transform of the normalized Gaussian
window @o(t) = e™™ is given by Go(w) = e~ ™, in other words: the Gaussian is invariant
under Fourier transform. Then, the dilated Gaussian po(t) = e ™/* has the Fourier
transform Go(w) = J/ae ™"

We can regard a function either as represented as f(t), which measures the correlation
of f with §(¢), e.g., what ‘happens at time ¢’. Alternatively, we may represent a function as
its Fourier transform f (w), which measures the correlation of f with an exponential e*™t
e.g., how much of the pure frequency w is contained in the function.

Can we measure how much of a specific frequency is contained at a specific time? In
other words, can we measure simultaneously time and frequency? To achieve this, we
would represent a function by correlation of f with functions (or distributions) which are

concentrated in both time and frequency. The Heisenberg uncertainty principle yields a

73
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fundamental lower bound for such a concentration: time and frequency cannot be simul-
taneously measured up to arbitrary precision!
To make this precise, we define for f € L?(R) its spread via

toER

UUP:hﬂA@—mﬂﬂmquN?

Clearly, o(f)? can be interpreted as the standard deviation of a random variable with

density “ﬁ %f .

We are interested in the construction of a function f which is optimally concentrated
in both time and frequency.
Our goal is the following theorem.

Theorem 5.1.2 (Heisenberg Uncertainty). For any nonzero f € L*(R), it holds that

A 1
. > —.
o) o) > 1
Equality holds if and only if f is a translation and modulation of a Gaussian.
Before we prove this, we show an auxiliary result.

Definition 5.1.3. Let H be a Hilbert space and A, B be (possibly unbounded) linear oper-
ators on H. Then we define the Poisson bracket

[A, B] := AB — BA.

Lemma 5.1.4. Suppose that A, B are self-adjoint operators on a Hilbert space H. Then
for all a,b € R and f € H, it holds that

(A~ @)l - (B = D)l > 5 - (1A, BIS, .

Equality holds if and only if
(A—a)f = ie(B—b)f

for some constant ¢ € R.

Proof. Note that [A, B] = [A — a, B — b]. Using the self-adjointness of A and B, we write
([A, Blf, f) = ([A=a, B=b]f, [) = {(B=b)f, (A=a) f)=({(A=a)f, (B=b) f) = 2iS((B=b) [, (A—a)[).
It follows that

[([A B, DI < 2[((B=0)f,(A=a) /)] <2[[(B=b)f|- (A= a)fll

by the Cauchy-Schwarz inequality. This proves the first part. The part about equality
follows from the fact that it only holds if (B —b)f, (A —a)f) is purely imaginary AND if
(B —b)f is a scalar multiple of (A —a)f. O
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Now we are ready for the proof of Theorem [5.1.2, Without loss of generality we assume
If]* =1 and

P = [PUOFd wd ) = [ W)
Let H = L*(R). Put Af(t) :==¢- f(t) and Bf(t) := 5= f'(¢). Then

o*(f) - o*(f) = I1AfI? - IIBFI
We may now use Lemma to deduce that

o(f)-o(f) > 5 - [[A BIf, ).

So let’s compute the Poisson bracket of A and B:

ABJ() = 5=t (), BAS() = 5—(t @),

which implies that [A, B]f = —ﬁ f and hence the Heisenberg inequality. The case of
equality follows from the corresponding statement in Lemma by considering the dif-
ferential equation resulting from

(B—b)f =ic(A-a)f

‘namely
f=02mif = —2mc(x —a)f.

Setting @ = b = 0, we immediately deduce f(z)p.(z) = e ™ and the general case follows
accordingly.

Remark 5.1.5. In quantum mechanics, time and frequency are replaced by momentum
and position and the inequality above is the famous statement of the Heisenberg uncertainty
principle.

5.2 The Short-time Fourier transform and the Spectro-
gram

Among the many existing and partially quite sophisticated signal representations which
conceptually go beyond pure Fourier transforms, the short-time Fourier transform (STFT)
is both the best-known and most straight-forward to derive from the principles of Fourier
analysis: is function is localized by multiplication with a window function and then, a
Fourier transform is applied. This a priori simple and beautiful idea entails a lot of in-
teresting mathematical questions, even before going into problems such as discretization,
which we will look at in Section [5.3l
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5.2.1 Analysis of a time-variant signal: Short-time Fourier trans-
form

The STFT is used to determine the frequency content of local sections of a signal that
changes over time. The function f of interest is multiplied by a window function which is
nonzero for only a short period of time and the Fourier transform of the resulting, localized
signal is computed.

Definition 5.2.1 (STFT). Let ¢ € L*(R) be the window function and f € L*(R) the
signal to be analysed.

STFT {/} = S, f(r.w) = / ROt — et d = / " ML T d,

Note that S, f is essentially the Fourier Transform of f - ¢, a complex function repre-
senting the phase and magnitude of the signal over time and frequency.

Instantaneous Frequencies and some examples

To gain some intuitive understanding of the kind of signal representation the STFT pro-
vides, let us consider the concept of "instantaneous frequency", which may be defined for
signals with slowly varying frequency. Assume that a signal is given by f(t) = sin(6(¢)),
with 6(t) smooth, so that it can be approximated by its Taylor polynomial in the vicinity
of time ¢:

O(t+71)=~0(t)+0(t) -,

then, for small 7

: . 0'(t)
sin(0(t + 7)) ~ sin(6(t) + 2 - 5 7),
T
and v'¢ = % can be interpreted as "local frequency" at time ¢ + 7.

Example 5.2.2. Consider the three signals

f1 =sin(27 - 500 - t)
fa =sin(27 - (500 - t 4 (50/7) sin 27t))
f3 =sin(27 - (500 - t + (125/2)t?)),

then V¢ = 500H z, V& = (500 + 100 cos 27t)Hz and V¢ = (500 + 125t)Hz. Compare
these findings with the spectrograms shown in Figure [5.1]

We next answer the obvious question whether a function f can be reconstructed from its
STFT and what are the necessary conditions on the window . We will need the following
result, from which inversion of the STFT follows as a corollary.

Theorem 5.2.3 (Orthogonality relations for the STFT). Let f1, fa, 1,02 € L*(R). Then
Sy, f; € L*(R?) and
<S<p1f178902f2>L2(R2) = <fl>f2><§017902>- (51>
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Spectrogram of sin(2z - 00t)
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Figure 5.1: Spectrograms of slowly time-variant signals. The instantaneous frequency, as

computed in Example is visible.
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Proof.

(Sorfrr S fo) 13(st) = / /5 Sor o7, €S gy o7, €) (5:2)

- / ( / F(Too - f)OF TG p)@)dde  (53)
/ / o F) O Tz fo)(0)dr)dt, (5.)

where the last equality holds because of the unitarity of the Fourier transform. Hence we
have

(S f1. Sorfo) 1oty = / / Bilt— ) () FaDgalt — 7))dr)dt = (5.5)
— (1 fo) / () pa(r)dr =(fu, f2) o pa). (5.6)

O
Corollary 5.2.4. Let foi,ps € L*(R) with (p1,¢2) #0. Then
1. Isometry of the STFT: |Se, fll2 = 1 £ ll2lln ]2

2. Inversion formula for STFT:

f=

o on) //Swlf(x,w)Mwagonwdx, (5.7)

where the vector-valued integral must be understood in a weak sense.

Proof. This follows immediately from the previous Theorem, since

8¢1f(xa w) ’ S@2h<x) w)dxdw

[ -
1
<§017902>

<9017 (102>

<S¢71f7 S¢2h> :<f7 h>

where the last step follows from the Orthogonality relations for the STFT. [
Example 5.2.5 (STFT of Gaussian). For the Gaussian g(t) = e~™, note that:
1. The Gaussian is real and symmetric, so g(t — 1) = g(t — 7).

7'I'(A)2

. . 42 . - —
2. The Fourier transform of a Gaussian e=™ is also a Gaussian e
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Substituting g(t) into the STFT:
Sgg(T,w) = /OO e~ g m(t=T)? g 2mivt gy
FExpanding the terms:

—m(t—7)? —m(t2—2tT+712) _ e*ﬂ't2 2rtT —m7?

(& =€ € € .

Substituting this back into the integral:

S,g(m,w) =e ™ / e 2mt? 2mt(T—iw) gy

This integral has the form of a Gaussian integral. Completing the square in the expo-

nent:
—2mt® + 21t (T — iw) = =27 (£ — (1 — iw)) .

Completing the square:

2 —t(r —iw) = (t— T_ZM)Q—(T_—W.

Thus, the exponent becomes:

—omt? 4 27t(1 — iw) = —2m [(t S iw>2 — (T_—W] .

Factoring this into:

o\ 2
2 . SN2 _T—iw
6727rt +2mt(T—iw) _ efg(szw) e 27r(t = ) )

Now the integral becomes:

s . oo N2

—00

The integral of a Gaussian is well known:

/ e~ o0 gt = \/E, fora > 0.
. a

Here, a = 27, so the integral evaluates to:

/ eon(=52) g = [T
oo 2m

Nl
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Thus: .
S,g(T,w) = e ™ e BT L
gg( ) \/5
Simplifying the exponentials:
—n7r? — g(T —iw)? = —mw7r? — g(TQ — 20wt — W?).
2 T 9 : T2
= - — =77+ mwT — Zw”.
ATt — T A T — o
Combining terms:
1 — 8T 2 T2 T
Sgg(T,w) = —=e 27 72

V2

Thus, the STFT of g(t) = e~ ™ with respect to itself is:

1 3n. 2 m, 2 ;
Sgg(Tq w) — e 2 TI—gw +miwT

V2

5.2.2 The spectrogram as energy density
The spectrogram is modulus squared of the STFT:

Definition 5.2.6. Let ¢ € L*(R) with ||¢||z = 1, then the spectrogram of f with respect to
@ is defined as

Spec, f(z,w) = |S,f(z,w)[*.

Exercise 5.2.7. Derive the following properties from the corresponding statements about

the STFT:
o Spec,f(x,w) >0 for all z,w € R.
o Spec,(TuMnf)(z,w) = Spec, f(x —u,w —1n).
o . [, Specyf(w,w)dude = | I}

Given these properties, it makes sense to interpret the spectrogram as an energy density
in the TF-plane. It is also used in all the visualizations of the STFT, such as those that
we have seen so far, as well as for further processing in many applications. An important
question is then, whether and in which sense f may be reconstructed from a corresponding
spectrogram. The following statement gives an answer and is a prototype of results from the
active research area of phase retrieval, cf. e.g. [2]E] The following statement is prototypical
and given without a proof.

Proposition 5.2.8. Let f,h, € L*(R) and let the (two-dimensional) Fourier transform
of Specyp be nonzero almost everywhere. If Spec,f = Spec,h, then h = €' for some
a e R

'Master thesis?
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5.3 Frames

Just as the inversion of non-singular square matrices is not the end of the story of matrix
inversion, bases, let alone orthogonal bases, are not the end of the story of the expansion
of functions, or signals. In particular, when we are interested in the analysis of speech
or music signals, we face insurmountable difficulties if we stick with the idea of analyzing
functions or signals by using (orthonormal) bases. In this section, we will encounter an
important generalization of bases, the so-called concept of frames. We will motivate this
new idea with the most important analysis method used in audio signal processing.

Motivation: the deficiencies of bases in audio analysis

It is quite obvious that a reasonable analysis of time-variant signals such as music (or
speech) requires a transformation that is local in both time and frequency. In other words,
it doesn’t help a lot to have the frequency information for an entire music piece: we would
like to know which frequency sounds at which time. However, why can’t we just cut our -
probably sampled and thus discrete - signal into pieces of finite length and analyze each of
them separately?

