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Chapter I

Optimality conditions for differentiable
optimization problems

1 Introductory notions

1.1 The Bouligand tangent cone

Let X C R™ be a nonempty set, f : R — R a given function and the optimization problem

min f(z). (1.1)
An element z* € X is called a local minimum of (1.1]) if there exists an open neighborhood
B(z*;e) :={x € R" : ||x — 2*|| < €} of z* such that

f(z*) < f(z) for all B(z*;e) N X. (1.2)

Here and in the following, || - || denotes the Euclidean norm on R™. If f(z*) < f(x) for all z € X,
then x* is called a global minimum of .

In order to characterize the local minima of the problem , we introduce the so-called
Bouligand tangent cone to X at a point zy € X.

Definition 1.1 (Bouligand tangent cone) We define the Bouligand tangent cone to the set X at
a point o € X by

k _
3 (2*)ks0 € X I (t)esod 0, such that — 0

Tx(xg) := {d eR"

—>dask—>+oo}.
Ly

Remark 1.2 (a) Let X C R” and zp € X. The Bouligand tangent cone is not empty (since
0 € Tx(zo)), a cone (since for every d € Tx(xy) and every A > 0 it holds Ad € Tx(xy)), and it is
closed. If X is a convex set, then Tx(xg) is also convex.

(b) If xy € int X, then T'x(z9) = R™. Indeed, let d € R™. Since zy € int X, there exists kg > 1
such that =¥ := xo + td € X for every k > ko. Consequently, for (tx)r>1 := (3)r>1, it holds

k

x t—kxo = d for every k > ko. Thus d € Tx(l’o)-
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Proposition 1.3 Let x* be a local minimum of (1.1) and f : R™ — R a continuously differentiable
function on an open neighbourhood of x*. Then it holds

Vf()'d>0 Vde Tx(z"). (1.3)

Proof. Let d € Tx(z*). Then there exist sequences (z*)z>0 € X and (t3)r>0 4 0 such that

l’k— *

ty,

—das k — +o0.

Thus 2% — 2* = xkt;“*tk — 0 as k — +oo. Let B(z*;¢) be a neighborhood of z* on which f is
continuously differentiable and for which f(x) > f(z*) for every x € B(xz*;e) N X. Then there
exists a k. > 0 such that 2% € B(z*;¢) for every k > k..

By the Mean Value Theorem, for every k > k. there exists ¥ € (2%, 2%) := {da* + (1 — \)a* :

A € (0,1)} such that

fa*) = f(@) = VF(ENT (2" —a%).
Let &% := Apa* + (1 — A\p)z® for A\, € (0,1). Then, for every k > k. we have

— 0 as k — +oo,

¢t -

= || Aez* + (1 - o) —

=(1—X\) ||xk -z

<t~

thus &8 — 2* as k — +o0.
Since the gradient of f is continuous by assumption, we have V f(£*) — Vf(z*) as k — 400
and thus also

K\NT ( .k _ % kY _ *
where the last inequality holds since %}j(’”) > 0 for every k > k.. |

Remark 1.4 We can interpret Proposition as follows: at a local minimum z* of (1.1)), there
is no tangent direction d to X at z* for which

0> Vf(a*)d = lim L& 1D = [l
tl0 t

holds, in other words, for which there exists t; > 0 such that f(z*+td) < f(x*) for every t € (0,t,).
Definition 1.5 (dual cone) For a cone K C R"™ we denote its dual cone by
K*:={seR":s"d>0Vde K}.

Remark 1.6 The dual cone K* is the set of vectors that form acute angles with all vectors of the
cone K. Proposition [1.3]says that for a local minimum z* of ((1.1)) it holds V f(z*) € (Tx(z*))*.
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Figure 1.1: Sketch of a dual cone.

Remark 1.7 If X is a convex set and xq € X, then
Tx(xo) = cl(cone(X — z)) = cl (UysoA (X — x0))
and, therefore,
— (Tx(z0))" = Nx(z0) :={s € R"| sT(z—x9) <0 VzeX},

the so-called normal cone to X at xg.
If X is convex, then (1.3)) is equivalent to 0 € V f(z*) + Nx(z*) and further to

Vf(z*)(xz — 2*) > 0 for every » € X.
For the case X = R™ we have the following first order optimality condition.

Theorem 1.8 (necessary first order optimality condition) If x* is a local minimum of a function
f : R™ = R which is differentiable on an open neighbourhood of x*, then x* is a critical point of f,
i other words,

Vf(z*) =0. (1.4)
Proof. Let e > 0such that f is differentiable on B(x*;¢) and f(x) > f(z*) for every x € B(z*;¢).
Let to > 0 such that 2* —tV f(2*) € B(z*;¢) for all t € [0,tp). Then it holds

—[IVf(@)IP = Vi) (=Vf(a*) = lim fla” —tVf(z®)) — f(a7)

£10,0<t<tg t

>0

- )

therefore, Vf(z*) = 0. [

In the following we consider the general nonlinear optimization problem with inequality and
equality constraints

min f(x)
such that ¢g;(x) <0,i=1,...,m
hj(x)=0,i=1,...,p
reR"

(1.5)



8 I Optimality conditions for differentiable optimization problems

where f,g,,h; :R" = R,i=1,...,m,j =1,...,p are continuously differentiable functions. The
set

X:={reR"|g(x)<0,i=1...,mhj(zx)=0,j=1,...,p} (1.6)

is called the feasible set of ([1.5)).

1.2 The linearized tangent cone

We introduce the linearized tangent cone as a “replacement” for the Bouligand tangent cone. The
reason for this is that the linearized tangent cone is easy to determine, whereas the Bouligand
tangent is generally not.

Definition 1.9 (linearized tangent cone) Let zy € X.

a) The constraint g;(z) < 0 is said to be active at xq if g;(x¢) = 0. We define
A(xg) :=={i=1,...,m | gi(xg) = 0}
as the set of active indices at xo. We also define the set of inactive indices at xg as
I(xg) :=={1,...,m}\ A(xg).
b) The set

Tiin (o) = {d eR" Vgi(wo)"d < 0Vi € A(x) }

th(l‘o)Td = OVJ = 1, .., P

is called the linearized tangent cone of X at x.

The linearized tangent cone is indeed a cone. As we will see in the next sections, in many cases
Tiin(0) = Tx (20).

Remark 1.10 Let xy € X. It holds that Ty, (zo) = T'x,,, (7o), where

Xlin = {l’ cR"

gz(xO) + v.gz(xO)T(x - ._'L'()) < Ovl = 17 cee, M }
hj(l'o) + th('rO)T(x - ZL’()) = Oa] =1,... P .

Note that xg € Xjin.
Lemma 1.11 Let xy € X. Then it holds Tx(xo) C Tin(xo).

Proof. Let zyp € X and d € Tx(xg). Then there exist sequences (z*)r>0 € X, (tx)r0 4 0 such

that .
¢ —x
0 s dask — oo.

178
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We will first prove that for all i € A(xg), we have Vg;(x9)"d < 0. Indeed, let i € A(zy). By
the Mean Value Theorem, for all k > 0 there exists ¥ € (zg, 2*) which fulfills

V(€5 (2" — w0) = gi(2") — gi(wo) = gi(a") <0,

since g;(xo) = 0. Dividing by ¢, yields for all £ > 0

Vg (eh)T (‘” . "””) <0

k

We let £ — +o0 and, using that Vg, is continuous, we obtain
Vgi<I0)Td S 0.

Next, we will prove using the same argument that for all j = 1,..., p, we have Vh;(z0)"d = 0.
Let j € {1,...,p}. By the Mean Value Theorem, for all k > 0 there exists u* € (o, 2*) such that

Vh ()" (2" — x) = hy(*) — hy(zo) =0,

since h;(z%) = hj(zy) = 0. Again, dividing by tx, we get for all k >0
k _
Vh;(ut)" (x mo) —0.

178

We let & — +o0 and, using that Vh; is continuous, we obtain
Vh;(xo)'d = 0.
This shows that d € Tji, (). [ ]
Example 1.12 The equality T'x(z) = Tjin(x¢) does not hold in general. Consider the optimiza-
tion problem
min ; + x5
such that g;(z1,x2) == —x9 <0
Go(1,m9) 1= 9 — 23 <0
x = (x1,29) € R?
Obviously, z* := (0,0) is its unique global minimum. We have A(z*) = {1, 2} and
Vai(z1,12) = (0,-1)7 Vg:(0,0) = (0,-1)"
Vga(ar,5) = (=321, 1)" Vgs(0,0) = (0,1)",
so we get Tin(z*) = R x {0}.
We easily see that Tx(z*) = Rt x {0}. This shows that Tx(z*) C Tju(z*). In addition, since

Vf(z*) = (1,0)T, it holds
Vf)'d=d, >0 VdeTx(z"),

however it does not hold that Vf(z*)Td = d; > 0 for all d € Ty, (z*). In conclusion, we cannot
replace Tx (z*) by Tyn(z*) in (1.3)!
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Figure 1.2: Visualization of Example [1.12]

In the following, we will characterize the dual cone of the linearized tangent cone. The following
fundamental result will be used for this purpose.

Lemma 1.13 (Lemma of Farkas) Let A € R™™ and b € R™. The following statements are
equivalent:

(i) The linear system Ax = b has a solution x = 0.
(ii) For all d € R™ with ATd = 0 it holds bTd > 0.
Theorem 1.14 Let X be given as in (1.6) and zo € X. It holds

m D )\Z Z O,Z - A(ZL‘())
—(Thn(0))" = Niin(0) := ¢ > A\iVgi(wo) + Y _ 1 Vhj(xo) | Ai = 0,4 € (o) NG
i=1 j=1 i €ERg=1,...,p

Proof. "2": Let s € Nyu(zo) and d € Tyn(zo). Then

<—S)Td = — Z )\ngz(l’o)Td - Z /lehj (l’o)Td.

i=1 Jj=1

Since \; > 0 and Vg;(x9)"d < 0 for all i = 1,...,m and Vh;(zo)"d =0 for all j = 1,...,p, we
have
(—s)fd > 0.

This implies —s € (Tiin(xo))* and therefore s € —(Tjin(x0))*.
"C”: Take s € —(Tiin(70))*. Then we have, by definition, that (—s)7d > 0 for all d € T, (o).
Define A € R™*(A@o)l+2p) 44

A= ( — Vg“ (Io), ceey —Vg“ (.’Eo), Vh1<I0), . ,Vhp(io), —Vhl(l’g), cey —Vhp(x(]))
for A(zo) = {i1,...,i,}. We have
—sTd >0 Vd € Tyin(70) & —s'd > 0 Vd € R" such that A7d = 0.
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By the Lemma of Farkas, there exists n = (\, pq, p2) € R'j:l(z(’)‘ x RE. x RE such that
m p p
n=—se > ~NValxo) + Y (1);Vhi(ro) + > —(12);Vhy(ae) = —s
i=1 j=1 =1

m p
= S = Z )\,Vgl(:vo) + Z,Uthj(!L‘o)

i=1 j=1
where \; > 0 for i € A(zo), i =0 for i € I(xg), and pj = (p2); — (u1); ERforj=1,....p. N
Remark 1.15 Since TX(xO) C Tiin(z0), it holds
(Tiin (20))" € (Tx (o))"
Indeed,
5 € (Thin(w0))* = s7d >0V d € Tiin(wo) = s7d >0V d € Tx(w) = s € (Tx ()"

Since (Tiin(z0))* has the representation (1.7)), one would like to have for a local minimum x* the
much nicer condition V f(z*) € (Tin(x*))* instead of V f(z*) € (T'x(«*))*. This is in general not
the case, as one can see from Example

1.3 Karush—-Kuhn-Tucker (KKT) optimality conditions

Definition 1.16 (KKT optimality conditions)
(a) The function L : R" x R™ x R — R, given by

L(x, A, 1) =f(x) + N g(z) + p"h(z) ) + Z&gz + 2 mihi(), (18)

is called the Lagrange function associated with the optimization problem ([1.5)).

(b) The conditions

V.L(x, A\ ) =0 (1.9)
A0, g(x) L0, \g(z) =0 (1.10)
h(z) =0 (1.11)

are called the Karush-Kuhn-Tucker (KKT) optimality conditions of (L.F]). It holds that
Vaol(z, A 1) =V f(2) + Vg(x)" A+ Vh(z) = V f(x) + Z AiVgi(z) + ZWh

(¢) Anelement (z*, \*, 1*) € R" xR™ x RP fulfilling - is called a Karush-Kuhn—Tucker
(KKT) point of . The vectors \* and p* are called the Lagrange multipliers associated
with the restrictions g(z) < 0 and h(x) = 0, respectively. The statement is called
complementary condition and is equivalent to
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2 First order necessary and sufficient optimality condi-
tions

2.1 Optimality conditions under (Abadie CQ)

Definition 2.1 An element zo € X, where X is given by (1.6), is said to fulfill the Abadie
constraint qualification if

(Abadie CQ) | T'x(20) = Tin(z0)-

Theorem 2.2 Assume that a local minimum x* of fulfills (Abadie CQ). Then there exist
(not necessarily unique) Lagrange multipliers \* € R™ and p* € RP such that (z*, \*, u*) is a KKT

point of (1.5]).

Proof. From Proposition [1.3] we know that V f(z*) € (T'x(z*))*. Since z* fulfills (Abadie CQ),
we also know that (Tx(x*))* = (T}, (2*))*. From here we get

V(") € =(Tin(27))".
From Theorem we know that there exist A} > 0 for i € A(z*),\; = 0 for i € I(2*), and i} €
R for j =1,...,p, such that

~Vf(x ZA Vil +Zu]Vh

or, equivalently,
Vo L(z", X", ") = 0,

where L is the Lagrange function associated with the optimization problem ((1.5)). In addition, we
have Af > 0, g;(z*) <0, Xg;(z*) =0 foralli =1,...,m. Furthermore, since z* € X, it holds
h;(z*) =0 for all j =1,...,p. These last three observations imply that (z*, \*, u*) is a KKT point
of . [ ]

The verification of (Abadie CQ) requires the calculation of the Bouligand tangent cone and of
the linearized tangent cone, which can be a complex task. In the next subsections we will introduce
sufficient conditions for (Abadie CQ) that are easier to verify. The next corollary shows that

(Abadie CQ) is satisfied for optimization problems with linear inequality and equality constraints
but general objective functions.

Corollary 2.3 Let x* be a local minimum of the optimization problem , with g : R* —
R™ g(z) = Ax — b, where A € R™*" b € R™, and h : R — RP h(z) = Cx — d, where C €
RP*™ d € RP, i.e.
min f(x).
such that Az < b
Cr=d

Then there exist (not necessarily uniquely defined) Lagrange multipliers \* € R™ and p* € RP such
that (x*, \*, u*) is a KKT point of (1.5]).
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Proof. We only need to prove that, for this problem, (Abadie CQ) is satisfied. To do that, it is
sufficient to prove that, in this case, we have X = Xj;,. This implies, according to Remark [1.10]
that Tx (z*) = Tx,,, (z*) = Tiin(z*), and the statement follows from Theorem [2.2]

Indeed, in this case we have

gi(x) =alx —b;, fori=1,...,m
h;(z) :cJTx—dj, for j=1,...,p,
and

9i(x*) + Vg () (x —2*) =al 2" —b; +al (x — ") =a] v — b; = gi(v), fori=1,....m

hi(z*) + Vhj(z*)"(z — 2*) = CJTJ; —dj + cf(x —z") = c?a: —d; = hj(x), for j=1,...,p.

2.2 Optimality conditions under (MFCQ)

Definition 2.4 An element zy € X, where X is given by (1.6)), is said to fulfill the Mangasarian-
Fromovitz constraint qualification if

(a) the vectors {Vh;(xo)},_, are linearly independent,

(MFCQ) (b) there existsd € R"such that Vg;(w0)"d < 0Vi € A(zo) Vhj(20)'d=0Vj=1,...,p.

Lemma 2.5 Let x¢ be a feasible element of such that xqy fulfills (MFCQ), and d € R™ the
vector which satisfies condition (b) in Definition (2.4 Then there exist ¢ > 0 and x : (—¢,e) — R”
such that

(a) x in continuously differentiable on (—¢,¢€);
(b) z(t) € X Vt € [0,¢);

(¢) 2(0)
(d) ©(0) =d.

To;

Proof. Define
H:RP xR —=RP, (y,t)— h(zg+td + Vh(ze)Ty),
where h = (hq, ..., h,) : R® — RP is the function defining the equality constraint in (1.6) and

Vhl (f[)())T
Vh(zo) = : € RPx™
Vhp<l'0)T

is the Jacobi matrix of A at x.



14 I Optimality conditions for differentiable optimization problems

It holds that H(0,0) = h(xy) = 0, since x is feasible,
V,H(y,t) = Vh(zo + td + Vh(z0) y) V()"

so V,H(0,0) = Vh(zo)Vh(ze)" € RP*P,
We claim that V,H(0,0) is positive definite. Indeed, for all s € R? we have

s"V,H(0,0)s = s"Vh(zo)Vh(x)"s = (Vh(zo)"s)" (Vh(zo)"s) = HVh(.I‘O)TSHQ > 0.
Furthermore,
P
s"V,H(0,0)s =0 < Vh(xg)'s =0 < Z s;Vhj(xg) =0,

=1

which, by condition (a) in (MFCQ), is equivalent to s = 0. Thus V,H(0,0) is positive definite,
and therefore invertible.