The answer to this question can be seen in Figure and Figure [5.4] and is related to
the behavior of the Fourier transform of the box function. Indeed, "cutting the signal into
pieces" is equivalent to multiplying it with a number of shifted box functions, one piece
would then be given by fi,. = f-1II, hence fj,. = f «I1 = f x sinc. Then, each piece can be
easily recovered by means of the inverse Fourier transform and in fact, it is even straight-
forward to see that we obtain an ONB if the shifted box-functions are chosen accordingly.
So far so good, but look at Figure , where the spectrogram (the magnitude squared of
the STFT) of such an analysis of a very simple signal is shown. The problem with the
cutting approach is the fact that sinc decays slowly, and that means that, as a result of
froe = f x sinc, the frequency information appears totally smeared. Note that the signal
shown is extremely simple, just two sinusoids multiplied by an envelope, but even for this
signal it would be hard to separate the two components.

On the other hand, have a look at the other proposed window, a smoother window, called
Hanning window, which is very popular in audio signal processing. This window’s Fourier
transform has a much better decay, look at Figure [5.2] and as a result, the frequency
resolution in the STF'T obtained by application of this window is a lot better. However,
since the Hanning window decays towards 0 smoothly, in order not to lose information, we
have to assure some overlap in the translation of the windows. In that way, we are not
able to obtain orthogonal bases.

5.3.1 Frames
Redundancy and Robust Reconstruction in Frames

Frames versus Bases
A frame for a Hilbert space H is a (typically redundant) collection of vectors {¢y }4L,
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Box window Hanning window
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Figure 5.2: A box function as a window and a Hanning window. The lower plots show the
respective Fourier transforms.
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Figure 5.3: Comparing the respective Fourier transforms of a simple signal and its win-
dowed versions: once with a box function, once with a hanning window.
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Figure 5.4: Spectrograms resulting from the usage of different windows.
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satisfying
M
AIAIP <Y K e < BIFIP, Ve,
k=1

with frame bounds 0 < A < B < oo. Unlike an orthonormal basis, frames may contain
more vectors than the dimension of the space, which provides redundancy. This redun-
dancy improves numerical stability, offers flexibility in representation, and allows partial
reconstruction even when some coefficients are missing or corrupted.

If & denotes the analysis operator (matrix of size M x N with M > N), the frame
operator is S = ®*®. For perfect, uncorrupted coefficients ¢ = if, the canonical dual
reconstruction is given by

f=S5"o%.

This formula guarantees exact recovery when all coefficients are available.

Effect of Coefficient Corruption

In practical scenarios, coefficients may be missing or corrupted. Let M denote a di-
agonal masking operator with entries my € {0, 1} indicating whether the coefficient ¢y is
available. The observed data are then

Cobs = Mc= M®f.
If one naively applies the canonical dual reconstruction
fcan = Silq)*cobsa

the missing coefficients are implicitly treated as zeros. This introduces bias and may
significantly degrade reconstruction quality, especially when many coefficients are lost.
Masked and Regularized Reconstruction
A more principled approach is to explicitly incorporate the mask M into the recon-
struction problem by solving a regularized least-squares system:

fr= argmin | M(2f) — Cobs|l2 + Al fII2.
which leads to the Tikhonov-reqularized normal equations
(D*MD + M) fr = D" Mecops.

Here A\ > 0 controls the trade-off between fidelity and stability. Typical values are chosen
as A~ 1073-1072 Amax(S). For small- to medium-size problems, this system can be solved
directly; for large-scale frames, iterative solvers such as conjugate gradients (PCG) or 1sqr
are preferred.

Alternative Formulations
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e Submatrix reconstruction: Extract the rows of ® corresponding to observed co-
efficients, ®x, and solve R
(P Pr + N f = Plck.

This is equivalent to the masked formulation and efficient when many coefficients are
missing.

e Iterative reconstruction (PCG): Define the operator A(f) = ®*(M(Pf)) + Af
and solve A(f) = ®*Mcgs iteratively using PCG.

e Sparsity-promoting reconstruction: If the signal is known to be sparse in some
domain, one may use an ¢;-regularized problem

f= argmfin IM(®f) = cobs||3 + 7| .f]]1,

which can be solved using LASSO, SPGL1, or proximal gradient methods (ISTA /-
FISTA).

Practical Insights

1. Redundant frames (M > N) provide resilience against coefficient loss.
2. The canonical dual reconstruction is optimal only when all coefficients are available.

3. Incorporating the mask M leads to significantly improved robustness.

=~

. Regularization (AI) prevents amplification of noise and numerical instability.

5. In high-dimensional cases, iterative solvers offer computational efficiency.

MATLAB Implementation Summary
The following code fragment illustrates masked Tikhonov reconstruction:

Mdiag = spdiags(double(mask), 0, M, M);
lambda = 1le-3 * max(eig(Phi’*Phi));

A = Phi’ * Mdiag * Phi + lambda * speye(N);
b = Phi’ * (Mdiag * c_obs);

f_rec = real(A \ b);

This formulation correctly accounts for missing coefficients, yielding more accurate and
stable results than the naive canonical dual reconstruction.

In summary, redundant frames transform signal analysis into an overdetermined, and
hence robust, representation system. Their redundancy enables meaningful reconstruction
even under partial data loss, provided the reconstruction step explicitly incorporates the
structure of missing data.
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Direct Motivation: sample the STFT

Replace the integrals in the inversion formula for the STFT, see (5.7)), by discrete sums to
obtain an approximation by Riemann sums. In other words, hope to obtain a reconstruction
of f from samples of S, f as:

F=Y3" Seifak, Bn) Mg, Toxoo. (5.8)

keZ ne’

So, what do we need to know about the collection of functions {Mpg, Tk} in order to
obtain such an equality?

General Frames

A set & = {p,};es in a Hilbert space H is complete if every element in A can be approx-
imated arbitrarily well (in norm) by finite linear combinations of elements in ®. For a
finite-dimensional vector space such as R™ or C", this simply means that any vector in H
can be written as a linear combination of the {¢;}, in other words, that ® spans H.

A complete set is overcomplete, if removal of one element of the set still results in a complete
system. In signal processing, overcompleteness can help to achieve a more stable, more
robust, or more compact decomposition than the usage of a basis which implies unique-
ness. Frames are an interesting generalization of bases and are widely used in mathematics,
computer science, engineering, and statistics.

Definition 5.3.1 (Frames). Let ‘H be a Hilbert spaces (a finite-dimensional vector space
with inner product. A frame is defined to be a countable family of non-zero vectors {y;} ;e
in H, such that for arbitrary f € H,

ClAP <D WfenlP < Cull fIP

jeJ

where (-,-) denotes the inner product, C; and C, are positive constants called lower and
upper frame bound, respectively. If C;,C, can be chosen such that C; = C,,, the frame is
called a tight frame.

Note that the above inequality can be understood as an “approximate Plancherel for-
mula” and in that sense, an ONB is a special case of a (tight) frame. Recall, that any ONB
{%;}jes implies a convenient signal representation for all f € H, given by

f= (fr)dy with Y [(fonl® = I f]5
jeJ JjeJ

For frames, the situation is, obviously, slightly more complicated. In general, we can not
expect the mapping S: f — >, ;(f, ;)¢; to be identity, but at least, this mapping will
be invertible, a property that opens the door to the virtues of frames.
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Definition 5.3.2 (Frame operator). Consider a vector space ¥V and a family of elements
{gpj}jeJ m V.
SF=> (fr01) (5.9)
jed
Note that

(SF 1y = {eien =D Ife

jeJ jeJ

Also note that the frame operator (5.9) can be written as the composition of an analysis
operator C : V — CF, given by C' : v — {{v, ¢;)}jes and the synthesis operator D : C* —
V, given by D : ¢ — ZjEJ cjpj. In fact, D is the adjoint operator, i.e. the transposed,

complex conjugate of C: D = " = CT and thus S’ = (DC) = (C'C) = C'C' = S and S
is self-adjoint.

Proposition 5.3.3 (Properties of the frame operator). Let V be a finite-dimensional vector
space and ® a frame for H.

(i) S is invertible and self-adjoint.

(ii) There ezist dual frames ¢y, allowing an expansion of f as:

f= Z<f, 0P = Z<f, B5)¢; (5.10)

In particular, the canonical dual frame is given by @, = S~y
(111) If the frame is not a basts, then the coefficients ¢; = (f, ¢;) are not unique, but optimal
in the sense of minimizing Y |c;[*.

Remark 5.3.4. Completely analogous statements hold for infinite dimensional Hilbert
spaces, but the proof is beyond our scope.

Proof. (i) We show that S is injective: assume that Sf =0 for f € V, then

0=(Sf.f)= Z! Lol = GlfIP = Ifl=0= f=0.

7=1

(ii) Since S is invertible, we can write

f=8715f=5 (ZU, soj>soj) = (05 (@)

J J

and setting p; = S™*(y;) proves the first equality. Changing order: f = SS~!f and noting
that self-adjointness of S leads to self-adjointness of S™!, we obtain

F=Y (87 feei =D (57 o)

J J
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(iii) The proof of this statement is similar to the proof of Proposition [A.4.18 In fact,
suppose that the coefficient vector ¢ € CF fulfills f = Z =1 CjPjs hence, since ¢; = ¢; —

(f, S s) +(f, S ;) and f = ijl(f,s Yo)pj, we have

Z(Cj —(f,5 ) = 0.

j=1

Setting d; = ¢; — (f, S™'¢p;), this can be written as Dd = 0 and thus the sequence d, given
by d; = ¢; — (f,S7 ;) is in the kernel of D = C’, which is orthogonal to the range of C'.
On the other hand, the sequence {(f, S~ ¢;)}"_, is in the range of C, because

{(f. S o = (S foon i, = C(S7HY).
Therefore, as in the proof of Proposition

k k
Sl =Y ey — (f,87 ) + (f.5 o)
j=1 j=1
k k
= lej = (£, 87 )P+ D IS e+
— —

+Z — (1,57 50, (.57 05)),

and since the last sum is 0 due the orthogonality of the range of C' and the kernel of D,
we have

k

k k k
Z‘Cj‘z:Z’cj_<f757190j>‘2+2‘<f>5719% Z fvS 90]
Jj=1 Jj=1

Jj=1 J=1

5.3.2 Gabor Frames: Structure and Existence

We now look at the special kind of frames that are associated with the STFT: Gabor
frames.
For a given function g € L*(R), and two non-negative constants a, b, the family

gg,a7b = {gmm = managa m,n < Z}

for m,n € 7Z, is called a Gabor system with analysis window g, time-shift parameter a and
frequency-shift parameter b. The associated frame operator is then given by

Sg,a,bf = Z<f7 gm,n>gm,n‘ (511)
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While the dual frame of a given frame (whose frame inequalities are also not always
trivial to derive) is in theory simply given by the inversion of the frame operator, the latter
is infeasible in higher dimensions. Thus, we must take a closer look at the structure of the
Gabor frame operator in order to get some easier solutions. The following three statements
provide the necessary insights.

Proposition 5.3.5 (Gabor frame operator). Let a Gabor system G, . be given. Then Sy 4 p
commutes with the time-frequency shifts M, Ty, and hence there exists a dual window 7,
such that G, .4 is a dual frame for Ggqp.

Proof. 1. Frame Operator Definition: The Gabor frame operator Sy, is given by:

Sg,a,bf = Z <fa Mmanag>Mmanag7

m,ne”

where the operators T, (time shift) and M,,;, (frequency shift) are defined as:

Thag(t) = g(t —na), M,ug(t) = e%imbtg(t).

2. Commutativity with Time-Frequency Shifts: Let S, ,; act on a time-frequency
shift M, T,of, where f is an arbitrary function. We aim to show:

Sg,a,b(Mm’an’af) - Mm’an’a(Sg,a,bf>‘

- Compute S, 4 (Mo Lo f):

Sg,a,b(Mm/an’af) = Z <Mm’an’af7 Mmanag>Mmanag'

mne”

Using the orthogonality and commutation properties of time-frequency shifts, we have:
<Mm’an’af7 Mmanag> = <f7 M(mfm’)bT(nfn’)ag)

Substituting this back, we get:

Sg,a,b(Mm’an’af> = Z <f7 M(m—m’)bT(n—n’)ag>Mmanag'

m,neZ

- Rewrite the summation: Let m' = m — m’ and n’ =n —n/. Then:

Sg,a,b<Mm’an’af) = Z <f; Mm’an’ag>M(m’+m’)bT(n’+n’)ag-

m/,n' €L

Noting that M 1m L (n4n)a = M Tnia MppTha, we can factor out M, T,

Sg,a,b(Mm’an’af) = Mm’an’a Z <f7 Mmanag>Mmanag'

m,nEL
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- Recognize the summation as S, f:

Sg,a,b(M L af) My T a( g,a,bf>~

Thus, Sy 45 commutes with M,y T5.
3. Existence of a Dual Frame: Since S, ,; is a positive, self-adjoint, and invertible

operator (as the Gabor system is a frame), it admits a unique inverse S gi »- Define the
dual window ~ as:
V=S4 b9-
Then the Gabor system G(v, a,b) forms a dual frame for G(g, a,b). That is:
<f7 Mmana7> = Cm,n,
where ¢, , reconstructs f in the dual frame decomposition. O

Theorem 5.3.6 (Walnut representation). Assume that the window g € L*(R) is piece-wise
continuous and decays sufficiently fast. Then the frame operator S, ., can be written as

Sgap =01 G- T, (5.12)

where G (1) = )7 9(x — § — ak)g(z — ak).

Remark 5.3.7. The technical assumption is, that g lies in the Wiener space: g € W(L>, (1),
in detail: : The Wiener amalgam space W (L>®, (') consists of functions f € LS. (R) such
that ||fHW(Loo’gl Y orez 1f - Xpppgayllee < 00, where X pq1) is the indicator function for
the interval [k, k + 1]. Intuitively, this norm measures the local L™ norm of f over each
unit interval and sums these values globally.

Proof. Fix f € C.(R) and k € Z. Then f-T,g is bounded and compactly supported. The
Gabor frame operator S, is given by:

Sg,a,bf = Z(Z<fa Mkana.g>Mkb)Tnag7
ne€Z kez
which, since the sequence ((f, MyyThag))r is in €2, may be rewritten as
1 _ k n
Sy (@) = 1 S Tund) e N Toag() = 1 (3 e~ —na)g(a—na)) Sz,
neZ keZ kEZ neL

where exchanging the order of the sums is allowed due to the compactness assumption.
Note that G, is the a-periodization of g - T /,g and that, by assumption, we have G,, €
L>(R). We can hence extend the new form of the operator S, ., to all of L? and obtain

gabf ZG T f (513)

neZ

as claimed. ]
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Corollary 5.3.8 (Painless Non-Orthogonal Expansions). Suppose that g € L*(R) is sup-
ported in the interval [0,L]. If a < L and b < %, then the frame operator Sgqp is the
multiplication operator

Spanf (@) = (2 3 lole — ab)) (). (5.14)

kez
Proof: exercise.

Corollary 5.3.9. If g € W(L*>, ("), then G(g,a,b) is a frame for all sufficiently small
a,b.

Theorem 5.3.10 (Balian—Low, Hilbert space version). If G(g,Z?) is an orthonormal basis
for L3(R), then either xg(z) ¢ L*(R) or ¢'(x) ¢ L*(R).

Proof. The proof relies on the commutation relations for the position and momentum
operators, which are defined as

1
(Xo)(x) = ag(w) and (Pg)(x) = 5o/ (x).
Recall that X and P are self-adjoint and that

1
(PX —XP)g=—g,
27

for g € dom(X P) Ndom(PX). Furthermore, we have F(Pg) = X Fg.

We prove the theorem by contradiction. Suppose G(g,Z x Z) is an orthonormal basis
of L*(R), in particular g # 0, and suppose that Xg € L*(R) and Pg € L*(R). Then, using
the orthonormal expansion of X g, we have

(Xg,Pg) = > (Xg, MiTig) (MT.g, Pg).

k€7

We now re-write the inner products in the series expansion. Since
XMTyg(x) = (2)e*™g(x — k) = kMTrg(z) + MTp X g(z),
we have

(Xg, MiTyg) = (9, X M;Tyg)
= k(g, MiTyg) + (9, MiT X g)
=0 + <Tkoflgan>7

where we used the fact that (g, M;T,g) = 0 because we assume G(g,Z X Z) to be an
orthonormal basis.
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Similarly,
(PMiTyg,g) = (XTM_1,9.)
= zmM ks g> (M X g,g)

Combining the above results, we obtain

(Xg,Pg) = (Pg,T_yM_ig) (T_yM_ig, Xg) = (Pg, Xg).

k,EZ

If we knew that g € dom(PX) N dom(X P), then we could rewrite this identity as
1
0=((PX—-XP = —|lgll3-

We choose a sequence (gp)nen C C°(R), such that ||g, — gl = 0, || X g, — Xgl|l2 — 0,
and ||Pg, — Pg|l2 — 0 (such a sequence exists). Then

lim ((Xgn, Pgn) — (Pgn, Xgn)) = (Xg, Pg) — (Pg,Xg) = 0.

n—oo

On the other hand, since g, € S(R) C dom(PX) N dom(X P), this limit is also

. 1 1
lim ((PX = X P)gn, gn) = 5— lim [lgullz = 5—llgll5-

n—00 2w n
Thus, g = 0, contradicting the assumption that G(g,Z x Z) is an orthonormal basis. [

Remark 5.3.11. While the classical uncertainty principle provides a lower bound on the
deviations in time and frequency, i.e.,

o1
1Xgllz [ Pgll = 1 Xgll | Xll> = g5,

the Balian—Low theorem (BLT) implies that a window of an orthonormal Gabor basis pos-
sesses the maximal uncertainty,

1Xgll2[|Pgll2 = o0

For the Hilbert space L?>(R%), this result holds for the conjugate variables (wy,wy), k =
1,...,d. There are also more general versions for (symplectic) lattices and more general
index sets. For more details on this we refer, e.g., to [?]. o

We will now state the Wiener amalgam version of the BLT.

Proposition 5.3.12 (Balian-Low theorem, Wiener amalgam version). If G(g,7Z%*) is a
frame for L2(R?), then both

g & Wo(RY) and G ¢ Wo(RY).
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To prove the amalgam version of the BLT, we show a special property of the Zak
transform.

Definition 5.3.13 (Zak transform). For f € L?(R?), the Zak transform Zf is defined by

(Zf)(z,w) Z flx — k)™ (z,w) € R*,

kezd

The Zak transform is Z*?—periodic in (x,w) and unitary from L*(RY) onto L*(Q x Q),
where @ = [0,1).

Corollary 5.3.14. Let g € L*(R?) and consider the Gabor system G(g, Z*).
1. The frame operator S, is bounded on L*(RY) if and only if |Zg|*> € L>°(R*?).

2. G(g,7*) is a frame for L*(RY) if and only if there exist constants 0 < a < b < 0o
such that

0<a<|Zg(z,w)| <b<oo foralmost all (x,w) € R*.

In this case, the optimal frame bounds are

A= essinf |Zg(z,w)]? B = esssup |Zg(z,w)|*.

(zw)EQXQ (2w)EQXQ

Proof. Conjugation by the Zak transform diagonalizes the frame operator:
(28,27 F)(a,w) = |Zg(a,w)PF(z,w),  FeL3Qx Q).

Hence S, is bounded on L? if and only if multiplication by |[Zg|? is bounded, which is
equivalent to |Zg|*> € L>®°(R??), yielding (a).

Similarly, S, is invertible if and only if both |Zg|* and its reciprocal are essentially
bounded, giving (b) and the explicit expressions for the optimal frame bounds.

For (c), if G(g,Z*?) is an orthonormal basis, then S, = I, so ZS,Z~! acts as multi-
plication by |Zg|? = 1. Conversely, if |Zg|> = 1 a.e., then by (b) G(g,Z??) is a tight frame
with bound 1. Since ||[M;Tygll2 = ||g]l2 = 1, it follows from Lemma 6.16 that G(g,Z*?) is
an orthonormal basis. [

Lemma 5.3.15. If Zf is continuous on R*?, then Zf has a zero in Q x Q.

Sketch of proof of the Zak zero lemma. Suppose Z f is continuous and nonvanishing on the
torus @ x Q. Then (Zf)™! is continuous and Z=1((Zf)™!) is a bounded (continuous)
function on R?, which can be used to construct a dual window in the Wiener amalgam
class; this contradicts the frame assumption (more concretely: a continuous nonvanishing
Zak transform leads to a well-behaved dual Gabor atom, impossible in the critical density
case). A detailed version of this argument (or alternative topological proofs using the
degree/winding-number of the phase of Z f) can be found in |7, ?|. ]
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Proof of Theorem 5.3.12. Suppose, for contradiction, that the window g € Wy(R?). By
Lemma , the Zak transform Zg is continuous on R??. Hence, by the preceding
lemma, Zg has a zero in ) x (). According to Corollary 9.7, this implies that the lower
frame bound of G(g, Z*?) is zero, so G(g, Z*?) cannot be a frame. Therefore, if G(g, Z*?) is
a frame, then necessarily g ¢ Wy(R?).

Finally, note that G(g,Z??) is a frame if and only if G(g,Z*?) is a frame. Applying the
same argument to g yields g ¢ Wy(RY). O

5.3.3 Frames in C", matrices and PINV
Excursus: Generalized Inverses and the Moore—Penrose Inverse

In linear algebra, the ordinary inverse of a matrix exists only for square matrices whose
columns (equivalently, rows) are linearly independent. However, many applications—such
as solving inconsistent or underdetermined systems of linear equations, performing least-
squares fitting, or analyzing non-square linear transformations—require a more flexible
concept of “inversion.” This leads to the notion of a generalized inverse.

Unfortunately, the generalization of matrix inversion to singular or rectangular matrices
is not unique. Different authors adopt different axioms depending on the intended applica-
tion. The approach followed here is classical and motivated by Ben-Israel and Greville [?].

Axioms for a Generalized Inverse

Following Ben-Israel [?], a reasonable definition of a generalized inverse AT of a matrix A
should satisfy at least:

1. If A is invertible, then A" coincides with the ordinary inverse A=,
2. Some singular matrices should also possess a generalized inverse.

3. The generalized inverse should share certain algebraic properties with the ordinary
inverse.

A minimal condition often required is:
ABA = A.

Any matrix B satisfying this property is called a reflexive generalized inverse. Koecher [?]
strengthens this by adding the dual condition

BAB = B,

which eliminates degeneracies and ensures that B behaves like an inverse on the relevant
subspaces.
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The Moore—Penrose Inverse

Among all generalized inverses, one stands out as the most important: the Moore—Penrose
inverse. For a matrix A € C™", the Moore-Penrose inverse At € C" ™ is uniquely
defined by the four Moore—Penrose conditions:

AATA = A, (5.15)
ATAAT = AT, (5.16)
(AAT)* = AAT, (5.17)
(ATA)* = AT A. (5.18)

Conditions ((5.17)—(5.18]) require that AA* and A* A be orthogonal projections. This makes
the Moore—Penrose inverse the unique generalized inverse that is compatible with orthog-
onality, least-squares problems, and singular value decomposition.