According to the Implicit Function Theorem for H(y,t) = 0 at (0,0), there exist £ > 0 and a
continuously differentiable mapping y : (—&g,9) — RP such that y(0) = 0 and

H(y(t),t) =0 for all t € (—eq,&p).
By differentiation, we get
V,H(y(t),t)y(t) + Vi H(y(t),t) =0 for all t € (—¢, €p).
This yields
V,H(0,0)5(0) + V,H(0,0) =0 < 3(0) = —(V,H(0,0)) 'V, H(0,0),
SO
9(0) = —(VyH(0,0)) " Vh(wo)d = 0,

where the last equality holds since Vh(zg)d = 0 by condition (b) of (MFCQ).
For all t € (—¢q, &), let
z(t) := 2o + td + Vh(ze)Ty(t),

which is obviously continuously differentiable. Furthermore, it holds that z(0) = z, and
#(t) = d 4+ Vh(zo) y(t), therefore, #(0) = d + Vh(zo)"5(0) = d.

and so the statements (¢) and (d) are proven.
Next, we note that for all ¢ € (0, &) it holds

0= H(y(t),t) = h(zo + td + Vh(zo) y(t)) = h(z(t)).

Let i € {1,...,m}. If g;(x) < 0, since z(t) — x(0) = ¢ as ¢ | 0, there exists 0 < ¢; < gy such
that g;(x(t)) < 0 for all t € (0,¢;).
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If gi(zo) = 0, let ¢(t) := g;(x(t)). For all t € (—&p,&0) it holds ¢'(t) = Vg;(x(t))"(t), and
thus ¢/(0) = Vg;i(x(0))T2(0) = Vgi(xo)'d < 0, where the last inequality follows by condition (b)
in (MFCQ). On the other hand, we have

0 —al0) | e®) -~ a(=0) _ | alx)

. q
0>q(0)=1
4i(0) tli%l t tl0 t tl0 t

Therefore, there exists 0 < €; < ¢y such that for all ¢ € (0,¢;) it holds

i(x(t i
M < 0 or, equivalently, gz(x(t)) <0.

We let € := min{ey,...,&,}. Then, for all ¢t € (0,¢) it holds that
hy(a(t) =0 Vi=1,.. p
gi(z(t)) <0 Vi=1,...,m,
thus z(t) € X. |

Theorem 2.6 Assume that a local minimum x* of fulfills (MFCQ). Then there exist (not
necessarily unique) Lagrange multipliers \* € R™ and p* € RP such that (z*, \*, u*) is a KKT

point of (1.5).

Proof. We show that if * € X satisfies (MFCQ), then it also satisfies (Abadie CQ), and the
conclusion will follow from Theorem . To this end, it is sufficient to prove that Ty, (x*) C Tx (z*),
as the opposite inclusion is always true.

Let d € Tyin(2*) and d € R™ be the vector that satisfies condition (b) in (MFCQ). It holds

Vie A(z*) . Vgi(z*)'d <0 and Vg;(2*)'d < 0,
and

Vi=1...p: Vhi(a*)'d=0and Vh;(z*)"d = 0.
For all 7 > 0 we define d(7) := d + 7d and see that

Vie A(z*) . Vgi(z*)Td(r) <0and Vj=1...p: Vhi(z*)d(r) = 0.
This implies that d(7) fulfills (MFCQ) for all 7 > 0.
We fix 7 > 0. By Lemma [2.5 there exist £ > 0 and a continuously differentiable mapping
x: (—e,e) — R" such that
z(t) € X Vt € [0,¢), z(0)=2%, and &(0)=d(7).

For k > 2, we denote t; := ¢ and x; := z(t;) € X. Then
Ty — " - x(ty) — x(0)
k—4o00 tk k—+oco tk

which proves that d(7) € Tx(z*). Since d(7) — das 7 ] 0 and T'x(z*) is closed, it yields d € Tx (z*).
|

= (0) = d(7),
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2.3 Optimality conditions under (LICQ)

Definition 2.7 An element zq € X, where X is given by ([1.6)), is said to fulfill the Linear Inde-
pendence constraint qualification if

(LICQ) | the vectors {Vg;(70) }ica@o) U {Vhj(z0)}i—, are linearly independent.

Theorem 2.8 Assume that a local minimum x* of fulfills (LICQ). Then there exist uniquely
defined Lagrange multipliers \* € R™ and p* € RP such that (z*, \*, u*) is a KKT point of (@

Proof. First, we will show that z* fulfils (MFCQ).
Since

{Vhi(@") Vo) € {Vai(z") hica@ U{Vh;(2) Foy,

the vectors Vh;(z*),j = 1,...,p, are linearly independent, thus condition (a) in (MFCQ) is
satisfied.
Note that |A(z*)| +p < n. Let A € R™*" be a regular matrix defined as

Vgi(2*) ica@)
A= Vh( ) |J:1 D

77777

any rows that complete the set of vectors to a basis of R”

and
b:=(—1,...,—1,0,...,0,arbitrary real numbers)’ € R".
————— —— P
|A(z*)| many  p many n—p—|A(z*)| many

Since A is regular, there exists a unique d € R" such that Ad = b, which implies that
Vgi(z*)'d=-1<0 Vi€ A(z*) and Vhi(z*)'d=0 Vj=1,...,p

Thus, condition (b) in (MFCQ) is also satisfied, and, according to Theorem there exist La-
grange multipliers A* € R} and p* € RP such that (z*, \*, i*) is a KKT point of .

To prove the uniqueness, of the Lagrange multipliers, we note that for all inactive indices
i € I(x*) we have g;(z*) < 0, and so A} = 0. Thus,

- ) AVl Z,u]Vh
1€A(z*)

and by (LICQ) it follows that A\!,i € A(z*) and pj,7 = 1,...,p are unique. [ |

So far, out of the constraint qualifications we have introduced, LICQ is the easiest to verify.
There are optimization problems for which (LICQ) is not satisfied, but (MFCQ) or (Abadie CQ)

are.
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2.4 Optimality conditions for convex optimization problems

In this subsection, we study the optimization problem (|1.5)) under the following additional assump-
tions:

(a) f:R"™ — Ris a convex function;

(b) g;: R® = R,i=1,...,m, are convex functions;

(¢) h:R"™ — RP is an affine function, i.e. h: R — RP, h(z) = Az — b, with A € RP*" and b € RP.
The optimization problem becomes

min f(z).

such that g;(z Sb 0,i=1,...,m (2.1)

s

T
r €R"
Under this assumptions, the feasible set X = {x € R" | g;(z) < 0,i = 1,...,m, Ax = b} is convex.

Definition 2.9 We say that Slater’s constraint qualification is fulfilled for the convex optimization

problem ([2.1)) if
(Slater CQ) | 32’ € R such that g;(z') < 0,7=1,...,m, and Az’ =b.

Unlike all the constraint qualifications we have considered so far, (Slater CQ) is a global as-
sumption in the sense that it does not depend on a priori given feasible elements.

Theorem 2.10 Let z* be a (local = global) minimum of and (Slater CQ) be fulfilled. Then
there exist (not necessarily unique) Lagrange multipliers \* € R™ and p* € RP such that (x*, \*, u*)

1s a KKT point of .

Proof. We will show that 2* fulfils (Abadie CQ) and the conclusion will follow from Theorem
2.2l In particular, we will show that Ty, (z*) C Tx(z*). Let

d € Tin(z") = {CZ €R"

Vgi(a")'d < 0,i € A(z*), Ad = o} .

(Slater CQ) guarantees that there exists 2’ € X such that ¢g;(z') < 0,i =1,...,m, and Az’ =b.
Let d' := 2’ — 2*. Due to the gradient inequality for convex functions, we have for all i € A(z*)

Vgi(x)'d = Vgi(a*) (2" +d — 2%) < gs(a* + d') — gi(a*) = g;(2)) — gs(2*) = gi(2") < 0.

In addition, it holds
Ad = Ax' — Az* =b—b=0.

Define d(7) := d + 7d’ for all 7 > 0. For all 7 > 0 it holds

Vgi(z*)'d(1) = Vgi(z*)'d + 7V gi(x*)'d < 0 for all i € A(z*),
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and
Ad(r) = Ad + TAd = 0.

Next, we will show that d(7) € Tx(z*) for all 7 > 0. Indeed, define

1 1
b=+ Ed(T) and ty 1= % for all k£ > 1,

which gives

" =d(1) = d(1) as k — +oo.
k

To finish the proof, it remains to show that
" e X ={reR" | g(x) <0,i=1,...,m, Az = b}
for all k large enough.

First, we have for all k£ > 1

Azb = Azx* + %Ad(T) =b.

Next, let i € A(z*). By the Mean Value Theorem, for all k& > 1 there exits £&F € (z*, 2*) such that

gi(*) = gi(a") = gi(2”) = Vgi(€")" (2" —2") = %Vgi(ﬁk)Td(T)-

Letting k convergence to infinity, we get
0> Vg (z)7d(t) = lim Vg (e)Td(r) = lim kg;(z").
k—4o0 k—4o0

This implies that there exists k§ > 1 such that g;(2*) < 0 for all k > ki.

Lastly, let i € I(z*). Since g;(z*) < 0 and 2* — 2* as k — oo, there exists k} > 1 such that
gi(z") < 0 for all k > Kki.

Then, for

=1,...,

it holds 2% € X for all k > ko, which implies d(7) € Tx(z*). Since d = lim,}od(7) and T (z*) is
closed, we obtain d € Tx(z*). |

We close this section with a result that shows that in the convex setting the KK'T optimality
conditions are also sufficient for optimality.

Theorem 2.11 Let (z*,\*, 1) be a KKT point of (2.1). Then z* is a (local =global) minimum
of .
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Proof. Let x € X. Using the gradient inequality for convex functions, we have:

fl@) = f@) + Vi) (@ =) = fa") + (— D_NVaila) = > waf ) (v =)
= f@) = 2 NVaE) (@ -,

i€EA(x*)

where a]T denotes the j-th row of A. The second equality takes into account that, for ¢ inactive,
A =0, and Ax — Ax* = b — b= 0. By using again the gradient inequality, we obtain further

fl@) = f(@™) = Y Nilgi(@) = gil@™) = fa") = Y Nlgilw)) = f(a").

icA(z*) i€ A(x*)

This proves the statement. [

3 Second order necessary and sufficient optimality condi-
tions

In this section, we will formulate second order necessary and sufficient conditions for both uncon-
strained and constrained optimization problems.

3.1 The unconstrained case

Theorem 3.1 Let x* be a local minimum of f : R™ — R and f be twice continuously differentiable
on a open neighborhood B(x*;¢) of x*. Then the Hessian V?f(z*) € R™™ is positive semidefinite.

Proof. We assume that there exists d € R™ such that d"V?f(2*)d < 0. Since the map z —
d"V?f(x)d is continuous at z*, there exists & > 0 such that for all ¢ € [0, o] it holds

¥ +td € B(z*;¢) and d" V? f(2* + td)d < 0.
Let t € [0, a]. According to Taylor’s Theorem for s — f(z* + sd), there exists & € (0,t) such that
flx* 4+ td) = f(z*) +tV f(z*)Td + %thTW f(z* + &d)d.
By Theorem we have
Fa* +td) = f(z*) + %tZdTVQ f@* + &d)d < F(z°),

which implies that f(z* + td) < f(«*) for all ¢ € [0,«]. This contradicts the local minimality of
x*. |
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Example 3.2 (a) For f : R = R, f(z) = —2?%, we have f'(z*) = 0 if and only if z* = 0. Since
f"(x*) = =2 < 0, Theorem 3.1 allows us to conclude that f has no local minima.

(b) The conditions V f(x*) = 0 and V?f(2*) is positive semidefinite are not sufficient for z* to
be a local minimum of f. Let f:R? = R, f(x,23) = 2% — x3. Tt holds

o 2 0
Vi) = (2 ) ad Ve = (3 g, ).
We have
Vi) =0 < z*=(0,0)T,
and

2 0
2 *\
is positive semidefinite. But z* is not a local minimum of f, since, for all £ > 0, there exists

(0,6/2)T € B(2*;¢) with
F0.6/2) = == < f(a") = 0.

A sufficient optimality condition is given by the following theorem.

Theorem 3.3 Let f be twice continuous differentiable on a open neighborhood B(z*;e) of an
element x* € R™ such that:

a) Vf(z*) =0, and
b) V2f(z*) is positive definite.
Then x* is a strict local minimum of f, i.e., there exists 6 > 0 such that

f@@) < f(z) Ve B(z';0)\{z"}.

Proof. Since V?f(z*) is positive definite, its smallest eigenvalue i, (V2f(z*)) is positive and
for all d € R™ it holds

A" f(2)d > Ain (V2 f (%) ||

By the continuity of x — V2f(z) at z*, there exists 0 < § < e such that for all d € R" with
|ld|l < ¢ it holds

)\min VQ *
(P21 (a)

V2 f (2" + d) — V2 f(z")

where the norm on the left-hand side denotes the operator norm of a matrixﬂ.

[[Ax]]
=l

IThe operator norm of a matrix is defined as ||-|| : R"*™ — R, A — max, o
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Choose d € R" such that ||d|| < 0. Taylor’s Theorem for s — f(z* + sd) gurantees that there
exists a & € (0, 1) such that

ﬂﬂ+@:f@ﬂ+Vﬂﬂfﬂ+;fv%@u{mm

_ F@) 4 2TV (2 + Ead)d

2
= f(z*) + %dTvzf(a:*)d + %dTVQf(x* + &qd)d — %dTVQf(a:*)d
= f(z*) + %dTvzf(a:*)d + %dT (V2f(x* + &qd) — sz(:z:*)>d.

The Cauchy-Schwarz inequality and the fact that ||{sd|| < ||d|| < ¢ yield

FG o d) 2 (@) + (T I = 5 W [V + ad) — V2 5°)
> [(0)+ min( V@) I = Pnin (727 [
= @)+ Ponin (T2 1))

Plugging in d := x — z*, we get for all x € B(z*;6) \ {z*}

F@) > @)+ Pl VFE Dl — | > 7).
|

Remark 3.4 If z* is a strict local miminum of f and f is twice continuously differentiable on a
open neighbourhood of z*, then V f(x*) = 0, but the Hessian V?f(z*) is not necessarily positive
definite. Indeed, for f : R — R, f(z) = 2%, * = 0 is a strict (local = global) minimum of f,
f'(x*) = 0, however, f"(z*) =0.

3.2 The constrained case

In this subection, we study the constrained optimization problem ({1.5)) under the assumption that
the functions f,g;,¢ = 1,...,m, and h;,j = 1,...,p, are twice continuously differentiable. For a
given KKT point (z*, \*, u*) of ([1.5)), we consider the following two subsets of A(x*):

Ao(x™) :={i € A(z") | \l =0} — the so-called set of weak active indices;
As(z*) :={i € A(z™) | A} > 0} — the so-called the set of strong active indices.

Further, we introduce the following subset of T}, (z*)

Vgi(x*)'d =0 Vi e A (z*)
Ty(z*):=¢deR" | Vg(z*)'d <0Vie Ay(z*)
Vhj(z)'d=0Vj=1,...,p
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Theorem 3.5 Let x* be a local minimum of (L.5)) which satisfies (LICQ). Let \* € R™ and p* € RP
be the (according to Theorem@ uniquely defined Lagrange multipliers such that (x*, \*, u*) is a
KKT point of (1.5). Then it holds

d'V2 L(z*, X,y )d >0 Vd € Ty(x"),
in other words, V2, L(z*, \*, u*) is positive semidefinite on the cone Ty(x*).
Proof. Let d € Ty(z*),d # 0. We split Ag(z*) into the following two sets of indices:
A (%) := {i € Ao(z*) | Vgi(a*)Td < 0}
A5 (2%) := {i € Ao(z*) | Vgi(2*)'d = 0}.

For all x € R™, we define

~ i\T )i x* 7
i) :=(9A( it )and ho) = | o) on i
gi(z) ’ieA(T(x*)

Furthermore, we define

X :={zeR"|j(z) L0, h(z) =0} CX.

It is easy to see that x* € X. Further, we will demonstrate that z* satisfies (MFCQ) for X and
the vector d fixed above.

(a) The set
{Vh(z") Yi_y U{Vgi(a") bicas @) U{VGi(77) bicas (27

is linearly independent, as it is a subset of
{VhJ'(x*)}?:l U {Vg’i<x*)}i€.4(m*)
which is linearly independent by (LICQ).
(b) The vector d fulfills

Vgi(z*)Td <0 Vie A5(z*) (by the definition of A5 (z*))
Vhij(z)'d=0 Vj=1,...,p (sinced € Ty(z"))
Vgi(z*)Td=0 Vi€ As(z*) (since d € To(x*)) ’
Vgi(z*)'d =0 Vie A5(z*) (by the definition of A5 (z*)

therefore, by Lemma , there exist € > 0 and a twice continuously differentiable map x : (—¢,¢) —
R™ (this follows from the Implicit Function Theorem in the proof of Lemma by using that h is

twice continuously differentiable) such that z(0) = z*, #(0) = d and z(t) € X for all ¢ € [0, ¢).
Define

@:(—e,e) =R, @(t) = L{z(t), \", 1),
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where L is the Lagrangian associated with the optimization problem ((1.5)). Note that ¢ is twice
continuously differentiable. For all ¢ € (—¢,¢), we have

(t) = Vo L(x(t), \*, p*) i(t), and
B(t) = a(t)" Voo L(x(t), A", p*) (1) + Vo L(w(t), X7, ) i ().
Since V,L(xz*, \*, u*) = 0, this gives
$(0) = 0 and $(0) = d" V. L(z*, \*, p*)d.
Note that for all ¢ € [0,¢) it holds
® D A (@ MYi(z(t)) =0, since x(t) € X and, therefore, g;(z(t)) = 0 for every i € As (z*);
® D i Ay M9i(x(t)) = 0, since A7 = 0 for every i € Ag(z");
® > icier) Mgi(z(t)) = 0, since A7 = 0 for every i € I(z*);
o >0 uihi(x(t)) =0, since z(t) € X and, therefore, hj(z(t)) = 0 for every j =1,...,p.
Therefore, by definition of the Lagrangian,we have for all ¢ € [0, ¢)

p(t) = L(z(t), A", 1)

)+ 30 N+ 30 Nale)+ 3 Nale0) + 3 uih(el0)

1€EAS (z%) i€Ap(x*) i€l(x
= f(z(1))

Since x(0) = z* is a local minimum of f, there exists § > 0 such that
f(z) > f(z*) forall z € B(z*;0) N X.