Special Cases and Explicit Formulas

The Moore—Penrose inverse is easy to compute in several important situations.

Full column rank. If the columns of A are linearly independent, then A*A is invertible,
and

At = (A7 A)A"

In this case,
ATA=1,,

so AT acts as a left inverse.

Full row rank. If the rows of A are linearly independent, then AA* is invertible, and
At = A*(AAN)T

which satisfies
AAT =1,,.

Full rank square matrices. If A is invertible, then the Moore—Penrose inverse reduces
to the ordinary inverse:
AT =471

Products involving a unitary matrix. If AB is defined and one of the matrices is
unitary, then

(AB)* = B* A,
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Scalars and vectors. Treating scalars and vectors as 1 x 1 and n X 1 matrices, respec-

tively,
ot 0, =0,
i, x#£0,

and for a nonzero vector x,

Hermitian matrices. If A is Hermitian, its eigen-decomposition A = UDU* leads to
AT =UDYU*,

where DT is obtained by inverting nonzero diagonal entries and leaving zeros intact.

Computing the Moore—Penrose Inverse

Several computational formulas are available, depending on rank information.

Rank factorization. If A has rank k, we may write A = BC with B € C™** and
C € CF*". Then
At =c*(ccH Y(B*B)'B*.

Singular value decomposition (SVD). This is the most robust and conceptually
illuminating method. If

A=UXV"

is the SVD, then
AT =VETU*,
where Y7 is formed by inverting all nonzero singular values and transposing the diagonal

matrix.

Numerical considerations. Although the formula (A*A)~'A* is easy to implement
when A has full column rank, it is numerically unstable because the condition number of
A*A is the square of that of A. More stable methods include:

e QR-based methods (efficient and reasonably stable),
e SVD-based methods (most accurate but computationally more expensive),

e Greville’s algorithm [?] (incremental column-by-column computation).

Applications

The Moore—Penrose inverse is the natural tool for solving inconsistent or underdetermined
systems.
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Least-squares solutions. If Az = b has no exact solution, the vector
T=A"b
minimizes the Euclidean norm ||Az — b||2 and is the solution of smallest norm.

General solution of consistent systems. If Ax = b has infinitely many solutions,
then every solution can be written as

r=A"b+ (I, — ATA)y, y e C".

The term (I,, — AT A)y describes the freedom in the nullspace of A, while A™b is the unique
solution of minimal norm.
References:

e BenlsraelGreville A. Ben-Israel and T. N. E. Greville, Generalized Inverses: Theory
and Applications, Springer, 2nd ed., 20083.

e Koecher M. Koecher, Lineare Algebra und analytische Geometrie, Springer, 1986.

o Greville T. N. E. Greville, “Some applications of the pseudoinverse of a matriz,”

SIAM Review, 2(1), 1960.

e GolubVanLoan G. H. Golub and C. F. Van Loan, Matrix Computations, Johns Hop-
kins University Press, 4th ed., 20183.

End of Fxcursus.

We now turn to finite-dimensional frame theory and make explicit the connection to
linear algebra. Throughout, we work in C" with the standard inner product. Let {¢;}"_,
be a frame for C".

Recall that the analysis operator

C:C" — CF, Cv = ((U,gpj>)k

=1
and the synthesis operator
k
D:C"—=C", Dc=)Y cpj
j=1

satisfy D = C* (conjugate transpose). Writing these as matrices:

e (is a k x n matrix whose jth row is @T,

e D = (C"is an n x k matrix whose jth column is ¢,
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e the frame operator is S = C*C = DC.

Since S is of the form C*C, it is always Hermitian and positive-definite whenever {¢;}
is a frame.

Proposition 5.3.16. Let A be a k x n matriz and v € C". The following are equivalent:
[(i)]There exists C,, > 0 such that

Cullv|l3 < ||Av]]3 Vv e C". (5.19)
The n columns of A are linearly independent. The k rows of A form a frame for C".

. Proof. Let 1; denote the [th column of A. Then

n

Av = Zvﬂﬁl, v = (v),.

=1

(i) = (ii): If the columns were dependent, some nonzero v would satisfy Av = 0,

contradicting ([5.20)).
: k

(i) = (iii): Writing the rows as {¢;}7_,

k
1AV3 = [ @),
j=1

so the lower frame bound holds; the upper bound is automatic in finite dimensions.
(ili) = (ii): If the rows form a frame, then C is injective, hence C*C' is invertible, which
implies independence of the columns. O

Example 5.3.17. Let
1 0

A= 0 1
-1 -1

The rows form a frame for R%, while the columns span a two-dimensional subspace of R3
and are linearly independent.

Proposition 5.3.18. Let {goj}g‘?zl be a frame in C™ with analysis operator C, synthesis
operator D = C*, and frame operator S = C'. Then

D*v=((v,S7'¢;))j;, veEC
Thus, the canonical dual frame is given by the columns of CT = (C*)*.

Proof. The canonical reconstruction formula is
k
v = Z(v, S~V p; = De, c; = (v, S p;).
j=1

By the Moore-Penrose theory, ¢ = D%v is the minimal-norm solution to D¢ = v. This
matches the coefficients above. [
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Example [5.3.20| continued. The pseudoinverse of A is
172 -1 -1
+_ -
A= 3 (—1 2 —1> '

The frame operator is A= (2 1) , and the dual frame consists of the columns of (4) 71 A* =

1 2
AT,

Frames and Stability

Suppose f € C" is transmitted using

e a basis representation: cg = Bf for an invertible n x n matrix B,

e a frame representation: cp = Af for an n x k matrix A with full rank.

If noise is added,

5B:CB+nB, 6F:CF+77/F,

then in the basis case (especially if B is unitary), the noise is fully preserved. In contrast,
in the frame case one reconstructs via

f=A"cp,

and AT annihilates components in ker(A*), thus reducing noise in directions orthogonal to
the range of A. This illustrates the robustness provided by redundancy.

Time—Frequency Shifts in C*
Let f € CF, extended periodically by f(t + L) = f(t). Define:

2milt

Tof(t)=f(t—k),  Mf(t)=et f(t), (€L

The operators M,T}, are called time—frequency shifts.
Sampling the time-frequency plane with steps a (time) and b (frequency) gives the
lattice

AN =aZ x VZ,

with redundancy L/(ab). For Na = Mb = L, define the discrete Gabor system

Imn = MypThag, m=0,.... M—1, n=0,...,N —1.
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Figure 5.5: Time—frequency shifted versions of a Gaussian window.
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Frame Bounds

Let {gmn}man be the k = MN Gabor atoms in C*. Form the Gabor analysis matriz

G e CHL, rOW, 1 (G) = gm,nT.

The system is a frame iff £ > L and rank(G) = L. Its frame operator is S = G*G, and
the frame bounds are the smallest and largest eigenvalues of S.
The canonical dual frame is given by

gm,n == Silgm,ny

and reconstruction reads

/= Z<fa gm,n> Imn-

For a tight frame, S = Al and hence g,,,, = %gmyn.

We will now look more closely at the links to linear algebra.
Let {¢;}_, be a frame for C". First observe, that the frame operator can be written
as the composition of the analysis operator C': C* — C*, given by C': v — {(v, ;) }}_,
and the synthesis operator D : C¥ — C", given by D : ¢ — Zle c;jpj. In fact, D is the
adjoint operator, i.e. the transposed, complex conjugate of C: D = C".
We can now directly write out the matrices corresponding to these "operators" (linear
maps). C, the analysis operator, is then a k x n matrix with @, in its jo-th row. It follows
immediately, from D = C’, that D is the n x k matrix with the vector ¢;, in its jo-th
column, and S = C'-C = D-C is then a selfadjoint map, hence a symmetric matrix, since

S' = (DC) = (C'C) = C'C' = DC = S.

Proposition 5.3.19. Let A be a k x n matrix and v € R™ a vector given by its entries
v, l=1,...,n. Then the following are equivalent:
(i) There exists a constant C,:

Cu Y ol < || Av|3, Vv € C™ (5.20)
=1

(ii) The columns of A form a basis for their span in C*.
(iii) The rows of A form a frame for C".

Proof. Recall that the ¢*norm of Av is given by |Av|% = Z;‘le |(Av) 2. Let o],

[l =1,...,n denote the joth column of A’, then the columns of A are given by the n vectors
o1 (l]
pall

ye | 0
orll]

()=(ii): (5-20) means that C, > ", |u*> < [|>L, wh|]* Vv € C". Now assume that
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the ¢y, Il = 1,...,n do not form a basis for their linear span, which means that they are
linearly dependent, i.e. there exists a non-zero vector v € R", such that 0 = Y )", vy,

which contradicts ((5.20)).
(i)=-(iii): (5.20)) can also be written as

Cu Y > <) [ @), vwecr,
=1 =1

from which the frame property of the columns follows, since the upper frame bound is

automatically satisfied. (iii)=>(ii) holds by the definition of a frame. O
10

Example 5.3.20. Consider the matric A= | 0 1 |. Obuviously, the rows constitute
-1 -1

a frame for R3, while the columns span a two-dimensional subspace of R3.

Proposition 5.3.21. Let {goj}le be a frame for C* with analysis operator C' : C* — CF
synthesis operator D : C* — C™ and frame operator S. Then

Do = {(v,S ') }i,, Vv € C™.

=1
In other words, the canonical dual frame s given by the columns of the PINV of C.

Proof. We know that v = Zkf:l{@, S~1pi)p; and that v = Z?Zl ¢j; = Dc for the vector
¢ € R*. From Proposition we have that ¢ = D% is the least-squares solution of
this problem with the smallest norm and in Proposition [5.3.3[(iii) it was shown that this
solution is given by the coefficients {{v, S~ ;) }_; =v-C - (C"* C)~". O

Ezample 29 continued: The pseudoinverse of A in Example is given by

1 2 -1 -1
+ - Z.
AT =3 (—1 2 —1)
. Consider the frame consisting of the rows of A, its frame operator is given by A’ x A =

(? ;) and the dual frame consists of the columns of (A’ * A)—l A = AT

Frames and stability

Assume that data are being transmitted using (a) a basis representation (b) a frame. That
means, a sender wants to transmit f € C" by using (a) an invertible n x n matrix B and
sends ¢, = B - f. Another sender uses an n x k£ matrix A with full rank and transmits
cy = A- f. Now assume that the data are corrupted by some noise during transmission,
i.e. & = ¢, +np and ¢f = ¢ + ny, respectively. In case (a), the mapping B is unitary, so,
any noise added in the transmission will be completely picked up by the receiver. On the
other hand, if the frame coefficients ¢y are corrupted by noise and ¢, is received then there
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is justified hope, that an essential part of the noise is from the orthogonal complement of
the range of A, i.e., in N(A’) and will, therefore, be set to 0 in the reconstruction.

Now we will introduce the finite discrete version of Gabor frames, that has become the
most important one for audio signal processing and is tightly linked with the STFT.

Definition 5.3.22 (Time-frequency shifts in CL). Let f € CL and consider this vector
extended to its L-periodic version by f(k + L) = f(k) whereever necessary.
T f(t) .= f(t — k) is called translation operator or time shift.

2milt

M f(t):=e"1 f(t),l € Z is called modulation operator or frequency shift.
The composition of these operators, M;Ty, is a time-frequency shift operator.

Generally, we are not interested in calculating STFT(A) in every point A € Z X ZE|
This would yield a redundancy of L, the length of the given signal. We down-sample in
time by a and in frequency by b, so that the redundancy reduces to ﬁ, and the sampling
lattice is A = aZ xbZ. a and b are referred to time- and frequency-shift parameters. The
family

Imm = MypThag
form=0,.... M —1and n =0,...,N — 1, where Na = Mb = L, is called the set of
Gabor analysis functions.
Let us assume the g, , were an orthogonal basis for a moment. In this case, the inner
products (f, gm.) uniquely determine f, each representing a single and unique coefficient

in the expansion
F=> (f 9mn)dman

Together with Plancherel’s formula ||f]|3 = >, > |{f, gmn)|* this gives a beautiful split
of f in pieces, preserving the signal’s energy in the coefficients.

Framebounds

In the finite discrete case of f € CI a collection {gy,} € C¥ with k¥ = NM can only
be a frame, if L < k and if the matrix G, defined as the k x L matrix having ¢,,, as
its (m + nM) — th row, has full rank. In this case the frame bounds are the maximum
and minimum eigenvalues of S, respectively. They yield information about numerical
stability. The closer the frame-bounds are, the closer the frame operator will be be to a
diagonal matrix. If the frame bounds differ too much, the inversion of the frame operator
is numerically unstable. The inversion of the frame operator provides reconstruction, as
we saw in Proposition [5.3.3] The canonical dual frame gy, ,, which yields reconstruction
as in , is given by

gm,n - S_lgm,n

2Calculating the inner product in every point of the time-frequency lattice would yield the full short-
time Fourier transform, a representation of redundancy L. The term “short-time Fourier transform” is
often used for sampled short-time Fourier transforms as well. The spectrogram, its modulus squared, is
one of the most popular time-frequency representations.
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as
F=87"SF =Y (s gmn)S  Gmm = > _(f+ Gnn) G

In the case of a tight frame, we have S = C,I. (I denotes the identity operator) and
therefore S~ = &1

The next section mtroduces the special case arising from applications in audio signal pro-
cessing. We will see that in this case the frame operator takes a simple form.

Gabor frames for audio

Let us from now on assume that we are given a signal f € CP. This signal represents
a piece of music or a spoken sentence etc., which we are interested to investigate and/or
modify. Modifications might aim to achieve noise reduction in old or degraded recordings.
Another issue might be the extraction of certain features of the signal, for example single
instrument components. Let us further assume that an engineer approaches the problem
by using a Fourier transform of length [ in a first step. This implies that the window used
for cutting out the part of interest must have this length. Looking at the definition of the
Gabor coefficients:

L-1
Cnp = (fs Gmn) = Zf 7)gmn(J
=0

as an inner product, which can be interpreted as correlation between the window and the
respective part of the signal, we can see that the signals f and g,,, must have the same
length, at least theoretically. Practically, of course, as | < L, most of the “theoretical” g
would be zero. As we don’t tend to waste computation time on multiplying with 0, only
the effective length of g, here [, is multiplied with the part of interest of f. This procedure
implicitly introduces a frequency lattice constant b = % The time constant a is related
to what is often called overlap. If a = % or a = }1, the overlap is & 53 and 31, respectively.
The redundancy of the representation is thus given by red = é, e.g., if the overlap is half
the window length, we get twice as many data points as in the original signal. This is in
accordance with the general case where

LL

= L

_ab __ _

red = L ab a% a

Remark:

The reduction of redundancy from L in the case of the full short-time Fourier transform
to a reasonable amount of redundancy in the Gabor setting ensures a balance between
computability on the one hand and sufficient localisation on the other hand. The choice
of a reasonable window-length and overlap common in applications corresponds roughly
to such a rather balanced situation in the Gabor setting. Gabor theory, though, allows for
more general choices of lattices, concerning the redundancy as well as the distribution of
the lattice-points. It also provides detailed knowledge about the dependence of results on
the choice of analysis parameters. This is especially decisive in the case of modification of
the synthesis coefficients, which are non-unique due to the
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Let us now look at the calculation of the inner products ¢, ,, = (f, gm.n) more closely.
They can also be written as

(Cm,n)m:l,...7M;n:1,...,N =G - f
where G is the operator (matrix ) introduced in Section [5.3.3] G consists of blocks
Gp,n=0,...,N—1

each corresponding to one time-position of the window g. If we define ¢' as the restriction
of g € C! to its non-zero part of length [, we get the following. The block G,, acts on the
samples f(na+1),..., f(na+1) =: fna(t) by taking inner products of this slice f,, of the
signal with each of the [ modulated windows

—2mimbt
Mmbgl(t) = e L gl(t)
—2mim St —2mimt
—e 1 g(t) = e 1)

m=0,....,.M—1 and t=0,...,[—1

The coefficients e 7 are exactly the entries of the Fourier matrix J; of the FF'T of length
[ with f = F;f. Therefore

anna(t) = ‘/T_-l(fnagl)(t)
t=0,....0—1 and n=0,...,N—1

and the action of G,, on f,,, corresponds to multiplying f with g, skipping zero entries and
taking the Fourier transform of the non-zero part.

Remarks:

1. Although for implementation in real-life situations, the FFT-approach is always pre-
ferred, it is useful to look at the expansion from an operator point of view. Many
important theoretical issues, yielding better understanding also for the applications,
can be investigated more easily.

2. As mentioned before, all operators in Gabor theory generally act on the whole signal
length L. In the definition of the building blocks g, , the modulation operator is
therefore defined as

—2mimbt

Mgty =e = g(t) form=0,....N—landt=0,...,L—1

The blocks G,,, as opposed to the situation arising from implementation as discussed
above, will not have identical entries, as the zero entries are in different positions.
Ezample:

Let g € C* with

=0 else

g(t){7éo for t =0,...,7
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Then (by assumption b = %, so that e~ = e T

—2mim —27mi2m —2miTm

Minpg(t) = (9(0),e7 7 g(1), e 1 g(2),....e7 7 g(7),0,...,0)

whereas
Moy Tog(t) = (0,...,0,e = g(a), e =T glat1),....,e T g(a+T7),0,...,0)
e =™ is not necessarily 1, so that the blocks will differ by a phase factor.

3. The restriction that a be a divisor of [ is also due to the usual choice of parameters
in applications. Two common cases would be a = é and a = %, in which cases the

number of different kinds of blocks reduce to 2 and 4, respectively.

The difference only concerns the phase spectrum, which is usually not considered in

further processing, except for reconstruction. The dual window does not depend on

the phase factor in the case discussed in the theorem as will be seen below.

Mastering the frame operator - the Walnut representation revisited

Let us now come back to the central question of how to find a set of windows g,,,, for
reconstruction as in (5.10)). If it is possible to find a window ¢ which is smooth and similar
to the original window g especially in decaying to zero and if the rest of the dual family
can be deduced in analogy to the Gabor analysis function set by time-frequency shifts,
this will make reconstruction in a kind of overlap-add process easier. Infact, all the above
conditions can be fulfilled. Generally, the elements of the dual frame (§,,,) are generated
from a single function (the dual window g), just as the original family. This follows from
the fact that S and S™' (the frame operator and its inverse) commute with the modulation
and translation operators M,; and T,,,, form=1,...,M andn=1,..., N.

The higher redundancy, the closer the shape of the dual window gets to the original win-
dow’s shape. As in applications redundancy of 2, 4 or even higher are common, well
localised dual windows can be found. Even more is true. The special situation in which
the effective length of the window g equals or is shorterf| than the FFT-length, the frame
operator takes a surprisingly simple form.

From the definition of the frame operator

Sf= Z<f7 gm,n>gm,n

we deduce that the single entries of S are given by

N—-1M-1

Sj,k = Z Z Mmanag(j)Mmanag<k)

n=0 m=0

3E.g. in the case of zero padding.
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. . - mimb(j— . . .
Looking at the inner sum, note that Zn]\;j:ol e if (j — k) is not equal to 0 or a
multiple of M. In these cases
Mol Mo
mimb(j— 27rzmbM
Y Y e Mt gy
m=0

This leads to the Walnut representation of the frame operator for the discrete case:

M Tha Thog(k) if |7 —k d M=
Sy = >0 a9 () Trag (k) if [ — k| mo 0 (5.21)
0 else

There will obviously be non-zero entries in the diagonal, j = k, but as M = [, i.e. the
window-length, j = k is infact the only case for which |j — k| mod M = 0 holds and ¢(j)
and g(k) both have non-zeros values. Therefore, the frame operator is diagonal and the
dual window g is calculated as

S Toalg()?

5.3.4 Wavelet Bases, Frames, and Multiresolution

In the previous sections we studied time-frequency representations based on the Short-
Time Fourier Transform and Gabor frames. These systems describe signals by translating
and modulating a fixed window function. However, such representations have a uniform
resolution in time and frequency, which limits their ability to capture phenomena whose
characteristic frequencies change over time. Wavelet analysis overcomes this restriction
by replacing fixed-frequency modulation with scaling: instead of sliding a window of con-
stant width, we stretch and compress a prototype function (the mother wavelet) to achieve
fine temporal resolution at high frequencies and coarse resolution at low frequencies. This
approach leads naturally to the concept of multiresolution analysis (MRA), which pro-
vides the mathematical foundation for constructing orthogonal and biorthogonal wavelet
bases and filter-bank implementations.

Wavelets and Multiresolution Analysis

Wavelets provide localized time—frequency representations of signals. In contrast to the
Fourier basis, where all functions are globally supported, wavelets are well localized in
both time and frequency. A mother wavelet 1) € L*(R) generates a family of functions by
translations and dyadic dilations:

Yinla) =2P9(De —k),  jkeL
e The index j controls the scale (or resolution): large j corresponds to fine detail.

e The index k controls the position of the wavelet.
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Continuous Wavelet Transform. Given f € L*(R), its continuous wavelet transform
(CWT) is

Wita) = [ Fov@d v =z0(20).

which measures the similarity of f to dilated (a) and translated (b) copies of ¢. The
CWT provides a redundant but highly interpretable time—scale representation. For prac-
tical computation, we use its discrete version, obtained from the theory of multiresolution

analysis (MRA).

Multiresolution Analysis (MRA)
An MRA is a sequence of closed subspaces {V;};cz of L*(R) satisfying:
l...-cV,cVocVicC---,

2. U V; is dense in L*(R),

JEZ
3. (V; = {0},
JEZ
4. f(z) € V; = f(22) € Vi,

5. There exists a scaling function ¢ € L*(R) such that {¢(z — k) }xez is an orthonormal
basis of Vj.

Each space V; represents the approximation of signals at resolution 2/ and is spanned
by ¢;r(x) = 27/2p(27z — k). The refinement relation

p(r) =Y o2z — k),

introduces the scaling coefficients hy, which play the role of a discrete low—pass filter.
The details between successive spaces are captured by complementary subspaces W
defined via
Vinn=V; © W
Each W; is spanned by wavelets ¢; (z) = 29/2¢)(272 — k), where the wavelet satisfies

U(z) = ng p(2z — k), gk = (1) h1.

The sequence (g;) acts as a discrete high—pass filter.

Remark 5.3.23 (Filter Bank Interpretation). The relations above form the basis of the
two—channel filter bank: a signal is decomposed by convolution with (hy) (approximation)
and (gr) (detail), followed by downsampling by 2. Reconstruction uses the inverse filters and

upsampling. This discrete implementation is known as the Discrete Wavelet Transform
(DWT).
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Multiresolution Approximation of a Signal

For f € L*(R), its approximation at level j is the orthogonal projection onto V;:
Pif(x) =) ceinla), = {f o).
k
The detail at level j is the projection onto W;:
=Y diin(x),  dl=(f ).
k

Thus
fx) =Psf(x)+ > Dif(x)

j>J

with coarse approximation P;f and progressively finer details D, f.