Since z is continuous at 0, there exists o € (0, ¢) such that for all ¢ € [0, @) it holds z(t) € B(2";9).
This implies that for all ¢t € [0, ) it holds z(t) € B(z*;§) N X C B(z*;0) N X, thus

fa@) = f(z").
In other words,
o(t) > p(0) Vtel0,a). (3.1)

We want to prove that ¢(0) > 0. Assume that ¢(0) < 0. Since ¢ is twice continuously differen-
tiable, there exists f € (0,«) such that ¢(¢) < 0 for all ¢t € [0,3). By Taylor's Theorem, there
exists t3 € (0, 3) such that

0(8) = 0l0) + B3(0) + 3 (1) = 9(0) + 55°6(t5) < p(0).
This contradicts . |
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The following result provides a second order sufficient optimality condition for the constrained
optimization problem (|1.5)).

Theorem 3.6 Let (x*, \*, u*) be a KKT point of (1.5) such that for all d € Ty(x*)\ {0}, it holds
d"V2 L(z*, N, u*)d > 0 Vd € Ty(z*) \ {0},

i€, Vo L(x*, X", 1i*) is positive definite on the cone Ty(x*). Then x* is a strict local minimum of

(1.5)), i.e., there exists 6 > 0 such that
f(z) > f(z*) Vre B(x'o)nX\{z"}.

Proof. Assume that z* is not a strict local minimum. of ([1.5)). Then, for all £ > 1

1
there exists 2" € B (a:*; E) N X\ {z*} such that f(z") < f(z"). (3.2)
We define for all £ > 1
1
d" = ——— (2% — a").
||k — 2]
Then, ||d]| = 1 for all £ > 1 and, as (d*)z>1 is a bounded sequence, it has subsequence (d*);>;

that convergences to an element d* € R" with ||d*|] = 1. We will show that d* € Ty(z*) \ {0} and
that (d*)T'V2 L(x*, \*, u*)d* < 0, which will lead to a contradiction and thus prove the theorem.
First, we will prove that d* € Ty, (z*).
Let 7 € {1,...,p}. By the Mean Value Theorem, for all & > 1 we know that there exists
€F € (x*,2%) such that, since 2%, 2* € X, the following holds

k _ %
0= hy(z") = hy(z") = V(") (a* — 2), thus 0 = VA (€") ngk - i*;ﬂ'
In particular, it holds

ki %
0= lim VAT () (z — o)

A e e

I oo (2% — )] (@)

Now, let i € A(z*). By using again the Mean Value Theorem, for all £ > 1 we know that there
exists ¥ € (2%, 2%) such that, since 2% € X, the following holds

0> gi(2") = gi(a*) + Vg ()T (2% — 2) = Vg (M) T (2% — 2¥).

The same argument as above proves that Vg;(z*)Td* < 0.

Next, we will prove that d* € Ty(2*) \ {0}. Since ||d*|| = 1, we have that d* # 0. Therefore,
we only need to show that for all i € A-(z*) it holds Vg;(z*)"d* = 0. Assume that there exists
i € As(x*) it such that Vg:(z*)7d* < 0.
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By using again the Mean Value Theorem, for all & > 1 we know that there exists £¢ € (2%, 2%)
such that, by taking into account (3.2, the following holds

0> f(2*) = f(a") = Vf(£")" (" — 2").

By the same argument as above, we obtain that V f(z*)Td* < 0.
By using that (z*, \*, u*) is a KKT point of (1.5)), we have

— Y NVg)Td - Y XVg@)'d - > NVl Td*—zp:M;th(x*)Td*
j=1

€A (x*) 1€AS (z%) el (x*)
— Y AVga")'d > —XVg(a*)d >0
€A (%)

which gives a contradiction. This demonstrates that d* € Ty(x*) \ {0}.
Last, we will show that (d*)TV,,L(z*, \*, u*)d* < 0. By Taylor’s Theorem, for all k > 1 we
know that there exists ¥ € (2*, 2%) such that

1
L(‘rk7 >‘*7/L*> = L(.CC*, )\*,,LL*) + VJEL(:C*7 >‘*7M*>T(xk o $*> + §<xk - x*)TvixL<§k7 )‘*7 :u*)(xk - LC*)
Since (x*, \*, p*) is a KKT point of ([1.5)), it holds V,L(z*, A*, u*) = 0 and therefore for all k£ > 1
it holds 1
Lk, N i) = L") + 5 (@ = a7) IV L(ER X ) (2 = a7), (3.3)
Using again that (z*, A*, u*) is a KKT point, we have L(z*, \*, u*) = f(z*), thus, by using (3.2)),
for all £ > 1 it yields

L™ N pwt) = f(2*) = f(a%) = f@) + Y Aigia®) + Zu] L(z", X", ).
i=1
Plugging this inequality into (3.3)), we obtain that for all £ > 1 it holds
1($k—$*)T ) X xk—x*
0> -—— V., LI Ny ) ———.
2 ||l* — o] % — |

This allows us to conclude

1 (zkt — 29T okt — x*
0 > li _—vzxL k; /\* K Y
A S = Ve P A e T 2

(d*)Tv2 L(JZ*,)\*,/,L*)CZ*,

which demonstrates that (d*)7'V,,L(z*, \*, u*)d* < 0. |
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Chapter 11

Numerical methods for unconstrained
optimization problems

4 A general descent algorithm

In the following, we will discuss a general descent algorithm for solving optimization problems of
the form

min f(z), (4.1)

zER”

where f : R™ — R is a continuously differentiable function.
Definition 4.1 (descent direction) A vector d € R™ is called a descent direction of f at x € R™ if
3t > 0 such that f(z +td) < f(x) Vt € (0,t]. (4.2)

Lemma 4.2 Let be x € R® and d € R™ such that V f(x)'d < 0. Then d is a descent direction of
f atx.

Proof. By the definition of directional derivative, we have that

[z +td) — f(x)
t

lim

t—0

=Vf(z)'d<O0.

Therefore, there exists ¢ > 0 such that, for every t € (0, ], we have

f(x +td) — f(x)
t

<0& f(r+1td) < f(x).
|

Remark 4.3 Asking for V f(z)Td < 0 is equivalent to asking for the angle between —V f(z) and
d to be acute. This is because we have

Vf(zx)Td =0

stV D) = 15~

27
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+4

& >
« ?

Figure 4.1: Every d € R\ {0} is a descent direction of f at z = 0.

Example 4.4 The condition V f(x)?d < 0 is not necessary for d being a descent direction of f at
x. Take, for example, f(z) = —2? and # = 0. Then every d € R\ {0} is a descent direction of f
at © = 0 (see Figure [1.1), but f'(0)d = 0.

Remark 4.5 Assume that z is not a critical point of f, meaning Vf(x) # 0. Then d := -V f(x)
is a descent direction of f at x, since

Vf(2)(=Vf(z)) = = |Vf(@2)]* <o0.

Moreover, if B € R™*™ is a symmetric positive definite matrix, then d := —BV f(z) € R" is also a
descent direction of f at x, since

V(@) (-=BV f(z)) = =V f(2)" BV f(x) <0.
Algorithm 4.6 (general line search algorithm)
1: Choose a starting point 2° € R” and set k := 0.
2: If 2% fulfills a stopping criterion: STOP.
3: Find a descent direction d* of f at x*.
4: Find a step size t;, > 0 such that f(z* + t,d*) < f(z).
5: Set aF*t! = 2F + t,d*, k := k + 1 and go to Step 2.

The line search algorithm has two degrees of freedom: the choice of the descent direction (Step
3) and the choice of the step size (Step 4).

Example 4.7 The step size cannot be chosen arbitrarily. The function f : R — R, f(z) = 22, has
x* = 0 as its unique global minimum and d = —1 is a descent direction of f at every z > 0. We
choose 2° := 1 and t;, := 5 for every k > 0. Then it holds every k > 0

k
xk+1:Ik—tk:...:xo_to_tl_”‘_tk:l_z
=0

1
9i+2 ’

therefore z¥ — % as k — 400, which is not the global minimum of f.
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Definition 4.8 (step size strategy)

(a) A set-valued mapping T : R" x R™ =2 (0, +00) which assigns to each pair (z,d) € R" x R" a
set of step sizes T'(x,d) C (0, +00) is called step size strategy.

(b) A step size strategy T : R* x R" =2 (0, +00) is called well-defined if, for every (z,d) € R" xR"
fulfilling V f(x)"d < 0, it holds that T'(z, d) # 0.

(c) A step size strategy T : R” x R" =2 (0, +00) is called efficient if there exists § > 0 such that,
for every (x,d) € R® x R" where d is a descent direction of f at x, it holds

flz+1td) < f(z) — 9(%) vVt € T(z,d).

In this case, every step size t € T'(z,d) is called efficient.

In the following we assume that Algorithm [4.6/does not terminate after finitely many iterations,
which means that it generates an infinite sequence of iterates (z*);>o.

Theorem 4.9 Let f : R" — R be continuously differentiable and (z*)y>0 a sequence generated by
Algorithm [{.6 such that

(a) the so-called angle condition holds, i.e.

_ ENT 7k
Vf(a") d >c Vk > 0;

de > 0 such that >
[V f (@®)[| [|d* ||

(b) every step size ty, € T'(x*, d*), k > 0, is efficient.
Then every accumulation (limit) point of (z*)r>0 is a critical point of f.

Proof. Since every step size is efficient, we have for every k > 0

AP = 1t + ) < ) - o D)

and, by the angle condition,

VAN oo
(Mar™) = eI,

Combining these two inequalities, we get for every k > 0
J@) < k) = 2|V < fah), (43)

which implies that the sequence (f(z¥));>o is nonincreasing.
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Let us choose an accumulation point z* € R™ of the sequence (z¥),>0, meaning that there
exists a subsequence (z*!);5¢) such that 2 — z* as | — +oo. By the continuity of f, we have
that f(z") — f(z*) as | — +o0o. Combining this last observation with the fact that (f(2*))> is
nonincreasing, we can conclude that

fz®) = flz*) (k= +00).
From (4.3)), it yields for every k > 0
0 < O||VF(h)|]* < fa*) - fa+).

Since the right-hand side converges to zero as k — 400, we get HVf(xk)H — 0 as k — +o00. By
continuity of the gradient we know that ||V f(z*)| — [V f(z*)| as | = +oc0, and this allows us
to conclude that V f(z*) = 0. |

Remark 4.10 (a) The angle condition states that the angle <t(—V f(2*), d*) stays uniformly away
from 90°. It is for instance fulfilled for d* := —BV f(z*) for every k > 0, where B € R™" is a

symmetric and positive definite matrix, and 0 < ¢ < ’\‘“Hi#fHB)

(b) If f is coercive, namely limjjz o0 f(2) = +o00, then the lower level set of f at 2,

L(a") :={z eR": f(z) < f(a")},

which contains according to the entire sequence (z%);>¢, is bounded. In this case, (z¥).>0
has an accumulation point.

(c) How to choose an “optimal” step size? One could, for example, consider the minimization
rule, which consists in choosing ¢ := t,,;, such that

f(z + tmind) = rtn>161 f(x +td).

This rule is, under certain assumptions, well-defined and efficient. However, the step size cannot
always be calculated explicitly. One exception is for

1
f:R"—=R, f(z)= éxTAa:—bTx,

with A € R™"™ a symmetric and positive definite matrix and b € R™. Indeed, for x,d € R" with
Vf(z)Td < 0, the step size defined by the minimization rule is well-defined and efficient and it can
be explicitly calculated, namely,

__Vf@)'d

zfmin - dTAd

5 Step size strategies

In this section, we will discuss three “popular” step size strategies used for the minimization of a
continuously differentiable function f : R® — R. Throughout this section we will assume that

x,d € R" are given such that V f(x)"d < 0. (5.1)
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5.1 The Wolfe-Powell step size strategy

Let o € (0,3) and p € [0,1). The Wolfe-Powell step size strategy consists of finding ¢* > 0 such
that

flz+td) < f(x) +ot*V f(z)'d (5.2)
and
Vf(z+t'd)'d > pVf(x)d (5.3)

We define ¢ : R — R, ¢(t) := f(x + td). It follows that ¢/(t) = Vf(z + td)"d for all t € R and
¢'(0) = Vf(z)Td < 0. We can write the conditions above as follows

B2 < ot") < 6(0) + at"¢'(0)

and

B3) « ¢'(t) = pd(0).

Q)
(0,9()

@)+ top'(o

Armijo- G oldotein
ne

-
Twp

Figure 5.1: Geometric interpretation of the Wolfe-Powell step size strategy for o(z) = f(z + td)

In other words, the step size t* > 0 is chosen such that the following two conditions are satisfied:
e the graph of ¢ at t* lies below the Armijo-Goldstein line;

e the graph of ¢ at t* decreases less steeply than it does at 0 or even increases.

Definition 5.1 (Wolfe-Powell step size strategy) Let o € (0,3), p € [0,1) and 2° € R". For
x € L(2°) and d € R™ such that Vf(z)Td < 0, we define

Twp(z,d) = {t>0: f(x+td) < f(z) + otV f(z)"d and Vf(z + td)"d > pV f(z)" d}

as the set of the Wolfe-Powell step size strategies in x in direction d.
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Theorem 5.2 Let f : R® — R be continuously differentiable, o € (0,3), p € [0,1) and 2° € R™.
For x € L(2°) and d € R™ such that V f(x)Td < 0, let Twp(z,d) be the set of Wolfe-Powell step
size strategies in x in direction d. Then the following statements are true:

(a) If f is bounded from below, then Ty p(x,d) is nonempty. In other words, the step size strategy
1s well-defined.

(b) If Vf is Lipschitz continuous on L(z°), then there exists 0 > 0 such that

Vi)

Td 2
f(x+td)§f(x)—0( il )foralltETWp(x,d).

In other words, the step size strategy is efficient.
Proof. For all t € R, we define
o(t) = f(x+td) and Y(t) = f(z) + otV f(z)'d. (5.4)
(a) It suffices to show that there exists t* > 0 such that
Gt7) < Y() and () > pif(0).
Since 0 < 3 < 1 and V f(z)"d < 0, we have
¢(0) = Vf(2)'d <oV f(x)'d=1v'(0).
Therefore, (¢» — ¢)'(0) > 0 and, by definition of the derivative,

W0 =90 =)
tl0 t t10 t

0.

Therefore, there exists ¢y > 0 such that, for all ¢ € (0,%y), it holds ¥(t) > ¢(t). We choose t* as
being the first ¢ > 0 at which ¢ and 1 intersect, namely,

t* :==min{t > 0: ¢(t) = ¢¥(t)}.

Note that ¢* exists, since limy_,o, () = —oco and ¢ is bounded from below, which is due to the
fact that f is bounded from below. Then we have

¢(t) — o(t") »(t) — ¥(t)

Ik 1: : — o (4%
P = lim = 2 lm e =)
t<t* t<t*

where the inequality above holds since ¢(t*) = ¥(t*), ¢(t) < ¥(t) for t < t* and t —¢* < 0. In
addition,

(") = oV f(@)Td > pV f(2)7d = pg!(0).

In conclusion, t* € Ty p(zx,d).
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(b) Let t € Twp(x,d). it holds
o(t) = fz+td) < o(t) = f(z) +toV f(z)"d < f(z) < f(2°),
which implies that z + td € £(2°). Furthermore, since p < 1 and V f(x)?d < 0, it holds
0 < (p— V)V F()Td = pVf()7d — Vf(2)"d
< Vf(x+td)'d—Vf(x)'d= (Vf(x+td) — Vf(x))d
<|IVf(z +td) =V f (@)l dll < Lt |d|f*,
where L > 0 denotes the Lipschitz constant of V f on £(z2).

Defining ( )
Y 1—p
0 .= — 7
we obtain
flz+td) < f(z) + otV f(z)Td < f(z) + U(pL_ : <VfH<§H) d> ~Is 9<%j> |

Remark 5.3 Let f : R® — R be continuously differentiable and bounded from below, o € (0, %),
p € (0,1), z,d € R" such that Vf(x)Td < 0, and

o(t) = f(x+td) and Y(t) = f(z) + otV f(z)'d.

We consider the following algorithm:
Phase A:

A0: Choose ty > 0 and set k := 0.
Al: If ¢(tg) > ¥(tx), then set a := 0 and b := ¢;, and go to Step BO.
If o(t) < (tg) and ¢'(tx) > p¢d'(0), then set t* := t;, and terminate: STOP 1.
If o(t) < ¥(tr) and ¢'(tx) < p¢'(0), then set ty1 = 2t;, k =k + 1 and go to Step Al.
Phase B:
BO: Set k := 0, and adopt ag := a and by := b from Phase A.

B1: Set t := %
B2: If ¢(t) > 1(tg), then set apyq := ag, bpy1 :=tx, k := k + 1, and go to Step Bl.
If o(t) < ¥(tg) and ¢'(tx) > p¢'(0), then set t* := t;, and terminate: STOP 2.

If o(tx) < ¥(tx) and ¢'(tx) < p¢'(0), then set agiq := ty, bpy1 = by, k =k + 1, and go to
Step B1.

The algorithm terminates after a finite number of steps at either STOP 1 or STOP 1, providing a
Wolfe-Powell step size t* (see [4]).
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5.2 The strong Wolfe-Powell step size strategy

In this section, we consider a step size strategy that refines the Wolfe-Powell step size strategy by
also bounding the increase of ¢ from above.

Let 0 € (0,3) and p € [0,1]. The strong Wolfe-Powell step size strategy consists of finding

t* > 0 such that
flx+t'd) < f(z) + ot*V f(z)"d (5.5)
and
|Vf(z+td)'dl < —pVf(x)d. (5.6)
We can write the conditions above as follows
B3) = o) < ¢(0) + ot"¢'(0)
and
B.6) < [¢'(t7)] < —pg'(0).
In other words, the step size t* > 0 is chosen such that the following two conditions are satisfied:
e the graph of ¢ at t* lies below the Armijo-Goldstein line;

e the graph of ¢ at t* either decreases or increases less steeply than it decreases at 0.