Remark 5.3.24 (Discrete Algorithm). In practice, the coefficients {cL,d{c} are computed
by convolution and subsampling:

At =D ey BT=) gacy

Iterating these equations yields a multilevel decomposition of f.

Two-Dimensional Wavelet Transform

For image processing, separable 2-D wavelets are constructed from tensor products of 1-D
scaling and wavelet functions:

VO (z,y) = p(2)v(y),

VO (z,y) = Y(2)e(y),

VO (z,y) = Y(x)e(y).
A single decomposition step produces four subbands:

LL (approximation), LH (horizontal detail), HL (vertical detail), HH (diagonal detail).

Repeated application to the LL band yields the familiar wavelet pyramid used in image
analysis and compression (e.g. JPEG 2000).

Example: Decomposition and Reconstruction

Let f(z) be a piecewise smooth signal. Its decomposition at level J consists of approxima-
tion and detail coefficients:

anax

:ZCZSOM +sz Vjr(
i

j=J k
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Perfect reconstruction is achieved by inverting the filter bank: upsampling and convolu-
tion with synthesis filters hy, g followed by summation of the approximation and detail
branches.

Remark 5.3.25 (Applications of Multiresolution Analysis). e Signal Denoising: Re-
move noise from signals by thresholding detail coefficients at fine scales.

e Image Compression: FEfficiently represent images by retaining significant coeffi-
cients in the wavelet domain.

e Feature Extraction: Identify important features in data by analyzing variations at
different scales.
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Appendix A

Appendix:

A.1 A primer on Lebesgue spaces

We refer to [I] for proofs of this section. Let (X,¥(X),u) be a measure space. For
1 < p < o0, define

LP(X,p):={f: X — C| f measurable, /X |f(z)Pdp(z) < oo}

£l = ( / |f<x>|pdu<x>>’l’.

The equivalence relation f ~ ¢ if and only if ||f — g||z» = 0 leads to the Banach space

For f € L,(X, p), let

LP(X, p) o= LA X, p) )~

Exercise: Define L>(X, u).
If the choice of y is clear from the context, we simply write LP(X).

Example A.1.1. The sequences of functions

1
fn = 1[n,n+1]7 9n = _1[0:"]’ h” - nl[l’z}
n n’'n

converge pointwise to 0 but

L= |lfaller = llgnllzr = llAnll 1,
so that they do not converge to 0 in L'(R). Note that g, — 0 even uniformly.

Proposition A.1.2 (Dominated convergence theorem). Let LY (X, ) > fr, = f: X — C
pointwise a.e.

dge LY(X, 1) 2 |fel < g ae. = feL'(X,p), /fk:—>/f-

113
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Figure A.1: u.(z) = %e*”( )’ ,for |z] <2 and e = %, %,

=

Proposition A.1.3 (Young’s convolutional inequality). Let 1 < p < co. For f € L*(R%)
and g € L,(RY),

(F+9)0) = [ F)al = iy € DR
15 well-defined a.e. and it holds

1+ glle < Al llgllze- (A1)

Definition A.1.4 (Approximate identity). An approzimate identity is a family (ue)eso C
LY(R%) such that it holds:

(a) Je > 0 such that ||u.l|r < ¢, Ve >0,
(b) [uc=1,Ve>0,
(c) for any neighborhood U of 0,

/ lue| =% 0.
X\U

Example A.1.5. If u € L}(R?) with [pqu(z)dx =1, then
ue(z) = e u(e ') (A.2)

is an approrimate identity, cf. Figure for d=1 and u(z) = e ™ Parts (a,b) are
transformation identities and, Part (c) is an exercise.

Proposition A.1.6 (Approximate Identity). Let 1 < p < oo and f € LP(R?). If (uc)eso
1s an approximate identity, then

uer f =5 in LP(RY).
Proof. Let p=1. We have

1 = s fllor = / () — e * F(2)|dA ()

:/‘f(x) ey /u Flyte)dA\(y )‘dm)

< [ [150) = 7] )l X r ),

Splitting X = U U (X \ U) with U as in Lemma ?? leads to

1 — s fll < / / F(@) = Fly2)] dA (@) Jue(y)] dAw) / / 1F(@) = £y 2)] dA(@) Jue(y) | dA

The case 1 < p < oo is analogous. O]
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- 2
Figure A.2: fxuc for f = =110+ 101y and u.(z) = %eﬂr(?) ,for |z] <2 and e = %, %, %.

We know that C.(R?) is dense in LP(R?), for 1 < p < oo.
Corollary A.1.7. The space C*(R?) is dense in LP(R?), for 1 < p < .

A.2 Dirac Impulse

The **Dirac impulse®*, also known as the **Dirac delta function™*, is a generalized func-
tion used in signal processing, physics, and engineering. It represents an infinitely narrow
and high peak at a single point, with an integral of 1.

Continuous Version (Dirac Delta Function)

In the continuous domain, the **Dirac delta function™* §(¢) is defined by the following
properties:
1. **It is zero everywhere except at t = 0:**

o(t)=0 for t#0

2. **Its integral over the entire real line is equal to 1:**

/_Zé(t)dt:l

3. **Sifting property (for any test function f(t)):**

/_ RSt — to)dt = (1)

This property essentially "picks out" the value of the function f(t) at t = t,.
Mathematically, the Dirac delta function can also be approximated as:

This expression represents the Dirac delta as a Gaussian function that becomes narrower
and higher as ¢ — 0.

Discrete Version (Dirac Delta Sequence)

In the discrete case, the Dirac impulse is represented as a sequence of Kronecker delta

functions d[n|, defined as:
1 ifn=
=1y e
0 ifn#0
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The discrete delta function has the following properties:
1. **It is zero for all values except at n = 0:**

dn]=0 for n#0

2. **Its summation over all integers is equal to 1:**

> =1

n=—oo

3. **Sifting property (for any sequence x[n]):**

o0

Z x[n]d[n — ng] = x[ny]

n=—oo

This property "picks out" the value of xz[n] at n = ny.

A.3 Version II of pointwise convergence of Fourier series
in R?: Dirichlet
Let I := [—1, %]d, so that the inner product in L?(T?) is

(fs @) r2rey = /Id f(z)g(x)dx.

For k € Z%, we consider

er (l’) = eQﬂ'i(k,m) )

It is clear that {e; : k € Z} is an orthonormal basis for L?(T¢). Let
Iy :=span{e; : |kl < N}

denote the trigonometric polynomials of degree N € N. The orthogonal projection onto
HN is
Sy LT =T, fe Y (frew)zmaer, (A.3)
kezd
[Elloo <N
so that Sy f =% f in L2(T9).
The Fourier coefficients of f € L*(T?) are

fk) = [ flx)e ™ ®oldy, kezd.
Jd

[kl o0

Lemma A.3.1 (Riemann-Lebesgue for T¢). If f € LY(T%), then f, ——— 0.
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Proof. Since T? is compact, we have C(T?) C L?(T?%) C L!(T?) are dense. For f € L*(T?),
we have <fk> L€ (2(Z%), so that f iy}
kez
Exercise: complete the proof for f € L'(T9). O

We have already used that f € L?(T?) leads to fi = (f,ex)r2(re). Note that Sy in
(A.3) can be extended to

Sy LNT) =1L, fe Y frer

kezd
[I&]loo <t

The Dirichlet kernel allows to write the partial Fourier sums as convolutions in a similar
manner as the Fejer kernel.

Definition A.3.2 (Dirichlet kernel). The function

Dy(z):= Y exz), z€RY

llklloo <t

1s called the Dirichlet kernel.

Proposition A.3.3. For 0 <t €N, we have

(Snf)(x) = y fW)Di(x = y)dy

and the Dirichlet kernel satisfies

9= () v

=1

Proof. Exercise. (hint: prove (A.4]) first for d = 1 via geometric progression and observe
the tensor structure) O

Proposition A.3.4 (Pointwise Convergence II: continuously differentiable functions.). If
f € CHT), then Sxf N2 £ pointwise.

Proof. Let x € R be fixed. Smce e; = 1, the orthogonality implies | I Dt )dz =1, so that
we derive with D,(z) = Dy(—z

Sxf (s /f )Dy(x — y)dy - /f \Dy(—
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Substitution and periodicity lead to

Suf@)— fa) = [ " fa— 2)Di()dz / f(2)Di(—2)dz

+

- /_u% f(x+ 2)Dy(—2)dz — /If(x)Dt(—z)dz

1
r—3

— [ fla+ 9Di=2)dz = [ f2)Dif-2)as

N /_ (f(z +2) = f(x)) Di(—2)dz

where we have used (A.4]) and

flo+2) = f(2)
61(2)—1 ’

9(z) =

We have g € L*(T) because 1’'Hospital’s rule yields
fle+2) = flz) 2 :f’(x)

lim ¢g(z) = lim

0£2—0 0#2—0 z er(z) —1 2mi
1
—-L

The Riemann-Lebesgue Lemma leads to

Snf(x) = f(x) = gie1 — g — 0. ]

A.3.1 Approximation of Sobolev functions
Definition A.3.5 (Sobolev space). For s > 0, the Sobolev space H*(T?) is
ol 2
HY(TY = {f € LT : 3 (1+|IKIP) ‘fk‘ < o0}
kez?

with inner product

(frgyme =Y (L+ K1) fude-

kezd

Proposition A.3.6. For s,t > 0 and f € H*(T?), we have

ISNf = fllz <77 f]

HS.
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Proof. Eventually, the Holder inequality yields

2

HSNf—fH%‘Z: Z fkek = Z )fkr

|||l oo >t 2 lklleo>t
s sl a2
= 20 IR T (IR |
[[Elloo >t
< (U2 e a

Lemma A.3.7. For a € N? and f € Cl*I(T9), we have @k = (21ik)* fy.

Proof. For d =1 = «, integration by parts yields

5.\]019 — 2 af(x)e—%rikxdx

N

= [f@)e )2, — [ f(a)(-2mikje

[N

N

-~

0
= 2rrik f. O

Lemma enables us to define 9°f via its Fourier coefficients. For o € N with
s >|al > 1 and f € H*(T?), we observe

10 F

oot = S0 (L K21 2k P i

kezd

= @ml Y (IR

kez?\{0}

k2a
(1 + [[F[|2)

. o 7 g2 KL
< (27r)‘ | Z (14 [1E12)°] fl? [k [|2led
N——

kez?\{0}

<1

< 2m) M 117
Let us summarize our computations:

Proposition A.3.8. For a € N? with s > |a| > 1, we have 9% : H*(T¢) — H*~1*I(T9),
where . R
(0°f) = 2mik)" fi.

For s > 2 and f € H*2(T?), consider Poisson’s equation

—Au=f (A.5)
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in L2(T?). By applying A = 3¢ | 82, the Fourier coefficients must satisfy
4|k = fr, ke Z’.

Hence, we may define u by

: :{@ﬁvﬁ,kezﬂﬁm (A6)

U
g c, k=0,

where ¢ € C is an arbitrary constant. It yields [, u(z)dz = ¢ and we indeed observe
u € H*(TY).

Corollary A.3.9. For s > 2 and f € H*"%(T%), we may define u' € 11, by

(&'\t)k - 47r2ﬁk||2fk7 1 S ||k||00 S ta
‘ 0, otherwise.