Definition 5.4 (strong Wolfe-Powell step size strategy) Let o € (0,1), p € [0,1) and 2° € R™
For z € £(2°) and d € R such that V f(x)"d < 0, we define

Tswp(z,d) == {t>0: f(z+td) < f(z) + otV f(z)"d and |Vf(z +td)"d| < —pV f(z)"d}
as the set of the strong Wolfe-Powell step size strategies in x in direction d.

Theorem 5.5 Let f : R™ — R be continuously differentiable, o € (0,3), p € [0,1) and 2° € R™.
For x € L(2°) and d € R™ such that V f(z)Td < 0, let Ty p(x,d) be the set of strong Wolfe-Powell
step size strategies in x in direction d. Then the following statements are true:

(a) If f is bounded from below, then Tswp(x,d) is nonempty. In other words, the step size
strateqy is well-defined.

(b) If Vf is Lipschitz continuous on L(z°), then there exists 0 > 0 such that

flz+td) < f(z) — 9(%) for allt € Tswp(z,d).

In other words, the step size strategy is efficient.
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Proof. As in the proof of Theorem [5.2], we denote
o(t) = f(x+td) and Y(t) = f(z) + otV f(z)'d.
(a) As in the proof of Theorem (a), there exists
¢ = minft > 0 6(1) = (1)}
with ¢/(t) > /(t°).
First, we consider the case when ¢/(t*) < 0. We have

Vf(z+td)'d| = |¢'(t")| = =¢'(t") < —'(t") = —0¢/(0) < —p¢'(0),

therefore, t* € Towp(z,d).
Now, assume ¢/(¢*) > 0. Since Vf(z)Td = ¢'(0) < 0, there exists t** € (0,¢*) such that
¢ (t**) = 0. Therefore,

p(t™) < Y(t™) & flr+t7d) < f(z) + otV f(z)'d.

Furthermore,
Vi +t=d)"d = ¢/ (t™)] =0 < —p¢'(0) = ¢V f(x)"d,

which implies t** € Tgwp(z, d).
(b) Follows from Theorem [5.2| (b), since Tswp(x,d) C Twp(x,d). |

Remark 5.6 As for the Wolfe-Powell strategy, it is possible to construct an algorithm that de-
termines a strong Wolfe-Powell step size in a finite number of steps.

5.3 The (backtracking) Armijo rule

In the following section, we will introduce an easy-to-implement step-size strategy that is not
efficient.

Let o € (0,1), 8 € (0,1) and z,d € R™ such that Vf(2)Td < 0. The Armijo step size consists
of choosing

t:=max{f :1=0,1,2,...} such that f(z +td) < f(x) + otV f(z)d.

Theorem 5.7 Let f : R" — R be continuously differentiable, o € (0,1) and B € (0,1). For every
z,d € R" such that V f(x)Td < 0 there exists | > 0 such that

flz+ p'd) < flx) + o'V f(z)"d.

In other words, the Armijo rule is well-defined.
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Proof. Let z,d € R such that V f(z)"d < 0 and assume that for all [ > 0

flx+B'd) > f(x) + o'V f(x)d

or, equivalently,
flz+5'd) - (=)
2L
We let | — +o00, and obtain V f(z)Td > oV f(x)Td, which leads to the desired contradiction. M

> oV f(x)'d.

2

Remark 5.8 The Armijo rule is not efficient. For the function f: R — R, f(z) = %, we choose
20 =-3,0= %, and, for every k > 0, d* := 2% and z**! = 2% + t,d*, where t;, is the Armijo step
size.

It holds that ¢, = 1 for every k > 0 and 2% = —3—1—1—1—%4—...—1—2,%1 = —1—% for every
k > 1. Indeed, we have for xd < 0

tdQ 2
%g%Jr trd < 2P < —ted < tg—%.

N | —

Carrying out the calculations for £ = 0 and k£ = 1, we obtain, respectively,

0

x0:_37d0:1;—%23,Z:Oandt0250:1
X L1 x! 0
rl=3+l=-2d=5: ~Gr=41=0amdt = =1
and, by induction,
& 1 L 1 $k k 0
l‘:—l_2k_17d:§_ﬁ:2+27l:0andtk:/@:1

Furthermore, it can be shown by contradiction that there exists no 8 > 0 such that for every £ > 0
(notice that x*d* < 0) and every t = 1 we have

k k\2 k)2 2k dk 2 k)2
( +2td) 3(2) _0( dg) :u_e(l.k)Q’

which is equivalent to

g &b LN 1
- ook 2\ak) 2642 2284 2)%

The contradiction is obtained as & — +o00.
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6 The gradient algorithm

In this section we will introduce and analyze the gradient algorithm with Armijo step size rule for
the minimization of a continuously differentiable function f : R® — R.

Algorithm 6.1 (gradient algorithm with Armijo step size rule)
1: Choose a starting point 2° € R", 0 € (0,1), 8 € (0,1), € > 0 and set k := 0.
2: If ||V f(2¥)| <e: STOP.
3: Set d* := —V f(a*).

4: Find the Armijo step size
ty :=max{B :1=0,1,...}
with
f@® + ted®) < f(2%) + oty V f ()T d".

5: Set aF*t! = 2F + t,d*, k := k + 1 and go to Step 2.
For the analysis of the gradient algorithm, we will assume that ¢ = 0 and that Algorithm

does not terminate after finitely many steps.
The following lemma will play an important role in the proof of the main convergence theorem.

Lemma 6.2 Let f: R® — R be a continuously differentiable functon, (z*);>0 C R", (d*)i>0 C R"
and (t*)g>0 C R such that 2* — z € R", d* -+ d € R and t;, | 0 as k — +o00. Then it holds

k4 d5) — f(zk

k—+o00 tk:

Proof. Let k> 0. According to the Mean Value Theorem, there exists £ € (2%, 2% + t,.d*) such
that

o f(@¥ 4+ tpd") — f(aF)

F(@* + trd") = f(2*) = VF(E")" (td") I

= V(") (d").

The conclusion follows from the continuity of the gradient and the fact that £&¥ — z as k — +oo.
[

Theorem 6.3 (convergence of the gradient method) Let f : R* — R be continuously differentiable.
Then every accumulation (limit) point of the sequence (x*)x>o generated by Algorithm is a
critical point of f.
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Proof. Let x* € R" be a limit point of (2¥);>0, i.e., there exists a subsequence (z*!);>¢ such that
¥ — 2% as | — +o0o. Assume that x* is not a critical point of f, i.e., Vf(z*) # 0. For every
k > 0 it holds

Fat) = fa +ud®) < f@¥) + oty V() Td" = f) = oty | VN < fF),

therefore, (f(x"))x>0 is nonincreasing.
Since f is continuous, we have f(z") — f(z*) as | — 400 and, therefore, f(z*) — f(z*) as
k — +oo. Since for every k > 0

0 < oty |V £ < Fa) — F(*)

and f(z%) — f(2*™) — 0 as k — +o0, it yields tkHVf(xk)W — 0 as k — +o0, and so

tr, HVf(xkl)H2 — 0 as [ = +o00. Since ||V f(z*)| # 0, we can conclude that t;, — 0 as [ — +oo.
For every | > 0, we have t;, := 8™*. By the Armijo rule, it holds for every [ > 0

Flah 4 Bt dn) > flah) + g flah) T
or, equivalently,
flah 4 gmatdtt) — f(ah)
ﬁmkl_l

Note that this holds because, by the Armijo rule, my, is the first exponent for which the inequality
f(abrggmadt)y < f(ak)+opm™aV f(xk)TdR is fulfilled, so for ™!, the inequality is not fulfilled.
Observe that

> oV f(z*)Tdk.

1
Bt =~ =0 (I — +00),

B

M — 2* (1 = +o0),
d" = —V (") — =V f(x*) (I = +00),

which, according to Lemma [6.2] gives
Vi) (=V @) 2oV ) (=V @) & = V@)= = |Vf)]7

which is a contradiction to o € (0,1). Thus, V f(z*) = 0. |

7 The gradient method for convex optimization problems

In this section, we will analyze the convergence properties of the gradient method for solving the
unconstrained minimization problem

min f(x) (7.1)

zeR™
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where f : R" — R is a convex and differentiable function with a Ly -Lipschitz continuous gradient,
meaning that there exists Lyy > 0 such that

IVf(2) =Vl < Lysllz -yl Yo,y eR™
Throughout this section we will assume that the set of (global) minimizers of f

argmin f := {z* € R": f(a¥) = ieann f(z)}
is nonempty, therefore
fe:= inf f(z)€R.

reR™

7.1 Gradient flow

In this subsection, we will investigate the asymptotic properties of the following so-called gradient
flow system

z(ty) = 2° € R" (7.2)

{a'c(t) = —Vf(a(t))

defined on [tg, +00), for ty > 0, that we attach to the convex minimization problem (|7.1)).

For every to > 0 and every z° € R", the global version of the Cauchy-Lipschitz Theorem
guarantees the existence and uniqueness of a solution = € C*([to, +00)) of (7.2).

The existence and uniqueness of a solution x € C*([ty, +00)) of can be guaranteed by only
assuming that V f is Lipschitz continuous on every bounded set of R”. To this end one could make
use of the local version of the Cauchy-Lipschitz Theorem together with maximal-time arguments.

Before discussing the asymptotic behaviour of the gradient flow, we will prove the following
useful technical result.

Lemma 7.1 Let F : [tg,+00) — R be a locally absolutely continuous and bounded from below
function and G : [ty, +00) — R an L'-integrable function such that

%F(t} < G(t) for almost every t > t.

Then there ezists limy_, o, F(t) € R.

Proof. Using that j;tjoo max{G(u),0}du < ftjoo |G (u)]du < 400 and ftjoo max{—G(u),0}du <
f;roo |G (u)|du < 400, we have

0

t t
lim G(u)du = lim [ (max{G(u),0} —max{—G(u),0})du exists and is finite.

t——+00 to t—+00 to

Let to < s <'t. By integration, we obtain

F(t) - F(s) < / G(u)du
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or, equivalently,

F(t) — / tG(u)du < F(s) - / " G(u)du.

to to
This means that the functlon t— F(t ft u)du is nonincreasing and bounded from below.
Therefore, the limit lim;_, ;o F ft u)du ex1sts and is finite., which implies that lim;_, | o, F(t)
exists and is finite. |

Theorem 7.2 (asymptotic behaviour of the gradient flow) Let x : [to, +00) — R™ be a trajectory
solution of the gradient flow system (7.2)). Then the following statements are true:

(a) it holds

“+oo

/Ooty\g;«(t)yyZdt<+oo,/ TV ()2t < 400 and / (f(z(t)) — £.)dt < +o00;

to to to

(b) it holds f(x(t)) — f. =o0(3) ast — +00;
(c) z(t) converges to an element in argmin f as t — 400;
(d) it holds |V f(z(t))|| = o () as t — +oo;

Proof. For z* € argmin f, we define the energy function
£ fto,+00) = R, E() = t(f(2(t)) — fo) + Sllz(t) — 2.

For all t > tg, it holds

Let) =Fat) — .+ 010 i0) + ((0) — )i (1)

=f(z(t)) = fe = tlz@®|” + (2(t) — 2.) "V f(2(t) < —t]a(0)]*.

In the last estimate, we used the gradient inequality.
By integration, for all ¢ > ty, it yields

P lt) = £+ 5la(t) = o+ [ slia(s)|Pds

to

< £{t0) = to(F(a(t0) — )+ Sllet) — 2] = (70 — £) + 5" — .2
This yields that z(-) is bounded, ft tl|&(t)||2dt = tjootHVf(iE(t))szt < 400, and

0< f(l’(t)) ~f< tO(f(x(]) - f*)t—‘r %on - x*HQ Vi >t
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In other words, f(z(t)) — fo = O (7) as t — +oo.

On the other hand, by using again the gradient inequality, it holds

% (%Hx(t) - :c*||2> = (2(t) — ) Ti(t) = =V ()T (z(t) — z.) < — (f(a(t) = f.) <OVt > 1.
(7.3)

By integration, for all t > %y, it yields

1 t 1 1
Sl =@l + / (F(a(s) = f)ds < Slla(to) = vl = Flla® — ..

Consequently, tjoo( f(z(t)) — fo)dt < +00, and statement (a) is proved.

From ftjoo 2t(f(z(t) — fo)dt = ft:oo(f(x(t)) — fo)dt < 400, we immediately deduce that
liminf, o t(f(x(t)) — fi) = 0. Indeed, assuming that liminf; , o t(f(x(t)) — f.) > 0, there exist
¢ > 0 and t; > ty such that ¢(f(z(t)) — f.) > c for all ¢ > ¢;. This implies

+o0 > /m(f(a:(t)) — fo)dt > /+oo;—: = lim (In(t) — In(¢1)) = 400,

to t t——4o00

and leads to a contradiction.
For all t > ty it holds

% (t(f@(t) = £)) = f(2(t) = f + V[ (2(t)" (1) = fa(t)) — £ = 2O < f(2(t) - fo.

Since t — t(f(x(t)) — f.) is bounded from below and ¢ — f(z(t)) — f. is integrable, by Lemmal7.1]
we obtain that lim; ., t(f(z(t)) — f.) exists and is finite. This means that lim, , .. t(f(x(t)) —
f+) = 0, which completes the proof of (b).

Now, we will turn our attention to statement (c). According to (7.3]), we have

lim |z(t) — .||* := €~ exists and is finite.
t—+o00

Since x(+) is bounded, it has at least one accumulation point. We will prove that it has exactly
one accumulation point, which implies that the trajectory converges.

Indeed, assume that z(-) has two accumulation points, namely, ' and z”. Then there exist
subsequences z(t;);>¢ and z(;);>¢ such that

z(t) = o' (I - 4o00) and x(t;) — 2" (j = +00).
The continuity of f and (b) yield

flzt)) = f(@") (Il = +0) = f(2')=f. = 2/ € argmin f
f(z(t)) = f(@") (j = +0) = f(2") = f. = 2" € argmin /.
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For every t > t;, we have
2u(t)" (2" — ") = ||=(t) — ”|I* = [l=(t) — '||* = [l«"|I* + [|=']*,
then
2u(t)" (@' — ) = [lz(tr) — 2" = lx(t) — 2’| = |2"|* + |2/|]* VI >0
2 2 2 2 .
2c(t;)" (" — a”) = ||la(ty) — 2"||” = |la(t;) — 2|7 = [l2" " + [[«'[|* V5 > 0.
We let | — 400 and j — +o00, respectively, and so
2(2")7 (2" = 2") = Lo — Ly — [|2"||* = [|||"
22") (2" = &) = Ly — L — ||2"||* = |']|*,
which implies
NT (.. " INT (0 " / INT (0 " / "2 / "
(@) (@ =2y =@") (@ —2")e (' -2") (@ -2")=0& |2 -2"||"=0 & 2’ =2".

Thus, the trajectory z(t) is convergent to an element in argmin f as t — +00.

The finiteness of the integral ftjoo PV f(x(t))]]dt = t;roo t|V f(z(t))]|*dt < o0 yields that
liminf, ., t*||Vf(x(t))||* = 0. Since ¢t — z(t) is locally absolutely continuous and V f is Lipschitz
continuous (on bounded sets), we obtain that ¢ — Vf(z(t)) is locally absolutely continuous.
Therefore, for almost every ¢t > tq, it holds

& (BEIV I ) = 9 )l + 29 et (95

— VSO - i) (VI

Since V f is monotone, for all {5 <t < s, it holds

(z(s) —2(®)" (Vf(x(s)) — Vf(x(t))) >0,

therefore,

w(s) —a(®)\" (Vf(a(s) = VI®) o 0
s—t s—t -

We let s | ¢ and obtain from here that i (¢)” (£V f(z(t))) > 0 for almost every ¢ > to. This means

that, for almost every t > ¢,

d

: (gtzuvmu))u?) <tV F(a(e)

Applying again Lemma [7.1] and using (a), we obtain that lim;_, t*||V f(x(2)) | exists, therefore,
limy s, o 2|V f(2(t))||* = 0. This concludes the proof of statement (d). |
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7.2 The gradient algorithm for convex optimization problems

The gradient algorithm that we will introduce for solving ([7.1)) can be seen as an explicit time
discretization of the gradient flow system

B(t) = =V f(x(t))
x(to) = 2°.
Indeed, for all £ > 0, we have
T(tpr1) — x(tr)
Tk
Setting x(tg) := 2°, z(t},) := 2F and 7}, := « for all k > 0, we get

P — gk = AV f(ah) & M=o -V f(ab),

= —Vf(z(t)).

which is the update rule of the gradient method with constant step size.

Lemma 7.3 Let f : R" — R be a convex and differentiable function with a Ly ¢-Lipschitz contin-
wous gradient.

(a) (Descent Lemma) For all x,y € R", it holds
L
) < F@) + V@) (g —2) + =T ly =l
(b) (Baillon-Haddad Theorem) For all z,y € R™, it holds
Lys(Vf(y) = V(@) (y = 2) 2 |V f(y) = V(@)

Proof. (a) Let z,y € R" and define ¢ : [0,1] — R™, ¢(t) = f(x + t(y — x)). For every t € [0, 1]
it holds ¢'(t) = Vf(z + t(y — 2))"(y — x). From the fundamental theorem of differentiation and
integration we get

o(1) — 6(0) = / G0t ) — f(2) = / V(@ + ty — )7 (y — 2)dt,

which gives
T

1) = 1) = VS —0) = [ (Vf<x+t<y—x>>—w<x>) (y— ) dt

1
</
0

S/O IV (@ +ty —2)) = V(@) ly — =] dt

(Vf<m+t<y—x>>—w<:c>> (y— )|t

1
< [ Lostly -l a
0

2 [ Lyy 2
—Leoylly—al?* [ tdt ==y a?.
0
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(b) Let 2,y € R". For all z € R", by applying the gradient inequality and the Descent Lemma, we
have

fy) = f(@) = V(@) (y—x)
f) = f)+ Vi) (z—x)=Vf(x) (y—x)

> V)~ 9) ~ 3L ly 2l + Vi@ (= )

(V7@) = V@) 2 =)~ 2y — 2|

vV

This means that

fly) = f(z) = V()" (y — 2) > sup ((Vf(ﬂf) ~ V)" (z—y) - by f ly — =|l )

zER™

> sup ((97(0) = V)0 - 552 HuHQ)

u€eR™

1

= 510, IVI@) = Vi)

By interchanging the roles of z and y and summing the resulting inequalities, we obtain

Lyr(Vf(y) = V(@) (y —2) 2 [Vf(y) = V()]

Remark 7.4 Under the assumptions of Lemma [7.3] we have

L
@)+ V@) (g = 2) < [y) < S@) + V@) @y —2) + Ty — ] vey eR
This means that the graph of f is “squeezed” between an affine function and a quadratic function.

The following lemma is useful in analyzing the convergence of algorithms. It can be seen as
the discrete counterpart of Lemma [7.1]

Lemma 7.5 (Robbins-Monro Lemma) Let (ax)r>0, (bk)r>0 and (di)r>o be sequences of real num-
bers such that (ay)g>o is bounded from below, (by)r>o is nonnegative and (dg)x>0 € C1. If

ap+1 < ap — by +di, VE >0,
then limy_, 1o ai, exists and is finite, and (by)r>o0 € (1.
Proof. Using that 3% max{dy, 0} < Y275 |di| < +o0 and Y75 max{—dy, 0} < >/ |di| <

400 , we have

lim Z d, = Z max{dy, 0} + Z max{—dy, 0} exists and is finite.

k—+o0
k=0 k=0
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For all k > 1, we define
k-1
Cr = ap — Z dl.
1=0
Then, for all £ > 1, it holds
k k k k-1
infal_zdl < Chy1 = Qg1 —Zdz < ak_bk“‘dk_zdl :ak_bk_zdl =cp — by < ¢
=0

>0
=0 =0 =0

Therefore, limg_, 1 o ¢x exists and is finite, which implies that lim_, . a; exists and is finite.

On the other hand, for all £ > 0, it holds

k k “+o00
by <ag—a d; <ag—infa d
lz_;z_ 0 k+1+lz_gz_ 0 ZZOH-IZ;l,

which yields (bk>k20 € /. [ |

Theorem 7.6 (convergence of the gradient method for convex optimization problems) Let 2° € R™

be an arbitrary starting point and v € <0, LLW] . For the sequence (2%)y>0 generated by the gradient

method with constant step size 7y,
oF = ab — 4V f(2F) Yk >0,
the following statements are true:
(a) it holds

(k‘|$k+1 - Ik‘|2>k20 S gl? (k”vf(xk)’lz)kzo € gl and (f(xk) - f*)kZO € 617

(b) it holds f (z*) — f. =0 (%) as k — +oo;
(c) (x%)k>0 converges to an element in argmin f as k — +00;

(d) it holds |V f(z*)|| = 0 () as t — +oo;

Proof. For z* € argmin f, we define the discrete energy function

1
E =k (f (vg) — fo) + 2 lzx — 27|* k> 0.

For all x € R® and all £ > 0, we have by the gradient inequality

fla) = f(z") = Vf(a") (@ — "),
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while Lemma yields

f(xk+1> S f(:ck) + Vf<xk)T(xk+1 . xk) + % ka+1 —xk||2

& Fh) - F@) 2 VA (@ - 21) - EIE |l )

Adding the two inequalities, for all x € R" and all £ > 0, we get
L
flw) = F@1) 2 VI (@ = a1 = 2L ok — o
and further, after substituting %(x"“‘ — 2k for V f(2F),

Fla) = P 2 Lk = ) B gk

X

2| =

In other words, for all z € R® and all £ > 0, it holds

fla) — fla™) > % <||$k+l _mkHQ + ||z — xk+1H2 — ||z - ka2) _ % [+ — 2| 2
which is equivalent to
k+1y i B+l 12 k)2 1 —~Lvy k1 k2
JE@) = fla) & (e =2l = fla” = 2l + — =l =" < 0.

From here we deduce, for all k> 0, that (by setting x := z¥)

F) = @) < fE) = f) + #W“ —2*|* <0, (7.4)

and (by setting x := z*)

1 1—~L
P = Fot (8 =P = et = )4 S -t <0, (1)

This yields, for all £ > 0,

Eert — & = k(f(™) = f(&") + @) = fi + %(Ilﬂck+1 — 2" = [t = 27|)

2—Lvy

g2 L ke gk,
2y

< —k
> 2y

[l
and so, using that vLyy <1,

2 —~L 1
Eppr — E + k‘%ﬂxkﬂ — 2" <& — S+ > (k(2 = vLvy) +1 —yLyy) [|2"*" — 2¥|?

<0. (7.6)
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By using telescoping arguments, we obtain, for all K > 1,

2

1
K (5 (%) = 1)+ o [l

K—-1
2—~L 1
2 Zk||xk+1_xk||2§ —||x0—x*
2y = 2y

This yields that (2*)x>0 is bounded, (k||lzx11 — 21l*)pso € £1, (KIVF(2)I1?)is0 € £1, and
|2° — ||

k
ng(x)_f*gh—k

Vk > 1. (7.7)

On the other hand, from (|7.5)), we obtain that, for all £ > 0,

k

SO = £) < o |20 — 27

1=0 L

thus (f(z%) — f. )k>0 € ¢;. This proves statement (a).

Since S350 2k(f(xr) — fo) = S0 (f(wr) — fi) < 400, it holds lim infy oo k(f(24) — f.) = 0.
In addition, from . for all £ > 0, we have

(k+D(f(=") = £) k(") = f) + (f@*) = f).

Lemma yields that limy_, o k(f(2*)— f.) exists and it is finite, thus lim_, . k(f(2¥)—f.) = 0.
This completes the proof of statement (b).
Making again use of ([7.5)), we have that, for all £ > 0,

Lys—1
1 — a1 <l - 2|2 = 29 (@) - £+ L et e
gl
Lemma [7.5] yields that limy_,, o ||z — 2*||? exists and it is finite — let

*

2

This implies that (z%);>0 is bounded, and therefore it has at least one accumulation point. We will
prove that it has exactly one accumulation point, which implies that the whole sequence converges.

Indeed, assume that (z*);>0 has two accumulation points 2’ and z”. Then there exist subse-
quences (2*);50 and (2%);5 such that

¥ = ' (I = +00) and 2% — 2" (j — +00).
By continuity of f and by part (b), we have that

f(@™) — f(2') (I = 4+00) = f(2')=f" = 2’ € argmin f
f(z") = f(2") (j = +o0) = f(2”") = f* = 2” € argmin f.
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For every k > 0 we have

2" (@' — 2"y = [|of = o — ||t o[~ a1 + )
then
2a) (@' = o) = [la = 2"~ = | — " + 1o’ W2 0
2ah)" (@ —a") = [lah = a"|[* = [|a® = &/|" = 2" * + a’)* Vi > 0.

We let | — 400 and j — +o00, respectively, and so

2(2)" (2 = 2") = by — Lo = [l"|" = [|'||"

22") (2" = &) = Lpr — L — ||2"||* = | ']|*,
which implies
(ZL‘/)T(I/ . ZL‘//) — (l’”)T(ZL‘/ o ZE”) = (ZE, o CL’”)T(I/ _ ZE”> — O = ||ZL', o CL’”||2 — 0 = .I', — [L'”.

Thus, the whole sequence (%), is convergent to an element in argmin f.
According to (a), Z;’Oo L2V f(aM)|]? = S kIVF(2F)]|* < 4oo. From here, we conclude
that liminf, . k[|V f(2")| = 0. By using the Balllon—Haddad Theorem, for all £ > 0, we have

V) = VNP < Los (VF* )" (@ =)
= — Ly (Vf(z k“) V(") V")
—2(Vf(@") = Vf (") Vb,
from where we deduce that
IVFE@ D> < IV (M)
This allows us to conclude that, for all £ > 0,

(k+ DIV DI = (B + 2k + DIV DI < K2V )]+ 26+ DIV
< 2(k+ DIV S

By Lemma [7.5] limy_, ;o k2||V f(2¥)||? exists and it is finite, thus lim, ., k[|Vf(2z*)| = 0. This
completes the proof of statement (d). [

Remark 7.7 By slightly modifying the arguments in the previous proof, one can show that the
conclusions of Theorem h

remain valid for all v € (0, L%,«)

Example 7.8 We can use the gradient method to solve a linear system Ax = b for A € R™*" A #£
0, and b € R™, by reformulating it as

min || Az — b||*.
zeRn
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Define f : R* — R, f(z) = ||[Az —b||>. Then f is convex and differentiable and its gradient
x — Vf(z) = 2AT(Az — b) is Lipschitz continuous with constant Lg; := 2||ATA|| = 2 A%,
Indeed, we have

IVf(z) = Vi)l =2[|[ATA(z - y)|| < 2[|[A"A|| |lz =y Va,y e R".

Therefore, for v € <0 ], we can solve Ax = b with the iteration

_1
7 2)A7

ot = b — 2y AT (A2 —b) VK > 0.

7.3 The fast gradient method for convex optimization problems

In 1983, Nesterov introduced in [8] the following so-called accelerated/fast gradient method for
solving (7.1)): for 2° = z* € R", v € (0, LLWL

t1 =1 and {tpq:=

1+ /42 +1
4—2—” VEk > 1
(notice that 7, — typ1 — t§ = 0), let
t—1
yk P k (l,k _ xk—l)

(Vk > 1) tht (7.8)
aF =gk — AV ().

The sequence (y*);> is called the momentum sequence. For every k > 2 it holds

0< ) - 1 < 2 g (),

m argmin f
which means that (f(2"))r>o converges to f* with a convergence rate of O(75) as k — +oo, which
is faster than for the gradient method. However, it is not known whether the sequence of iterates
(%) >0 converges.

In 2015, Chambolle-Dossal introduced in [3] the following modified version of Nesterov’s accel-

erated/fast gradient method: for 2° = 2 € R, v € (0, LLW},

a>3 and tp=—— VE>1
(notice that 7, — tgp1 — ¢ < 0), let

e — 1
yk . k (xk . xkq)
(VE > 1) trt1 (7.9)

aF = yF — AV ().

The following holds:
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L

wz) as k — +o0;

(i) (f(2%))r>0 converges to f* with a convergence rate of O(

(i) if o > 3, then (f(2*))r=0 converges to f* with a convergence rate of o(5), and the sequence
of (x%)x>0 converges to an element of argmin f as k — +oo.

The convergence of the iterates to a global minimizer of f, for the fast gradient method with
Nesterov momentum and with Chambolle-Dossal momentum when o = 3, was shown in [2] in
October 2025.

The continuous counterpart of has the following formulation

(1) + %:ic(t) F V() =0

(7.10)
x(to) = .’L’O, ZL’(to) == l"o,

where t >ty > 0 and a > 3. It was proposed by Su-Boyd-Candés in 2015 for o = 3. The following

holds, as in discrete time,

(i) f(z(t)) — f* with a convergence rate of O(5) as t — +00;

(ii) if @ > 3, then f(z(t)) — f* with a convegrence rate of o(

element of argmin f as t — +o0.

), and x(t) converges to an

The convergence of the trajectory in case o = 3 was shown in [7] in October 2025.

Remark 7.9 For o = 3, the fast convergence rate for the objective function values can be obtained
by considering, for 2* € argmin f, the following energy function

€ [to,+00) = R, E(t) = *(f(x(t) — f) + S llta(t) +2(x(t) — z.)]*.

For all t > tg, it holds

%S(t) = 2t(f(x(t)) — fo) + OV f(x(®) 2 (t) + (t2(t) + 2(2(t) — 27))" (i (t) + 32 (1))
= 2t(f(x(t)) — fo) + OV f(2(®)T@(t) + (ta(t) + 2(x(t) — 2*)" (—tV f(2(t)))
= 2t(f(x(t)) — fx — (x(t) = 2")Vf(2(1)) <0
Hence, for all t > t,
E) _ E(to)

0< flz(t) - fis—~ <

7.4 The minimization of a strongly convex function

In the following, we will discuss the convergence properties of the gradient method when minimizing
a strongly convex function.
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Definition 7.10 (strongly convex function) A function f : R®™ — R is said to be strongly convex
(with modulus g > 0) if

FOz+1=Ny)+pA1=N) ||z — y||> < Af(x)+(1=A)f(y) for every z,y € R® and every \ € [0, 1].
The function f is strongly convex with modulus p > 0 if and only if

g:R" =R, g(a) = f(a) — pal®,

is convex. Every strongly convex function is strictly convex and it has a unique global minimum.

The following theorem characterizes the convergence properties of the gradient method with
fixed step size when applied to the minimization of a strongly convex function. Notice that if
f : R" = R is a strongly convex with modulus ¢ > 0 and differentiable function with a Ly -
Lipschitz continuous gradient, then, according to Lemma [7.3] it holds

plle = yl? + V@) (y =) + f(2) < fly) < fl2) + V(@) (y —2) + %Hx —y|I* Vo, y € R",

therefore p < %

Theorem 7.11 Let f : R® — R be a strongly convex with modulus j1 > 0 and differentiable function
with a Ly ¢-Lipschitz continuous gradient, x° € R", v € (O 4—“) and ¢ := 1—47u+72L2vf € [0,1).

7L2Vf

For the sequence (z%)1>0 generated by the gradient method with constant step size 7,
oM =gk — 4V f(2*) VE >0,
the following statements are true:

a) for every k >0, ||[zFT! — 2*
yr =V,

< Voo~

(b) (x¥)k>0 converges to x* with a convergence rate of OG/) as k — +oo;

, where x* is the unique global minimum of f;

(c) ify € <0, f%v“—f] , then (f(2%))r>0 converges to f* with a convergence rate of O(c*) as k — +oo.

Proof. Since pu < %, it holds ¢ > 1 —2vLy;+7°Lg; = (1 —=7Lvy)* > 0, whereas the condition
v E <O, ;é—”) guarantees that ¢ < 1.
Vs

(a) Let T : R* - R", T'(x) = x — vV f(x). We will prove that T" is a contraction. The function
f is strongly convex with modulus j, therefore f — 1 ]-||* is convex and we get from the gradient
inequality that for every xz,y € R"

(Vf(y) — 2y — Vf(z) +2u2)" (y—2) >0
& (Vi) = Vi) (y—=z)>2u(y—2)"(y—z) =2ully -z,
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Then we have for every z,y € R”
IT(x) = TW)|* = llz — y — ¥ (V () = VW)
= llz = yl* =27 (Vf(2) = V()" (& —y) +* [V f(@) = VI
Since (Vf(x) = Vf(y)" (x —y) > 2ully — 2| and |V f(z) = Vf(y)|]* < L& |z — y|, it yields

I7(@) = T < v =yl \/1 = 4rm+ 2Ly = Vel —y| Yoy R,

which proves that 7' is a contraction.
According to the Banach-Picard Theorem, the sequence generated by z¥+1 := T'(2*) for every
k > 0 converges to the unique fixed point of 7', which we denote by z*. In other words,

"t =T(x") =2"—7Vf(z") & Vf(z") =0,
which is equivalent to x* being global minimum of f. Furthermore, we get for everyk > 0
= |T(2") = T(«")|| < Vel|a* - o*
(b) Follows directly from (a) by applying the inequality & times.
(c) Since pu < Lyi it holds v E (O, L—éf) According to inequality (7.5, we get

k+1 ZL’*

=

2

2
2o Lo [0 — 2*||* = 12 = "I s
27

0< [ = f7 = f@™) = fa") < o [|o* — 2 T 250

Y

which proves the claim. [ |

8 The Newton method

8.1 Convergence rates

Definition 8.1 Let (z¥);>0 C R" be a given sequence.

(a) The sequence (z%)yso is said to converge linearly to z* € R™ if there exist ¢ € (0,1) and
ko > 0 such that
2" = 2| < glla” = 2" VE > K.

(b) The sequence (z¥);>¢ is said to converge superlinearly to z* € R™ if there exists a sequence
(ek)k>0 4 0 such that
2" — 2| < eplla® — 2| VE>o0.

(c) If ¥ — 2* € R™ as k — 400, then (2");>¢ is said to converge quadratically to z* € R™ if
there exists ¢ > 0 such that
a4 — o] < QU — a** vk > 0.
Remark 8.2 Superlinear convergence implies linear convergence and linear convergence implies

convergence. However, the last condition alone in Definition (¢) does not imply convergence,
reason why we assume it.
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8.2 The Newton algorithm for nonlinear equations

Let F: R™ — R" be a continuously differentiable mapping. We want to find z* € R™ that solves
the nonlinear equation
F(z)=0. (8.1)

k+1 we consider the linearization

Assume that 2% is an approximation of z*. In order to find z
of F at a*:

F,:R* = R", Fy(z) = F(a") + VF(a")(x — 2"), (8.2)

where VF : R® — R™" denotes the Jacobian of F. The new iterate z*t! is chosen as a solution

of the linear system
Fy(z) = 0. (8.3)

If VF(2*)7! exists, then
"=k — VF (%) R (2F).

In general, we do not want to calculate the inverse of a matrix explicitly, because it is very costly.
We actually need only a solution d* € R™ of the so-called Newton equation

VE(2*)d = —F(2%) (8.4)

and to set afterwards

-

Figure 8.1: One step of the Newton method.

Algorithm 8.3 (Newton algorithm for nonlinear equations)
1: Choose a starting point 2° € R" and set k := 0.
2: If F(z%) =0: STOP.
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3: Find d* € R" as a solution of the Newton equation

VF(z")d = —F(z").