If u € H5(T?) solves Poisson’s equation (A.5) with ¢ =0 in (A.6)), then we have

-
= ull 2 < 7750

Proof. Theorem implies

o’ = uf| o < 7wl

HS.
We further estimate
ul|Fs = Z (1 + [K[%)* ||
kez\{0}
ol |2 A+ EP)?
D DR [ Wl VA I e
2 (1]
1 ovea | 2 2 (1 K2
T = ED R LDadi TP
kez?\{0}
1 ol 21+ K12
<oe X asmpr]af (S
47T4 kGZdZ\{O} ZHkHZ
—_——
<1
1 2
S@Hf’[{s—% u

A.4 Approximation

This appendix recalls or summarizes some results from linear algebra which can be helpful
to understand concepts in frame theory.
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A.4.1 Least squares method

The method of least squares is a standard approach to the approximate solution of overde-
termined systems, i.e., sets of equations in which there are more equations than unknowns.
"Least squares" means that the overall solution minimizes the sum of the squares of the
errors made in solving every single equation.

We first recall the following system of linear equations:

Az = b, (A7)

where A is a k x n matrix, z € R” and b € R*. A is the matrix of a linear map from R"
to R¥ with respect to some basis. The system of linear equations can be solved with
a unique solution, if and only if kK = n and A is invertible. In this case, the rank of the
matrix is n and so is the dimension of its range (column space C'(A)), while the dimension
of its kernel (null-space N(A)) is 0Jf] This is the almost trivial, and in this section, we will
be more interested in the cases when k # n and in particular, when k£ > n, in which case
the problem ({A.7)) is over-determined and we will usually only be able to find approximate
solutions. Talking in the context of the subspaces mentioned so far: the range of our matrix
A is a proper subspace of R¥.

On the other hand, if £ < n, we have less equations than parameters and usually is
thus under determined. In this case, the rank of the matrix, and hence the dimension of
its range, is at most k, so that there must be a non-trivial null-space N(A). i.e. there are
y # 0 € R", such that Ay = 0. Assume now, that z solves (A.7), then, for any scalar ¢
and z + cy we have

Alx+cy) =Ax+cAy= Az =b

and hence there are always infinitely many solutions. Use Figure to get a good orien-
tation in the four subspaces involved in linear maps’}

Projection onto a one-dimensional subspace

Let us assume that we want to project a vector b € R™ onto a vector a € R". The
corresponding n X n- matrix P, is then given by a - a, since
(b,a,) a’ b

: =a .
lal® el

Pb =

Example A.4.1. We want to project the vector

0 2 2
1 -2 —1
ol Tl 2|1 3 onto (a) a; =

-1 -2 -3

1
(b)ar= |

—1

b:

—_ = =

'We will encounter two more of what G. Strang calls "Four fundamental Subspaces"’,
cf.  http://ocw.mit.edu/courses/mathematics/18-06-linear-algebra-spring-2010/video-lectures /lecture-10-
the-four-fundamental-subspaces,/.

2In Figure m is used instead of k, since this plot is taken from a book of G.Strang.
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{1{4]] ’ o -
. G C(A4)
Row '\-.].:I-illi_'l.' Column "*Il'ilw."""-
dim r ; o
~ Perpendicul: Perpendicular’, _— dim7
i 8 rpendicular erpendicular b, -
R X xT(ATy) =0

dimn—r

yT(Ax) = 0— R™
y'(4x) =0~

x in L A\ dimm—r
Hllll'.']'.lam; f.‘(ll]lh]];it‘t of AT)
Ax =0 S AT y=0 ¥
Ve \ N

Figure A.3: Dimensions and orthogonality for any m by n matrix A of rank r.

1111

11111 ‘ L .

In the first case, Py, = ; 1111 and the resulting projection is the 0-vector. This is
1111

the obvious result, if we try to approzimate a vector (here b) by a vector that is orthogonal
1 ¢ -1 —

(perpendicular) to b. On the other hand, P,, = }1 :; _12 i _2.1 and P,, - b =
i =1 —i 1

Note that the projection onto a vector b ( a one-dimensional subspace) is equivalent to
the approximation by b. We next generalize this to the approximation by several vectors.

Projection onto a subspace of higher dimension

We now assume that we are given n vectors a; € R¥, and we consider the projection of
a vector b € R¥ onto the subspace A = span(ay,...,a,), in other words, we want to
approximate b by an arbitrary linear combination of the given vectors. Since we assume
k > n, we can also assume that the n vectors are linearly independent. If k is significantly
larger than n we cannot expect to find an exact solution, so we will try to minimize the
following error:

e(2) = ||&ray + ... + Zpa, — b3,

so we are looking for the coefficient vector & € R™ such that e(Z) = minzegn||Z1a1 + ... +
Zpa, — b||3, or & = argmin e(z).
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Since the error e = b — Az, where A is the k£ X n matrix with the a; as n columns, must
be orthogonal to aq,...,a,, we obtain the new set of linear equations

AT(b— Az) = 0 <= AT - Az = ATb

and since the vectors a; where supposed to be linearly independent, the n x n matrix A" - A
is invertible.
Hence, the coefficients of the best approximation are given by

= (AT A"t AT
and the best approximation, or orthogonal projection onto A is then

p=Psib=A- (A" A" A"b.

P4
6 1 0
Example A.4.2. Determine the projection of b = | 0| onto =span 11,11
0 1 2
5
Result: = (5,—-3),p=| 2
—1

Proposition A.4.3. A matriz AT A is invertible if and only if the columns of A are linearly
idependent.

Proof. We show that ker(ATA) = ker(A), which is equivalent to the statement of the
theorem (argue, why!)

(I) Let = € ker(A), then Az = 0, hence, by linearity, AT Ax = AT0 = 0.

(IT) Let = € ker(ATA), i.e. AT Az =0, then 27 AT Az = 0, hence (Ax)"(Az) = ||Az|]* =0
and therefore Az = 0 and = is also in the kernel of A. O

Corollary A.4.4. Let A be an k x n matriz. If n > k, then AT A cannot be invertible.

This follows immediately from the proposition above. Argue, why!

An important application: data fitting with polynomials

In engineering and many other applications, it is often necessary to fit a line to a set of
data. A line is a a first degree polynomial:

s=ct+d

in other words, a line with slope c¢. Our goal is to determine the coefficients ¢ and d of
the polynomial that lead to the "best fit" of a line to the data. Now assume that we are
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given data (t;,s;),i = 1,...,k, i.e. k measurements s; at time points ¢;. We then want to
minimize the error

and, setting

1 tl S1

1t S

@z(d);A: s |
c :

1 tk Sk

we can obtain the solution by solving the overdetermined linear system Az = s.
Why is the best solution to this system of linear equations also the Zminimizer of e(c, d)?

Example A.4.5. Find the line that best approzimates the three measurements (0,6); (1,0);(2,0).
Result: s = =3t +5.

The fitting process can be generalized to determine the coefficients of the Nth-order
polynomial that best fits N + 1 or more data points. The determination of the coefficients
can be done in MATLAB by the function polyfit.

For example, for N = 3:
s = co+ 1t + cot?

This will exactly fit a simple curve to three points, as we see in the following example.

Example A.4.6. Fit a polynomial of degree 2 to the data points from Example [A.].5.
Now we use

Co 1 tl t% S1

T = C1 ,A: 1 t2 t% , S = S92

Cs 1ty t2 53
6
and obtain the result s = 6 — 9t + 3t2, i.e., the coefficient-vector is given by & = | —9
3

In this case, the "projection”-matriz onto the range of A (CS(A), SR(A)) is the identity,
since the columns of A span all of R3

Remark A.4.7. In the lecture we discussed that there are three ways to interpret the
method of least squares: geometrically (looking for the point in the hyperplane spanned by
the columns of A, that is closest to b), algebraically, by removing the part of b, that is
orthogonal to the range of A (i.e. to all the columns of A), and solve Ax = p instead of
Ax =b=p+e. The removed part e is the - inevitable - error due to the non-empty null-
space of AT. Lastly, there is the analytic interpretation obtained by taking partial derivatives
with respect to the unknown coefficients in T and deriving the minimizer thereof.
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A.4.2 Eigenvalues and singular values

We first recall some facts about matrices and diagonalization.

A square matrix A is called diagonalizable if it is similar to a diagonal matrix, i.e., if
there exists an invertible matrix P such that P~1AP is a diagonal matrix.

The finite-dimensional spectral theorem says that any symmetric matrix whose entries
are real can be diagonalized by an orthogonal matriz. More explicitly: For every symmetric
real matrix A there exists a real orthogonal matrix @ such that D = Q' AQ is a diagonal
matrix.

Here, ()’ is the transpose of ) for real matrices and the conjugate transpose (Hermitian
transpose or adjoint matrix) for a complex matrix: A’ = (A)T = AT,

Every real symmetric matrix is Hermitian, and therefore all its eigenvalues are real. As a
consequence, since Q! = @’ for unitary (or orthogonal) matricef], inversion of symmetric
real matrices is straight-forward once its decomposition QDQ’ = A is known: A™! =

QD)™ =QD™'Q"

Example A.4.8. The matriz Mo = 18 the matrixz corresponding to

0.1 1 01 0

0 01 1 0.1
finite discrete convolution with the vector ko = (.1,1,0.1,0). Check that Mo - = ke. The
eigenvectors of this matriz are therefore given by the vectors

sin] = e 1=0,...,3.

We can easily compute the eigenvalues - and therefore the inverse of Ma: since the eigen-
vectors s; constitute exactly the matrix of the finite discrete Fourier transform, we have,
for any vector v € R*:
Mcv = FDF'v

and this is, once more, the convolution relation for the Fourier transform: instead of
convolving two vectors, we can take their Fourier transforms and apply pointwise mul-
tiplication. The action of pointwise multiplication written by means of a matrix is the
multiplication with a diagonal matriz:

F' (Mcv) = D (F'v).
The entries of the diagonal matriz D are, of course, the eigenvalues of the convolution,
and are therefore given by the Fourier transform of the convolution kernel k¢ :
F'(vske)=1-ke =D (Fv).
In our concrete example, we have %E = (1.2,—1,—0.8,1) and therefore

05 05 05 0.5 12 0 0 0\ /05 05 05 05
0.5 0.5 —05 —0.5i 0 —i 0 0] |05 =05 —05 0.5
05 —05 05 —-05|10 0 —08 0|05 —-05 05 =05
0.5 —05i —0.5 0.5 0 0 0 i 05 0.5i —05 —0.5i

M¢ = FDF' =

3A unitary matrix in which all entries are real is an orthogonal matrix.
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The inverse of M¢ is then

05 05 05 05 5/6

/ 0 0 05 05 05
0.5 051 —05 —0.5i 0
10
0

0 0] [05 05 —05
~5/4 0 |05 —05 05
0 —i) \05 051 —05

-1 _ —1 7 _
Mg =FDF = 0.5 —-0.5 05 —-0.5

0.5 —0.51 —-0.5 0.51

o O = O

Not all square matrices are invertible, let alone any rectangular matrices. We saw in
the section on least squares approximation that we might still be interested in an inver-
sion of the action of A, "where it is possible", in other words, on the range of A. The
pseudoinverse does exactly that: it inverts the action of A mapping the row-space to the
column-space. Before we look at this new inversion, we have to introduce a generalization
of the eigenvalues, which are the singular values. Again, any matrix has a singular value
decomposition (SVD)!