4: Set 21 :=2F +d* k:=k+ 1 and go to Step 2.
In the following, for a matrix A € R™*" we denote by
[A]} = max{[|Az]] : [[=[] = 1}
the matrix (operator) norm of A induced by the Euclidean norm || - ||.

Lemma 8.4 (Banach Lemma)

(a) Let M € R™™ be a matriz with | M| < 1. Then I — M is regular and it holds

1

I—M) Y <—u .
H( ) ||— 1—||M||

(b) Let A, B € R™™ with ||I — BA|| < 1. Then A and B are regular and it holds

1—

e IE]
Il = I~ BA]

~— 1—||I — BA|

The following two lemmas will play an important role in the convergence analysis of the Newton
algorithm.

Lemma 8.5 Let F': R" — R" be continuously differentiable, x* € R™ and VF(x*) regular. Then

there exist € > 0 and ¢ > 0 such that for every x € B(x*;e) the matriz VF(x) is regular and
IVE@) 7 < e

Proof. By the continuity of VF, there exists € > 0 such that for every = € B(z*;¢) it holds

. 1
|VE(z) = VF(z")| < VEE )

Then we have for every z € B(z*;¢)
|1 = VF(@@*)'VF(2)|| = [|[VF (") (VF(z*) = VF(2))||
< IVF@) | [VF(*) — VF()] < % <1

By Lemma [8.4] (b) we get that for every x € B(z*;¢) the matrix VF(z) is regular and

V@)~

IVE@ N < o=

|| <2||VF@") | =«
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Lemma 8.6 Let F : R® — R" be an operator and (z*)1>0 — 2* € R™ as k — +o00.
(a) If F is continuously differentiable, then there exists (ex)k>0 4 0 such that

|F(2*) — F(z*) = VF(2") (2" — 2*)|| < e [|2* Vk >0,

i other words,

*

|F(z*) — F(z*) = VF(a")(a" — 2¥) ) as k — 4o00.

=o([[z" — =

(b) If F is continuously differentiable and VF' is locally Lipschitz continuous at x*, then there
exists C' > 0 such that

)

!‘F(xk)—F( )= VF(x )(x — "

Yk >0,

i other words,

*

|F(a*) — F(z*) — VF(2*) (2" — 2¥) *) as k — +o0.

= O(Hwk -

Proof. Recall that (Fréchet) differentiabilty of F' at z* means

[F(x) = F(e*) = VF (") (z — ")

=0.
z—a* [ — 2]

(a) By the triangle inequality, we have for every k > 0

|E (") = F(a%) = VF(@*) (2" — o)
< |[F@") = Fa") = VF@)(a" = a7)

) — VF(2*)) (2" — %)

We will address the two summands separately. First, we define for every k > 0

. if ok #£ 2

0, otherwise

o

HF(xk)—F(x*)—VF(a:*)(zk—x*) H
g) =

By the differentiability of F' at x* we have that ¢}, | 0 as k — +o00. Next, we define for every k > 0

ep = ||VF(a") = VF(z*)

By the continuity of VF at x*, we have that also €} | 0 as k — +00. We define ¢, := ¢} + ¢} for
every k > 0 and get

|F(z*) = F(z*) = VF(a")(a" — 2%)|| <
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(b) Let B(z*;0) be a neighbourhood of 2* on which VF' is Lipschitz continuous with Lipschitz
constant L.« > 0. Then there exists ky > 0 be such that z* € B(z*;0) for every k > ko. Then, by
the Mean Value Theorem in integral form, the following holds for every k > kg

F(2*) = F(a") = VF(2*)(a" — 27)
:/O VF(z" + (2" —a"))(a" — 27) dt = VF(a")(a" - 27)

= /01 [VE(z* +t(zF — 2%)) — VF(2")] (a* — 2*) at.

Taking the norm on both sides and invoking the Lipschitz continuity of VF on B(z*;d) (note that
¥+ t(x® — x*) € B(z*; ) for every k > k), we get for every k > kg

IF(z*) = F(a") = VF(z*)(@" — 2")|

< [ I9FG 10t =) - VEE ot -

1
L
§/ L.«(1—1) ka—x* 2 dt = —ka—x* 2
0 2
This yields that there exists C' > 0 such that this inequality is fulfilled for every k& > 0. |

Theorem 8.7 (local convergence theorem of the Newton algorithm) Let F': R™ — R™ be contin-
wously differentiable, x* a solution of (8.1) and VF(x*) a reqular matriz. Then there exists € > 0
such that for every x° € B(x*;¢) the following statements are true:

(a) Algom'thm is well-defined and generates a sequence (z¥)1>0 which converges to x*.
(b) The rate of convergence of (x*)xo is superlinear.

(¢c) If VF is locally Lipschitz continuous at x*, then the rate of convergence of (x*)gso is
quadratic.

Proof. (a) By Lemma [8.5] we know that there exist & > 0 and ¢ > 0 such that for every
x € B(x*;e1), the matrix VF(z) is regular and ||VF(z) || < ¢. Moreover, since F' is differentiable

and VF is continuous at x*, we know that there exist 5 > 0 such that for every z € B(z*;¢,) it
holds

[F(x) = F(z") = VF(z)(x — 27|
< [F(z) = F(2") = VF(2")(z = 27)[| + [VF(z) = VE@@)[| ||z — 27|

< Moo+ Lo —at = & o — a7
— | — X — |\ — X = — ||lT — X .
4c 4c 2¢c
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Let € := min{e;,ey}. For 2° € B(z*;¢), we know that VF(2") is regular and therefore z! :=
2% — VF(2°) 71 F(2°) is well-defined. Furthermore, by using that F(z*) = 0, we have

Hxl —l'*

= ||x0 — VF(@@") ' F(2°) — 2*
= [|[VF(2°) " (F(z*) — F(» )+VF (2% — )|
< [VEE) T [[=F(") + F) - VF< ")(«" —x*)

0 *

0 .

which implies that ' € B(z*; €) and therefore that z? is also well-defined. Repeating this argument
for every k > 0, we get
k
1
Qe
2

which implies that (z%)z>0 € B(z*;€) and therefore guarantees that the method is well-defined.
Lastly, we have that ¥ — 2* as k — +o0.
(b) We have for every k > 0

T

1
kaﬂ_ * <§ka—x*

Y

ka-i-l *

= Hx — VE(z") 1 F(2%) —
= ||[VF(*)"'(- F(xk)+VF( (2" —2)||
l(F |

)
= [|VF(a") " (F(a") = VF(a")(a" — %)) ]|
= |VF (") 1<F<w’f>—F< *> V(2" (" — >>H
< ||[VF@E") 7| ||F(=*) = F(z*) = VF(a") (2" — %)
< e[t - Fla) ~ VP@ha* ~2)
<coepfat

where the sequence (g4)>0 { 0 is provided by Lemma [8.6[ (a). This shows (b).
(¢) The statement follows by making use of Lemma (b) instead of Lemma (a) in the
above estimates. u

The following examples emphasize the importance of the assumptions in Theorem

Example 8.8 (a) The method may fail when F is not continuously differentiable in a neighbour-
hood of the solution x*. For instance, take

F:R—R, F(z)=2z'3 F'(z)= %x—m for x # 0.

The function F is not differentiable at 0. Furthermore, its unique zero is x* = 0. For 2 € R\ {0},
we have for every k > 0

k+1 k (xk)1/3

. _ k __ k—1 __ _ k+1,_.0



58 Numerical methods for unconstrained optimization problems

therefore (z");>¢ is not a convergent sequence.
(b) The method may fail when the starting point is not close enough to z*. For instance, take

F:R—R, F(z)=2"-2r+2 F(z)=32"-2

2 / 4 [) 1 2 3

Figure 8.2: The function F(z) = 2* — 2z + 2.

For the unique zero x* of F', it holds z* € (=2, —1) and F'(z*) # 0. We have for every k > 0
R4k (2F)3 — 22% + 2
' 3(xk)2 — 2
Then, for 2° = 0, we have 2! = 1 and 2? = 0, so the method alternates between 0 and 1. In

particular, it does not converge to z*. This happens because 2° is too far away from x*.
(¢) The convergence is not always quadratic. For instance, take

4
F:R—=R, Flx)=a+2"3 F(x)=1+ §x1/3.

In particular, £(0) = 0 and F’(0) = 1 and thus, by Theorem [8.7 there exists ¢ > 0 such that for
every 2V € (—¢,¢) the sequence generated by

Rk zk + (2F)V/3 _ %(xk)4/3
L+ 35(zF)/3 14 3(ak)1/3
converges to 0 superlinearly as k& — +o0.
However, if we check the definition of quadratic convergence, we see the following:

|£Ek+1 _ 0| B 1 ($k>4/3 1 1

2k — 02 3 (aF)2 + S(ak)7/3 ] (ak)2/3 4 Aok

— 400 as k — 400,

3

since ¥ — 0 as k — 400. Therefore, the convergence is not quadratic. This happens because F'
is not locally Lipschitz continuous at 0. Indeed, there is no Ly > 0 and no £ > 0 such that for
every x,y € (—¢,¢) it holds

4
|F'(z) — F'(y)| = glx”g — "B < Lolx —y.
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8.3 The Newton algorithm for optimization problems

We consider again the optimization problem (4.1))

min f(z),

but assume this time that f : R” — R is a twice continuously differentiable function.
The Newton algorithm for solving this problem is nothing else than the Newton algorithm for
solving the nonlinear equation

Vf(x)=0, (8.5)
where Vf : R® — R" denotes the gradient operator of f. The update rule reads for every k£ > 0
M= g = (VP f (M) TV (),

where V2f : R® — R™ " denotes the Hessian operator of f. In order to avoid the calculation of the
inverse of the matrix V2f(2*), one can determine a vector d* € R" fulfilling the Newton equation

V2/(2)d = —V f(2) (8.6)

and make the update
ot = b 4 d”, (8.7)

Algorithm 8.9 (Newton algorithm for optimization problems)
1: Choose a starting point 2° € R®, ¢ > 0 and set k := 0.
2: If |V f(z%)|| <e: STOP.
3: Find a solution d* € R™ of the Newton equation

V2 f(a*)d = =V f(*).
4: Set 2%t :=2F +d* k:=k + 1 and go to Step 2.

The local convergence theorem follows as a special case of Theorem 8.7 We set ¢ = 0 and
assume that Algorithm does not terminate after finitely many steps.

Theorem 8.10 (local convergence theorem of the Newton algorithm for optimization problems)
Let f : R* — R be twice continuously differentiable, z* € R™ a critical point of , which
means that V f(z*) = 0, and V2f(z*) a reqular matriz. Then there exists € > 0 such that for all
2 € B(z*;¢) the following statements are true:

(a) Algom'thm is well-defined and generates a sequence (z¥)>0 which converges to z*.

(b) The rate of convergence of (z*)1>0 is superlinear.
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(c) If V2f is locally Lipschitz continuous at x*, then the rate of convergence of (x*)p>o is
quadratic.

Remark 8.11 (a) To guarantee convergence to the critical point z*, one has to start in an un-
known neighbourhood B(z*;¢) of x*.

(b) The sequence (z*);>¢ might convergence to a local maximum of f, since local maxima also
satisfy V f(z*) = 0.

In order to solve these issues, one can combine the fast convergence properties of the Newton
method with the “global convergence features” (regarding the choice of 2°) of the gradient method.
This is done by first taking gradient steps to enter an appropriate neighbourhood of x*, and then
by taking Newton steps to converge fast.

Algorithm 8.12 (globalized Newton algorithm for optimization problems)
1: Choose a starting point 2° € R", p >0, p > 2, # € (0,1), 0 € (0,1), € > 0 and set k := 0.
2: If ||V f(2¥)| <e: STOP.
3: Find a solution d* € R™ of the Newton equation
V2f(a®)d = =V f(2F). (8.8)
If the Newton equation has no solution or if
V(R Tdb < —p||d¥||” (8.9)
is not satisfied, then set d* := —V f(a*).
4: Find t}, := max{f': 1 =0,1,...} such that
f@® +tpd®) < f(a%) + o, V f(2*) T db. (8.10)
5: Set ¢! := 2F + t,.d*, k := k + 1 and go to Step 2.
Remark 8.13 If the Newton equation has no solution or if the solution is “bad”, i.e. the inequality
VT < —p |

is not fulfilled, a gradient step is taken instead of a Newton step. Note that is not satisfied
means that d* is not a (“good enough”) descent direction.

We set ¢ = 0 and assume that Algorithm does not terminate after finitely many steps.
First, we prove the following statement.

Theorem 8.14 (subsequence convergence to a critical point) Let f : R* — R be twice continu-
ously differentiable. Then every accumulation (limit) point of the sequence (z*)1>¢ generated by

Algorithm [8.19 is a critical point of f.
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Proof. Let z* € R" be a limit point of (2%);>0, i.e. there exists a subsequence (z*);5¢ such that
akt — 2% as | — +oo. We assume that V f(x*) # 0. For every k > 0 it holds V f(2*)Td* < 0, thus

f(l’k+1) _ f(l’k—f-tkdk) < f($k> +O-thf<q;k)Tdk < f(q;k)a

therefore, (f(x"))x>0 is nonincreasing.

If d = —V f(xF) for infinitely many [ > 0, then the conclusion follows from the convergence
theorem of the gradient method with Armijo step size rule, Theorem [6.3]

Therefore, we can assume without loss of generality that d* is given for all [ > 0 as a solution
of the Newton equation . For all [ > 0 it holds

IVFE™) | =1V f@m)d™ || < V2 ™)l . (8.11)

We claim that there exist ¢; > 0 and ¢y > 0 such that

0<c¢ <|ld|| <e, VI>0. (8.12)
Indeed, assuming that inf;>q ||d*|] = 0, there exists a subsequence (d*s)>q such that ||d*:|| con-
verges to zero as s — +00. According to (8.11)), this leads to V f(z*) = 0, which is a contradiction.
On the other hand, assuming that sup,. ||d"|| = 400, there exists a subsequence (d*:),>( such
that ||d":|| converges to +o0 as s — +o00. According to , for every s > 0 we have
—V f(xhs)Tdks _
P g SIS,

which also leads to a contradiction, since the right-hand side converges to zero as s — +o0.
Since f is continuous, we have f(z") — f(z*) as | — 400 and, therefore, f(z*) — f(z*) as
k — +oco. Since for every k > 0

0 < oty Vf(z")'d" < f(a) — f(a*)

and f(z%) — f(z*) — 0 as k — +oo, it yields t;,Vf(z*)Td* — 0 as k — +oo, and so
ty, Vf(z*)Td" — 0 as | — +o0.

Next we will show that the sequence (tj,);>o is bounded away from zero. We assome without
loss of generality that ¢;, — 0 and, in accordance with , that d¥ — d* # 0 as | — +o0;
otherwise, we may pass to suitable subsequences. For every [ > 0, we have t;, := ™. By the
Armijo rule, it holds for every [ > 0

Flak -+ B > [(a) + 0B f(a) T
or, equivalently,

flah 4 pmatdt) — f(zh)

kT 7k
G > oV f(x™)"d™.
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Note that this holds because, by the Armijo rule, my, is the first exponent for which the inequality
f(ab g gmadt)y < f(ak)+op™aV f(xk)Td is fulfilled, so for ™!, the inequality is not fulfilled.
Lemma [6.2] gives

Vf(*)'d > oV f(a)'d",
which implies V f(z*)Td* > 0. On the other hand, implies V f(z*)Td* < —p||d*||P < 0, which

leads to a contradiction.

This means that there exists ¢ > 0 such that ¢, > t > 0 for all I > 0, consequently,
Vf(xk)Td" — 0 as | — +o0o. Making again use of , from here it follows that d* — 0
as | — 400, which is a contradiction to (8.12)). In conclusion, V f(z*) = 0. |

Next, we demonstrate that if one of the accumulation points of the sequence (2¥);>¢ possesses
a specific property, then the entire sequence converges to this point.

Definition 8.15 (isolated accumulation point) Let (z¥)>o € R™ be a sequence and x* an accu-
mulation point of it. We say that * is an isolated accumulation point of (z¥)>¢ if there exists
e > 0 such that B(z*;¢) contains no further accumulation points of (z%);o.

Lemma 8.16 Let x* € R" be an isolated accumulation point of the sequence (z*)>0 C R™ with the
property that for any subsequence (z*);>o that converges to x* it holds lim;_, o (zM+ — zk) = 0.
Then the whole sequence (z*)y>o converges to z*.

Proof. We assume that (z*);>0 does not converge to x*. Let € > 0 be such that z* is the only
accumulation point of (z%)3>¢ in B(x*;¢). Let (2%);59 be a subsequence of (z¥),>¢ such that
zF — 2% as | — 400 and (z*);59 C B(x*;¢).
For all [ > 0, let
my = max{t:||z® — 2| < e Vk < s <t}
For all [ > 0, m, is well-defined, since there exists ¢ > k; such that ||#* — z*|| > €. This means that
forall l >0

ml+1

|lz™ —2%|| <e and |z —z¥|| > e.

The sequence (z);>o is bounded and each of its accumulation points lies in B(z*;¢), meaning
they are all equal to z*. This implies that ™ — z* as [ — +o00. Let [; > 0 be such that

la™ — 2% < g Vi > Iy,
From here, we get that for all [ > [
€
3
This leads to the desired contradiction. [ |

[ = 2™ = fla™ = 2| = [l — 27| >

Theorem 8.17 Let f : R® — R be twice continuously differentiable, and x* an isolated accumu-
lation point of the sequence (x*)y>o generated by Algorithm . Then (2%)i>o converges to x* as
k — +o0.
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Proof. Let (z*);50 be a subsequence of (z¥),>o such that z¥ — 2* as | — +o0. According to
Theorem 8.14) V f(z") — V f(2*) = 0 as | — +oc. Since t; € (0, 1], for all £ > 0 it holds

2% — a®|| = tella®|] < |-
For all I > 0 for which d* fulfills , by the Cauchy-Schwarz inequality, we have
plld“ "=t < IV ("),

while for the other indices [ > 0, we have d® = —V f(2*). This implies that ||d*| — 0 as | — +o0,
therefore, ||2%! — 2%|| — 0 as | — +o00. The conclusion follows from the lemma above. |

The following lemma shows that the positive definiteness of the Hessian of a function f at a
point x* extends uniformly to points in a neighborhood of x*.

Lemma 8.18 Let f : R™ — R be twice continuously differentiable, and x* € R"™ such that V?f(z*)
is positive definite. Then there exist 6 > 0 and o > 0 such that

d"V2f(z)d > a|d||* Yx € B(z*;§) VdecR™

Proof. Assume by contradiction that for all k& > 1 there exists 2% € B(z*; ;) and d* € R™ such
that

1
()" V2 f@h)d" < a1

(HZI;H)TVQ’“ @ (ja) < &

This implies that for all £ > 1

Considering a subsequence <H3_ZH> that converges to d* # 0 as [ — +o00, we obtain that
1>1
(d*)TV?f(z*)d* < 0, which contradicts the positive definitness of the Hessian. |

The next result shows that, under certain assumptions, the globalized Newton algorithm accepts
the step size t;, = 1 for sufficiently large k, provided that the direction d” is given by a solution of
the Newton equation ({8.§]).

Theorem 8.19 Let f : R" — R be twice continuously differentiable, x* € R™ such that V f(z*) =0
and V2 f(z*) is positive definite, (x%)z>0 C R a sequence which converges to x* as k — +oo, and
(d*)1>0 C R™ the sequence of Newton directions

d* = —V2f (") 'V f(2F) VE>0.
If o € (0, %), then there exists ko > 0 such that

fla® 4+ d*) < f(a*) + oV (™ Td* Vi > k.
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Proof. Let ¢ > 0 be the constant provided by Lemma and k{, > 0 such that
IV2f(z*)7H < e Yk > k.
Thus, for all & > kj it holds
@[] < [IV2f ") IV )] < el VI,

which proves that d¥ — 0 as k — +o0.
Since V2f(z*)~! is positive definite, according to Lemma , there exist a > 0 and k{ > 0
such that
V)TV V) 2 ol V)2 VR > K.

For all k > 0, we apply Taylor’s Theorem and get &% € (2%, 2% + d*) such that
1

@ +d") = f(z%) + Vf(")"d" + 5

(a2 f(Eh)d".
Since & — x* as k — +oo and o € (0, 1), there exists k' > 0 such that

(“ - 3) o %CQHWJC(@) — V2 f@)] <0 vk >k

Consequently, for all k > ko := max{k{, k{, k{'} it holds

Pl 4 d¥) = F(a¥) + VAT 4 ()T
; LT (V) — V) o

= P+ VR VR (T (V) — V)

= Ja) + VIR + (@) +

< )+ S VI + PV - V)

< f(xk) + UVf(xk)Tdk + <%

~ o) VI 4 JEPITAE - P
= )+ oV~ (5 - ) VT A
S M2 A(E) — V)

< )+ oV~ (5 = 0 ) all VA + GERITAE - P

< )+ oV (o= ) ak JRIVEHE) - VAN ) IV AP
< f(a*) + oV f(zh)Td",

which concludes the proof. [ |
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We are now ready to present the following convergence theorem for sequences (z*)>o generated
by the globalized Newton algorithm that have an accumulation point z* € R™ for which V2 f(z*)
is positive definite.

Theorem 8.20 Let (z%);>0 be a sequence generated by Algorithm and z* be an accumulation
(limit) point of (x*)r>0 such that V2 f(z*) is positive definite. Then the following statements are
true:

(a) The entire sequence (x*)g>o converges to x* as k — +oo, and x* is a strict local minimum

of f.
(b) For sufficiently large k, the direction d* is the solution of the Newton equation (8.8)).
(c) For sufficiently large k, the algorithm accepts the step size ty = 1.
(d) The sequence (x*)g>o converges superlinearly to x* as k — +oo.

(e) If, in addition, V2 f is locally Lipschitz continuous at x*, then (z%)y>o converges quadratically
to x* as k — 4o00.

Proof. (a) According to Theorem , z* is a critical point of f. Since (f(2*))x>0 is nonincreasing
and a subsequence of it converges to f(z*), f(z*) — f(z*) as k — +oo. This shows that f takes at
every accumulation point of (z¥)>¢ the value f(z*). Since V2f(x*) is positive definite, according
to Theorem x* is a strict local minimum of f. This proves that z* is an isolated accumulation
point of (2*)g>o. By Theorem * — 2% as k — +o0.

(b) Since V2f(z*) is positive definite, there exists ko > 0 such that the matrices V2 f(z*) are
positive definite and therefore invertible. This means that the Newton equation has for all k£ > kg
a unique solution. By Lemma [8.5] there exist ¢ > 0 and k; > kg such that for all & > &y

IV2f )M < e,

consequently,

la*]] < V£ (M)l
Applying again Lemma [8.18] there exist o > 0 and ky > k; such that for all & > ks

d"V2f(z")rd > al|d||* Vd e R™
Therefore, for all £ > ko it holds
o Q _ _
C—QHdkH2 = g\lvzf(ivk) WEEMIP <V )P < VRV )TV (@) = =V f(aF)Td

From Vf(z*) — Vf(z*) = 0 as k — +oo0, it yields ||d*|| — 0 as k — +oc. This yields that there
exists ks > ko such that for all £k > ks

(0%
Vi) d < =S d"* < —plld"|P,
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which proves (b).

(¢) The statement is a direct consequence of (a), (b), and Theorem [8.19

(d)-(e) Due to (a), (b) and (c), Algorithm coincides in a neighbourhood of z* with the
local Newton algorithm. Consequently, the two algorithms share the same convergence properties.
The statements follow from Theorem [8.10] (b) and (c), respectively. [



Chapter 111

Numerical methods for constrained
optimization problems

In this chapter we will study numerical methods for optimization problems of the form ([1.5))

min f(z).

such that ¢g;(x) <0,i=1,...,m
hj(x) =0,i=1,...,p
reR"

9 Penalty methods

9.1 The penalty algorithm

The constrained optimization problem (1.5) will be approached by a sequence of unconstrained
optimization problems. In each iteration, an unconstrained optimization problem is solved. The
objective function of every unconstrained problem will penalize the violation of the constraints of
. We will first consider optimization problems with only equality constraints, more specifically,

min f (),
such that hj(z) =0,i=1,...,p (9.1)
reR"
where f:R" - R and h = (hy,...,hy) : R" — RP are continuous functions.

Definition 9.1 (penalty function) Let o > 0. The function
n a
P(;a):R* =R, Plza) = flz) +5 1h(2)]1%,
is called penalty function. In this context, a > 0 is called penalty parameter.

67
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Remark 9.2 Let X := {z € R" | h;(z) = 0,5 = 1,...,p} denote the feasible set of the problem
(©.1). Then, for all @ > 0, P(-;) and f coincide on X.

The idea of a penalty algorithm is to minimize the penalty function P(-;«) in order to get a
solution of . In particular, we want to force the element to be feasible. To this end we will
take o large, which forces ||A(-)||* to be small.

Example 9.3 Let f,h:R — R, f(z) = 2% and h(z) = x — 1. The global minimum of (9.1)) in this
case is * = 1. We calculate 2*(«) as the global minimum of P(+;«) over R for growing values of
a:

3 1
azl:>P(:v;1):§:v2—x+1:>m*(1):§
5
a=10 = P(z;10) =62° — 10z +1 = x*(m):6
10
a=20 = P(;20) = 112" — 20z +1 = 27(20) =
k+2 k
=k = P(x;k) = 2 kr+1 = k)= ——.
« (x; k) x T+ z* (k) 1o

We see that z*(a) — 1 as @ — +00.

For a strictly monotonically increasing sequence (ag)iso C (0,+00), we calculate z¥ as a
“minimum” of P(x;ay). We hope that (z¥),>¢ converges to a global minimum of (9.1]).

Algorithm 9.4 (The penalty algorithm)
1: Choose g > 0 and set k := 0.

2: Find 2% as a global minimum of the unconstrained optimization problem

min P(x; ay). (9.2)

rEeR?

3: If h(z*) = 0: STOP.
4: Choose a1 > ay, set k:=k+ 1 and go to Step 2.

Theorem 9.5 Let f : R® — R and h = (hy,...,h,) : R — RP be continuous functions, and
(a)k>0 a strictly monotonically increasing sequence with o — +00 as k — +00. Assume that
the feasible set X is nonempty and denote f* := inf,cx f(z) < +oo. If (x%)x>0 is the sequence
generated by Algorithm [9.4), then the following statements are true:

(a) The sequence (P(z*;ax))is0 is monotonically increasing.

(b) The sequence (||h(z*)||)k=0 is monotonically decreasing.
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(c) The sequence (f(x*))rso0 is monotonically increasing.
(d) It holds h(z*) — 0 as k — +oc.
(e) Every accumulation point of (z¥)i>o is a global minimum of .

Proof. Let k > 0.
(a) Since z* minimizes P(-; ay), we have P(z"; ay,) < P(2F+1; o). In addition, it holds

P($k+1;ak) _ f(:vkﬂ) + % ||h(l,k+1)H2
< f(mk—l—l) + % ||h($k+1)H2 _ P(xk+1;04k+1)-
Therefore,

P(a*;ap) < P(2" o) < P2 ag).

(b) We have
P(xk; ag) + P(ka; apr1) < P(ka; ag) + P(xk; Qi)

or, equivalently,
SR + = |t |* < S lAEH |+ 5 [aEh|
This is further equivalent to

(s — ) ([[R@D]° = |az))|) <0 & [[aEY)|” < [|hEb))

because a1 — ap > 0.
(c) Using P(z*;az) < P(2*1; y,) and part (b), we get

Fb) + S RGP < @)+ [aH [P < @t + ZEaEh
therefore f(z*) < f(z**1).
(d) We have
P(2*;ap) = inf P(z;04) < inf P(x;a;) = inf f(z) = f* < +oo. (9.3)

zER"™ reX reX

On the other hand, by (c),

2 2
|7 = f(2°) + = [[h&M)]] > f(=°).
Since aj — 400 as k — 400, the statement follows.

(e) Let x* be a limit point of (2*)z>. Then there exists a subsequence z* — z* as | — +o0,
and therefore by continuity of h and (d), it holds h(z*) = 0, in other words z* € X. Furthermore,

by (9.3),

P(a*;an) = f(a*) + 5 || (")

fa®) = lim_f() < lim P(a*;a0,) < f° = inf f(2),

l—+00 zeX
and thus z* is a global minimum for (9.1)). |
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Remark 9.6 The stopping criterion in Algorithmmakes sense. Indeed, inequality (9.3) implies
that for all K > 0

f@®) < Pz ap) < f* = inf f(2).

zeX

If h(z*) = 0 for an index k > 0, we have z* € X, which means that z* is a minimum for (9.1)).

Remark 9.7 In order to obtain a similar algorithm with the corresponding convergence statement
for the optimization problem (|1.5]), we just have to reformulate this as

min f (),
such that (¢;)+(z) := max{0,¢;(z)} =0,i=1,...,m
hj(:c):O,j:L...,p,
r €R".

where f : R = R, g = (¢1,...,9m) : R® = R™ and h = (hy,...,hy) : R® — RP are continuous
functions. The corresponding penalty function reads for o > 0

P(w;a) = f(2) + 5 @) + 5 llg+ (@)

= J(@) + 5 0@+ 5 D (max{0, gi(x)})*

=1

By using the “max function” we might lose differentiability. However, in this chapter we only
need the continuity of g, so this is not a problem for now. Note that ultimately we want to
minimize P(-;«) using an algorithm that definitely depends on the differentiability properties of
h and g. In particular, even if h and g are twice continuously differentiable, P(-; ) may only be
once continuously differentiable.

Next, we will assume that f and h in (9.1 are continuously differentiable. If 2* is a minimizer
of P(;ay), for k > 0, then

p
0= VP a) = V(") +ar > hia*)Vhy(ah). (9.4)
j=1
Choosing
,u? = aphj(z®) €R, j=1,...,p, and pF:=(uf, ... ,,ul;)T € RP, (9.5)

one may expect that the sequence (z*, u*);>0 has as a limit point a KKT point (z*, u*) of (9.1)).

Theorem 9.8 Let f : R — R and h : R" — RP be continuously differentiable functions. Let
(:L‘k)kzo be a sequence generated by Algorithm with limy_, oo ©¥ = x* such that the vectors
Vhi(z*),...,Vhy(z*) are linearly independent, i.e. (LICQ) for is fulfilled at x*. Let (p*)r>o
be the sequence defined in . Then, the following statements are true:
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(a) The sequence (u*)x>o converges to an element u* € RP as k — +o0.

(b) The pair (x*,u*) is a KKT point of , where p* is the uniquely determined Lagrange
multiplier corresponding to x*.

Proof. (a) For all k > 0, let Ay := Vh(z") € RP*™ and A, := Vh(z*) € RP*". Then, as h is
continuously differentiable, we have

A, — A, and AkAf — A*Af as k — +oo.
The matrix A, AT is positive definite, therefore invertible. Indeed, for all z € R it holds
TAATz = (AT2)TAL 2 = HA*TZHQ >0,
and furthermore
P
HAszQ =0 Al2=0 < Zzthi(x*) =0 & z2=0,
i=1

where the last equivalence follows by (LICQ).
Let ko > 0 be such that for all k > ko the matrix AzA{ is regular and (A, A7)t — (A, AT)7!
as k — +oo. Combining (9.4 and (9.5), we obtain for all & > kg

0= Vf(z*) + Zﬂfw & > phVh(h) = —Vf(h) e AlpF = -V ("),

7j=1

Therefore, for all k > kg,
A AT = — AT () & = —(AAT) AT f(a).
Taking the limit as k — 400, it yields
pF = —(AAD) ANV f () =
(b) For all k > kg it holds

0=Vf(a*)+ Z VR ("),
7=1
Taking the limit as k — 400, we get

0=V/f(z +Zujw

In addition, we have by Theorem
h(xz*) = lim h(z*) = 0.

k—00

Therefore, (z*, u*) is a KKT point of (9.1]), and the uniqueness of p* follows from Theorem . [ |
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9.2 Exact penalization

The idea of exact penalization is to determine a fixed “convenient” penalty parameter & instead
of a sequence of penalty parameters and to consequently solve only one unconstrained problem.
Consider the constrained problem (|1.5)

min f(z),

such that ¢g;(x) <0,i=1,...,m
hj(x)=0,i=1,...,p
xr eR"

where f : R" = R, g = (¢1,...,9m) : R®* = R™ and h = (hy,...,h,) : R* — RP are continuously
differentiable functions. One can construct a general class of penalty functions by choosing

Po(z;a) = f(z) + ar(z), (9.6)
where r : R® — R is a function, which is at least continuous, such that
r(z) >0 Vzr e R"

and
r(z) =0 & ze X,

where X is the feasible set of ([1.5)). For
1 2
r(@) = 5 ll(g+(2), A@)II",
we obtain the penalty function from Remark [0.7]

Definition 9.9 A penalty function of the form is called exact at a local minimum x* of (|1.5))
if there exists & > 0 such that z* is a local minimum of P.(-; «) for all a > a.

We will show that if P, is exact at a local minimum z*, then r cannot be differentiable. This means
that one cannot a priori use algorithms designed to solve unconstrained differentiable optimization
problems to minimize P,(-; «).

Theorem 9.10 Let z* be a local minimum of such that V f(z*) # 0. Let P, be exact at x*.
Then r is not differentiable at x*.

Proof. If r is differentiable at x*, then there exists @ such that for all o > @, it holds
VP.(z%;a) =0 < Vf(z")+aVr(z") =0.
This implies that for all ay, ay > & with a; # ae, we have
a1 Vr(z*) = =V f(z") = auVr(z"),

which implies Vr(z*) = 0 and thus V f(2*) = 0 — a contradiction. |
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Remark 9.11 The assumption that V f(z*) # 0 in Theorem is necessary, however, it is not
very restrictive. If 2* is a local minimum of (1.5)), we usually do not expect that Vf(z*) = 0. It
happens if z* € int(X), however, in this situation we do not need the penalty method at all — we

can use algorithms for unconstrained optimization problems to find a local minimum of f.

All this motivates the ansatz
r(z) = [[(g+ (), h(2))], ,

where
||Z|| = { (Zz |Zi|q)1/q7 if 1 < q < o0,
q

max;{|z|}, if ¢ = o0,

which leads to
Py(z;a) = f(z) + a|l(g+(2), h(z))]], -

For ¢ = 1, we obtain the exact /; penalty function
m p
Py(z;0) = f(z) + Y max{0,g;(x)} +a ) |h()].
i=1 Jj=1

For ¢ = oo, we obtain the exact /., penalty function

Py (z;a) = f(x) + amax {max{0, g;(z)}, ..., max{0, g (z) }, |1 (x)], ..., |hp(x)]} .

For ¢ = 2, we obtain the exact /5 penalty function

m P 1/2
Piic) = ) + o Smax{0. a0} + Y (@) )

(9.7)

Theorem 9.12 Let g € [1,00] be such that P, is exact at a local minimum x* of (1.5). Then Py

is exact at x* for every ¢ € [1,00].

Proof. Assume that P, is exact at 2* for ¢ € [1, 00]. In other words, there exists @ > 0 such that
for all &« > @, 2* is a local minimum for P,(-; o). This means that for all & > & there exists («)

such that for all x € B(z*;e(«)) it holds
P,(z";a) < Py(z; ).
Let ¢’ € [1,00]. Then there exist ¢;,co > 0 such that for all z € R™*?
allzlly < lzlly < e llzlly -
In particular, for z = (1,0,...,0)T, we get

01§1§02.
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/

Let &' := cpa and take a > &'. Note that & > ¢ = a. Then, for all z € B(z*;¢(a/cp)), it holds

Ey(a%a) = f(z%) + ol (g4(27), h(z")l = f (7).