Singular value decomposition

The main feature of diagonalization of symmetric matrices is the fact, that the action of
A can be written as a diagonal matrix by means of a change of basis. As we saw above,
even inversion is then easily realized.
We are seeking a similar representation for all matrices, in particular for k x n-matrices,
when n # k. In the general setting, however, we will have to work with two ONBs: one
for the domain space (R"), one for the range space (RF).
The SVD is a factorization of a real or complex k& x n matrix A with rank r of the form
A = UXV’ where U is a k X k unitary matrix , ¥ is a k X n rectangular diagonal matrix
with nonnegative real numbers on the diagonal, and V' is an n X n unitary matrix and V'
denotes the complex transposition (adjoint) of A, or just transposition in the real case.
The diagonal entries 3 are the singular values of A. The columns of U are the left singular
vectors and form an ONB of R* and the columns of V are the right singular vectors of A
and form an ONB of R". The SVD has many useful applications in signal processing and
statistics.

The singular value decomposition and the eigen-decomposition are closely related, since

e the left singular vectors of A are eigenvectors of AA" .
e the right singular vectors of A are eigenvectors of A’A .

e the non-zero singular values of A are the square roots of the non-zero eigenvalues of
AA" or AA.

Proposition A.4.9 (SVD). Let A : R" v R¥ with rank r. There exist an ONB 'V =
{vi,...,v,} of R and an ONBU = {uy,...,ux} of R such that

Av; = spug; A'ug = s and A'Avy = sy, with s; > 0 for i <.

0.5
0.51
-0.5
—0.51



A.4. APPROXIMATION 127

Proof. (1) A’Ais symmetric and can therefore by diagonalized by an ONBV = {vy,...,v,}.
Recall that rank(A’A) = rank(A) = r, hence, we may order the eigenvalues such that

)\12.‘.2/\7~>:0:)\T+1...)\n

and the vectors vy, ..., v, form an ONB for the range of A" (row-space), while v,;1,...,v,
form an ONB for the kernel of A.

(2) Set s; = /A; and u; = \/%\T_Avi for i = 1,...,r. Then, the {u;,i = 1,...,r} span the
range of A and they form an ONB, since

11 1
Ai 1 1 ifi=j
= (vi, ) = —=(vi, v;) = L

)\i>\j )\j 0 else,

since V is an ONB. {u;,i = 1,...,7} is an ONB for the range (column space) of A and,
since the kernel of A’ is orthogonal to the range of A, can be extended to an ONB U of all
R* by adding an ONB of the kernel of A’. O

Corollary A.4.10 (SVD). FEvery k x n matriz A with rank r can be decomposed by A =
UXV', with U,V unitary (orthogonal) k x k and n X n matrices, respectively, and

D 0
Y
15 a k X n matriz in which D is an r X r diagonal matriz with the positive singular values

si,t=1,...,r of A in the diagonal.

Proof. This decomposition follows directly from the construction of Theorem [A.4.9] by
letting V' be the unitary n x n matrix with the vectors of the ONB V as its columns and
U the k x k matrix with the vectors of the ONB U/ as its columns. Then

AV:(slul---sruTO---O):U(D 0)

0 0
and multiplication with A’ from the right completes the proof. O
Example A.4.11. The SVD of
10
A=10 2
00
s given by
1 00 10
A=10 1 0 0 2 ((1) ?)
001 00



128 APPENDIX A. APPENDIX:

()

A= (2 (T 0 (3 )

Example A.4.13. The matrix

Example A.4.12. The SVD of

s given by

0
2

1
A=10
0 2

=)

cannot be diagonalized by means of an orthonormal basis! However, we can find its SVD,
gen by:

0 1 0 V10 0 0
A={1/vV2 0 1//2 |- 0 1 0
1/vV2 0 —1/v2 0 00

0 1/v/5 2/V5
1 0 0
0 2/vV/5 —1/V5

A.4.3 Pseudoinverse: a generalization of matrix inversion

The singular value decomposition can be used for computing the pseudoinverse (PINV)
of a matrix. PINV is a generalized inverse and is constructed according to the following
ideas:

Given a k x n matrix A, R” — R*, we consider the injective mapping given by restricting
A to the orthogonal complement of its kernel N(A), which is the row-space of A, or column
space of A": C'(A’), cp. Figure[A.3] So, we consider the injective mapping

A:C(A) = Rk

Now, A and A have the same range, which is C(A) and A considered as a mapping
C(A") — C(A) has an inverse:

AV 0(A) = O(A),

and we expect that, since Av; = s;u; for the members of the ONBs of C'(A’) and C(A),
1=1,...,r, that
Aty = Y
) si .

The mapping A~! can be extended to an operator A* : R¥ — R™ by defining

AT (uy +ug) = A7 (uy) for uy € C(A)uz € N(A) = C(A)*~.

In other words, the part of the vector u = u; 4+ us that is orthogonal to the range of A and
is thus in the kernel of A, is set to 0 by the pseudoinverse. Have a look at Figure [A.4]
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Pseudoinverse Atuy, =2 for i=1,...,r1

/ /\\
\ \

row space Al-’l = g1l column space \
A"‘u. — L‘]);O] \ \\

Ava = gau,

z’l+u2 — t-‘g,;ﬂ'z

AL‘_’; =0
AL‘4 =0
A I Wy = 0= ATH3
!\ N (4) \N(AT))
\/"'/

Figure A.4: Orthonormal bases that diagonalize A (3 by 4) and A* (4 by 3), matrices with
rank 2.
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It is immediately clear, that A™ fulfills the desired property AATu = u if u € C(A), i.e.
the product is the identity on the range of A, compare this to the corresponding property
of an invertible matrix!

Now we will see that the work we did in the previous section was not in vain! Indeed, the
pseudoinverse of the matrix A with singular value decomposition A = UXV" is

At = VS, (A.8)

where Y7 is the pseudoinverse of 3, and X T is formed by replacing every nonzero diagonal
entry by its reciprocal and transposing the resulting matrix. In other words, using the

notation of Corollary [A.4.10] we have
D71 0
+_
St ( i 0) |
Example A.4.14. The PINV of A from Example[A.4.11] is given by
1 00

1 0\/1 0O
=5 )G L)oo
2 0 01

Example A.4.15. The PINV of A from Example[A.4.19 is given by

= ) (9 0) (B )

Example A.4.16. The PINV of A from Ezample is given by:

0o 1 0 75 0.0 0 1/vV2 1/V2
A=|1/v5 0 2//5 |- 0 10]-1 O 0
2/vV/5 0 —1/V5 0 00 0 1/vV2 —1/V2
Proposition A.4.17. Let A be a k xn matriz and let AT = VXU’ be its PINV as defined
in (Ag).
(i)AT maps the range of A, i.e. C(A) onto the row space of A, which is C(A"). The kernel
of A, i.e., the orthogonal complement of the range of A is mapped to 0.

(ii) AT is the unique n X k matriz for which AA™T is the orthogonal projection onto the
range of A (C(A)) and AT A is the orthogonal projection onto the range of A" (C'(A’)).

Proof. (i) Recall that the columns of U are the members of an ONB U for R, in which
the first r vectors uy, ..., u, span the range of A, C'(A). Hence, the range of A consists of
all linear combinations Z;Zl c;ju; =: v. Then

(>ho1 ¢y ua) ¢
T
<Zj:1 Cjy, Ug) Co
U-v=| icuu) | =]e|,
(X i1 Gty Ur) 0
<Z§:1 Cjj, ug) 0
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by orthonormality of /. Consequently, the n x 1-vector X" - U’ - v is given by

st.U v=|or

and therefore
.,

C.
vty :E Yy
v O‘U

. ‘]7
j=1 J

which is in the row space C'(A’) of A, since vy, ..., v, span C'(A"). From the same derivation
it is apparent that the kernel of A", for which w,,1, ..., u; form an ONB , i.e., the orthogonal
complement of the range of A, is mapped to 0.

(i) To prove the second statement, first note that AA™ is an orthogonal projection, since,
by unitarity of V'

AAY=U -2 V. V.U =U-2- XU

, (I 0
S ( ' 0),
such that (AAT)? = AAT and also (AAT) = AAT.

I. 0O
+ g7 ("
From AAT =U (O 0

and

) -U' it is easy to see that, for v = Zk

Y k
i1 ¢y € RY, we have

T

AATY = Z<l/, w;)uy,

J=1

because all coefficients corresponding to indices above r are set to zero by the diagonal
operator X-Y'. Thus, AAT is the orthogonal projection onto the range of A. The statement
for AT A is shown completely analogously. O

A.4.4 Pseudoinverse and least squares

The pseudoinverse is one way to solve linear least squares problems.

Proposition A.4.18. Let A be a k x n matriz, Then x* = A%b is a least squares solution
of Ax = b and for any other least squares solution T, we have ||z|s < ||Z||2, so & has
manimal norm.
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Proof. Recall that # of a least-squares solution of Az = bis and only if it solves A’Ax = A’D.
First note that 2 is a least squares solution by observing that Az*—b = AATb—b and since
AATD is the orthogonal projection of b onto the range of A, AATb— b is in the orthogonal
complement of the range, hence in th kernel of A" and therefore A'(AATH —b) = 0.

We still have to show that for any other least squares solution & of Az = b, we have
]| < |l=*]||. To see this, note that

A(Ai —b) = A'(Axt —b) = 0= A'Ai = A' Azt

and thus & — 2t € N(A'A) and also & — 2T € N(A) (by Proposition 8). However,
2t L N(A) and we can estimate:

12" =lla* — 2™ + 2|*
=[lz*|I* + |2 — 27|* + 2Re((2™, & — 2™))

=l + & — 2 |* > 2t

]

A.5 An Application: Distributional Poisson’s equation

For s > 2 and f € S(R?), consider
—Au=f in S'(RY). (A.9)
Lemma A.5.1. Ford>3, f : R = C, z — # satisfies f € S'(R).

B2

Proof. Let B ¢ R denote the unit ball. By spherical coordinates, we observe

1 "1 !
/ rdr = Vol(Sdl)/ —2rd*1d7’ = / r3dr < oo,
5 ||| o’ 0

so that f € L}, (R%). Theorem concludes the proof. O

loc
According to Lemma [A.5.1] there is E € S'(RY) such that £ = W. For f € S(RY),
we solve ([A.9) by putting

u:=FKExf
since then @ = Ef = Wl‘f”Q f, so that (3.43)) is satisfied.

Remark A.5.2. In a course on PDE one observes that E(x) = W} for some suitable
constant cqg € R.

Definition A.5.3. For s € R, the Sobolev space 1is
HYR?) := {f € S'RY) : (14| -|)*/*f € L*(R")}

with inner product

(b = [0+ 161 O
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Lemma A.5.4. The Sobolev space H*(RY) is a Hilbert space.

Proof. Due to Cauchy-Schwartz, the inner product is well-defined. To verify completeness,
let (fo)nen C H*(RY) be Cauchy. We observe that (1 + ||€]|2)%/2f,(¢) is Cauchy in L*(R%),
hence, converges towards g € L*(R%). Define

fo=F Hg(©) + llEl*) "),

so that f(&)(1+ [|€][2)*/2 € LA(R?), hence, f € H5(R?). We estimate
= e = [ (1 1619 = FOFa)
= [ 10+ P20 - g(€)Pace) o 0

Corollary A.5.5. For s > 2, we have A : H*(R?) — H* 2(R?) continuously.

Proof. For u € H*(R?), we observe

1Al

e = [+ 16127 [ Fuco | ag
—tort [ @R el T ag
R

<(1+]jgl12)?
4 2\s 1 (£ |2
<16t [ (1 eIy a)f de
R¢
=167 ||ull3,. ®RY)" O
For f € H*(R%), consider
(I —A)u=f.

A solution is given by

1 N
=F N —
u <1+47r2||-||2f)

and the obvious inequality % < 1 leads to u € H**2(R%).
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