For this same reason, we get for all x € B(z*;e(a/c2))

Pyl 0) = f(@%) = f7) + = Nga(e”), b)),
= Py(a" afca) < Py(x;a/cs)
= f(z) + C% 1(9+(x), M), < f(z) + a|[(g+(2), (),
= Py(z;0).
Therefore, z* is a local minimum of Py (-; ). [

Next, we will show that, for some classes of problems, exact penalty functions can be con-
structed.

Theorem 9.13 Let (z*, \*, u*) € R" xR™ xRP be a KKT point of the convex optimization problem

(2.1)

win f(z),
such that ¢;(z) <0, i=1,...,m
Axr=b
xreR"
where f,qg; : R" — R, = 1,...,m, are continuously differentiable and convex functions, and h :

R®™ — RP, h(z) = Ax — b. Then there exists & > 0 such that x* is a global minimum of P(-;«) for
all o« > @. In other words, Py is exact at x*.

Proof. First, notice that
m p
v Liw, A ) = f(2) + ) Mgila) + ) phy(x)
i—1 j=1
is convex. The gradient inequality, together with the fact that (z*, \*, u*) is a KKT point, implies
that for all x € R™ it holds
0=V L(* N,y (x —2%) < L(x, \*, 1) — L(z*, \*, p*)

or, equivalently,
L(z*, X, 1) < L(x, N, ).

We define
Q= ”()\*,,u*)“m - maX{AT? R X:n? |/~L>{|7 SRR |M;|}7
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and choose a > a. Then, for all x € R™ we have

Pi(aa) = f(27) + al(g4(27), h(z)]y
= f(z")

= f@)+ > Ngi(a) + > pwihy(®).
i=1 j=1

Continuing from here, we get for all z € R”
P1($*7 Oé) = L(ZB*’ )‘*a ,U*) S L('T7 )\*7#*)

= f(2) + Z Aigi(x) + Zu}fhj(fc)
< fle) + Z A max{0, gi(z)} + Z 14511y ()]

< f(z)+ a(;max{o,gxx)} D> |hj<a:>|)

< f(@) + all(g4 (), h(x)lly
= Pi(z; ).

Remark 9.14 According to Theorem [9.13] if 2* is a global minimum of (2.1)) and (Slater CQ) is
fulfilled, then P, is exact at z* for all ¢ € [1, 00].

We close this section by addressing the exactness of the ¢y penalty function P in the context
of the optimization problem (1.5) with f,g;,h; : R* = R,i = 1,...,m,j = 1, ..., p, continuously
differentiable functions. Recall that for all x € R™

m

P 1/2
P ) = 110+ Y max{0.g o)} + Do (0y(o))? )

1=1

and

m p 1/2
ro(z) = (Z(maux{(),gi(ac)})2 + Z(h](x))2> )

i=1 j=1

Lemma 9.15 Let x* be a local minimum of , which fulfills (MFCQ). Then, for every sequence
(2%)r>0 with 2% — 2* as k — +oo and 2% ¢ X for all k > 0, there exists ¢ > 0 such that
||Vr2(xk)|| > ¢ for all k > 0.
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Proof. Let (z¥)1>0 be a sequence such that z* — 2* as k — +oo, 2% ¢ X for all k£ > 0, and
|Vra(a*)|| = 0 as k — +o0. Note that if 2 ¢ X, then r5(z*) > 0 and therefore, Vry(z*) exists.
An easy calculation yields

>y max{0, g;(z")}Vgi(a*) + 38 hy(2")Vhy(2")

ro(2k)

—prng +Zush "),

7=1

Vry(z*) =

where for all £ > 0 we define

1
T i =1, ...
i om0, gi(a)}. i =1,

koo
Hj 7o (2F)

For all £ > 0 it holds

where p* := (pf,...,pk)" € R™ and p¥ := (uf,..., k)" € RP. Then there exists a subsequence
(p™, 1*t);>0 such that

lim (pM, 1) = (p, p) € R™ x R™ and ||(p, )|, = 1.

l—+o00

Obviously, p; > 0 for all e = 1,...,m. We will prove that actually p; =0 forall:=1,...,m
As a first step, let i ¢ A(x*). Then

0> gi(z*) = l}grgogi(xk),

so for k large enough, we have g;(x*) < 0 and therefore, by definition of p¥,

pi = lim pkl =0.

l—+o0

Next, we have for all [ > 0
Vrs(z Zpiﬂvgz k:z ) + ZM;WVh k:z

Taking the limit as [ — +o00, we get

0= Z/)Ngz )+ Zm (9:8)
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Multiplying this equation with the vector d € R™ given by (MFCQ) (b), we get
p
0= > pVgi(a")'d+ _ p;Vh(z")"d.
i€A(x*) Jj=1

Since Vg;(z*)Td < 0 for all i € A(z*) and Vh;(z*)'d = 0 for all j = 1,...p, we conclude that
p; = 0 for all i € A(z*) and therefore p = 0. Therefore, reduces to

p
0= Z MJth(x*)v
j=1

and, since the vectors Vh;(z*) are linearly independent, by (MFCQ) we conclude that p = 0.
Then (p, u) = 0 and this is a contradiction to ||(p, 1)|| = 1. |

Theorem 9.16 Let z* be a strict local minimum of (1.5), which fulfills (MFCQ). Then there exists
a > 0 such that x* is a local minimum of Pa(-;«r) for all « > &. In other words, Ps is exact at x*.

Proof. Since z* is a strict local minimum of (1.5)), there exists € > 0 such that
fz*) < f(x) VaxeBe)n X\ {z}. (9.9)

Assume that the statement is not true. Then there exists (ax)r>o with a, — +00 as k — +oo
such that, for all £ > 0, z* is not a local minimum of P(-; ;). On the other hand, for all £ > 0,
let ¥ be a global minimum of

min Py (z; ay),

s.t. © € B(z*;¢/2)
where B(z*;¢/2) denotes the closure of B(z*;¢/2). It holds Py(z*;au) < Py(z*;az). Indeed, as-

suming that P (2%; ay,) = Py(2*; ) would mean that Py(z%;ay) < Po(x; ay) for all z € B(x*;¢/2)
— a contradiction to x* is not a local minimum of P,(-; o). The following holds for all £ > 0

F@™) + o [ (g4 (), h(z)) ||, = Pa(a™s )
< Py(a2™; o)
= [(@") + ai [[(g4(27), h(z))l, = f(2), (9.10)
where the last equality holds since ||(g4(x*), h(x*))||, = 0.

Next, note that since (x¥);>¢ lies in the compact set B(z*;&/2), there exists a convergent
subsequence (z¥);5¢ with

lim z* :=7% € B(z*;¢/2) C B(x*;¢).

=400

By (9.10), we have that for all { > 0

Fa™) + an [|(g4(2"), h(z™)) |, < f(").
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Taking the limit as [ — +o00, we see that it must hold

1(g+(@), h(@))ll, = 0,

and thus r € X. Furthermore,
f(@) < fa%)

and therefore T = x*, because T € B(z*;¢) N X and z* is the unique minimum of f on this set.

Then,

k; *

lim 2™ = z*,

=00

and thus there exists [y > 0 such that
2" € B(z*;e/2) VI > .
By the definition of the sequence (z¥)y>0, we have for all [ > Iy
Py(z";au,) < Pay(w;0n,) Vo € B(x¥¢/2).
From here we conclude that
VP (2" ap,) =0 VI >l

For all [ >y, since 2% € B(x*;¢/2) and f(2®) < f(x*), it must hold 2% ¢ X. Therefore, for all
l 2 lOa
Vf(a*) + oy, Vg (z™) = 0. (9.11)

From Lemma we know that there exists ¢ > 0 such that for all [ > [
||Vr2(xkl)|| > c.

This implies

liifloo o, || Vra(a™)|| = +o0.

On the other hand, the sequence (Vf(z"));>o is bounded, since (z*');5q is bounded and Vf is
continuous. This leads to a contradiction to (9.11)) and proves therefore the theorem. n

Remark 9.17 If z* is a strict local minimum of (1.5, for which (MFCQ) is fulfilled, then P, is
exact at x* for all g € [1, 00].

10 Sequential Quadratic Programming (SQP) methods

Sequential Quadratic Programming (SQP) methods are among the most important numerical
methods for solving of differentiable nonlinear optimization problems.
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10.1 Lagrange-Newton iteration

First we will consider optimization problems with equality constraints of type (|9.1])

min f(x),
such that hj(x) =0, =1,...,p
reR"

where f : R - R and h = (hy,...,hy) : R* — RP are twice continuously differentiable functions.
Let

Lix, u) = f(x) + 1" h(z)

be the corresponding Lagrange function and

Vol(z, 1) = Vf(x) + Vh(z)'pp =0
h(z) =0

the corresponding KKT system of optimality conditions. We would like to use the Newton method
for nonlinear equations to solve this system. To this end, we define ¢ : R® x RP — R™ x RP as

¢ R" X R? = R" x Rp? (b(I?M) - < Vf(m) Z(Xh(z)Tlu ) )

and write the KKT system equivalently as
o(z, 1) = 0. (10.1)
The so-called Lagrange-Newton iteration for solving is as follows:
(2L, (B 1Y = (2R, 1F) — V(a®, 1b) Lo (zk, 1F) Yk > 0.
Algorithm 10.1 (Lagrange-Newton iteration)
1: Choose (2%, 1) € R* x RP, ¢ > 0 and set k := 0.
2: If ||p(ak, u¥)|| < e STOP.

3: Find (Az*, Ap*) € R® x RP as a solution of the linear system of equations
AxF
ko k ok k
Volah i) (g ) = (et )

4: Set (xFHL bty o= (2% p4*) + (Axk, ApF), k== k + 1 and go to Step 2.

For the convergence analysis, we set € = 0 and assume that Algorithm does not terminate
after finitely many iterations.

We know from Theorem 8.7]that Algorithm converges superlinearly to an element (z*, u*) €
R™ x RP such that ¢(z*, u*) = 0 if Vo (z*, p*) is regular. When is this the case? Can we formulate
a condition that guarantees this in terms of f and h?
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Theorem 10.2 Let (z*, u*) € R" x RP be a KKT point of (9.1) such that the following conditions
are satisfied:

(1) (LICQ) holds: the vectors Vhy(z*),...,Vh,(z*) are linearly independent;
(ii) for all d € Ty(x*) = Tyn(x*) = {d' € R" | Vh(z*)Td =0Vj =1,...,p} \ {0}, it holds
A"V o L(x*, u*)d > 0,
in other words, V. L(x*, u*) is positively definite on To(x*).
Then Vo(z*, p*) is regular.

Proof. We will show that the only solution of the linear equation Vo(z*, u*)g = 0is ¢ = 0. It

holds ) .
voirw) = (Vi TG ) erer e,

and, for ¢ = (¢!, ¢*>)T € R® x RP,
1
Vo(a®, i) ( L ) =0

is equivalent to the linear system of equations

V2, L(x*, p*)q" + Vh(z*)"¢* = 0
Vh(z*)g' =0
and further to
2 L(x* ) 1 P 2 () —
Vhi(z*)'¢" =0, j=1,...,p.
Multiplying the first equation on the left by (¢*)? gives
(¢")"' Vi L(a" 1)g" + qu NIV hy(2*) = 0.

Since
(¢")'Vhj(z*) =0, j=1,....p
this reduces to
(¢)'VZ,L(z* 1*)g" = 0.

Furthermore, the second equation in (10.2)) also implies that (¢') € Ty(x*) = Ty, (z*). By assump-
tion (ii), we conclude
q' = 0.
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Using again the first equation in ((10.2)), we have

Z 2V h;(z*) = 0.

Assumption (i) gives
q]2:0’ j:]"""p?
therefore ¢ = 0. This proves that Vo(z*, u*) is regular. [
To get a convergent sequence to a KKT point (z*, u*) of (9.1]), we also have to choose (x°, u°)

in a suitable (unknown) neighbourhood of it.
In the following, we study the optimization problem ([1.5)

min f(z),
such that ¢g;(x) <0,i=1,...,m
hj(x)=0,i=1,...,p
reR"
where f : R - R, ¢ = (¢1,...,9m) : R = R™ and h = (hy,...,h,) : R® — RP are twice

continuously differentiable functions. Recall that the KKT system of optimality conditions for

(1.5) reads

V.L(x, A\ 1) =0
h(z) =0 (10.3)
)\i Z O,QZ(x) S 07)‘192('1;) = O,Z = 17 RN

where
L(x, A p) = f(x) + A g(x) + p" h(x)

is the corresponding Lagrange function.
Next, we rewrite (10.3)) as a nonlinear equation, as we did for the optimization problem with
only equality constraints.

Definition 10.3 (NCP function) A function ¢ : R*> — R with the property
pla,)=0 < a>0,b>0,ab=0
is called NCP (Nonlinear Complementarity Problem) function.
Example 10.4 Examples of NCP functions are:
(i) the minimum function: ¢(a,b) = min{a, b};

(i) the Fischer-Burmeister function: ¢(a,b) = va? + b> —a — b.
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Note that these functions are not everywhere differentiable.

Let ¢ : R? = R be a NCP function. Then (10.3) is equivalent to

DA p) = 0, (104
where
P:R"xR™xRP - R" xR™ xRP
is given by
Va.L(x, A 1)
o(=g1(z), \1)
Dz, A\, p) = :
O(=gm (), Am)
h(x)

We would like to use the Newton method to solve ((10.4). To this end, we have to guarantee that
(i) the function ® is continuously differentiable on a neighbourhood of (z*, A*, u*);
(i) VO (z*, \*, u*) is regular.

For the particular instance of the minimum function, in order to guarantee (i) we need to impose
the additional condition of g;(z*) + A # 0 for all ¢ = 1,...,m. Indeed, the minimum function
¢(a,b) = min{a, b} is differentiable at every point (a, b) such that a # b. This will then guarantee
that g;(z) + A\; # 0 for all ¢ = 1,...,m in a neighbourhood of (z*, \*, u*), and further that ® is
differentiable in a neighbourhood of (x*, \*, u*).

10.2 The local SQP algorithm

In order to provide a motivation for the local SQP algorithm, we consider again the optimization
problem with only equality constraints (9.1). In Algorithm [10.1} for all k£ > 0, we set z**! :=
oF + Az® and pft = pb + Apk, where (Az®, Apk) is a solution of the linear system of equations

k

This system is equivalent to

{ V2, L%, p*) Azt + Vh(aM)TApk = =V, L(a*, pF) (10.5)

Vh(a®) T Axk = —h;(2¥),5=1,...,p.
By setting

Hy = V2 L(z* p*) and pf = ApF + 4,
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(10.5)) can be rewritten as

HyAzb 4+ V f(aF) + Vh(aF) Tk =0 (10.6)
Vhi(a*) T Azk + hi(a*) =0, j=1,...,p. '

It is easy to notice that ((10.6)) is nothing else than the KKT system of the following optimization
problem:
1
min iAxTHkA:U + V(" Az
such that Vh;(z*)TAx + h;(e¥) =0, =1,...,p (10.7)
Ax € R™.

In order to design a numerical method for problems of type ((1.5)), inspired by the Lagrange-Newton
iteration, one could use for the update rule a KKT point of the following quadratic optimization
problem

min %A:CTHkAl' + V(" Az

such that Vg;(z") Az + g;(2*) <0,i=1,...,m (10.8)
Vhi(#®) Az + hj(z") =0,5=1,...,p
Azr € R"

At this stage, it remains a conjecture. However, we will later establish that it is indeed a reasonable
assumption. Building on this, we arrive at the following algorithm.

Algorithm 10.5 (local SQP algorithm)
1: Choose (2%, A%, %) € R™ x R™ x RP and set k := 0.
2: If (2%, A, /%) is a KKT point of (L.5): STOP.
3: Find a KKT point (zF1 AL 1k+1) of the quadratic problem
min %(a: — "IV L2 NP P (o — o) + V(2™ (2 — 2F).
such that Vg; (") (z — o) + g;(2*) < 0,i=1,...,m (10.9)
Vhi(a*) ' (z —2%) + hi(a¥) =0, =1,...,p.

If (10.9) has more than one KKT point, choose (z**1, \¥¥1 /k+1) as the KKT point with the
property that
[ (& Ny — (2R N, )|

is minimal.

4: Set k:=k + 1 and go to Step 2.
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Remark 10.6 If the optimization problem ((10.9)) has a local minimun, then, according to Corol-
lary [2.3] it has a KKT point.

Theorem 10.7 (local convergence theorem of the SQP algorithm) Let (z*, \*, u*) € R" x R™ x RP
be a KKT point of (1.5)) such that:

(i) The strict complementarity condition holds: g;(x*) + Xf #0 for alli=1,...,m;
(ii) (LICQ) holds: the vectors {Vg;(x*) }iea) U {Vhi(x*)}Yi_, are linearly independent;

(iii) For all d # 0 such that Vg;(z*)'d = 0 for all i € A(z*), and Vh;(z*)Td = 0 for all
j=1,...,p, it holds
d'V2 L(x*, \*, u*)d > 0,

in other words, V2 L(x*, \*, u*) is positively definite on To(z*) (notice that, if (i) holds, then
Az") = A (27)).

Then there exists € > 0 such that for all (x°,\° u°) € B ((z*,\*,u*);€) and every sequence
(%, Ne, 1F)) k=0 generated by Algorithm [10.5] it holds:

(a) The sequence ((x*, \F, 1¥)) >0 is well-defined, also meaning that has KKT points.
(b) It holds (x*, \F, u*) — (x*, \*, u*) superlinearly as k — +oo.

(c) If V2f, V2¢gi,i=1,...m, and V?h;,j = 1,...,p, are locally Lipschitz continuous at x*, then
the convergence rate is quadratic.

Proof. Let ¢ :R?* = R, p(a,b) = min{a, b}, and

O :R"XR™" xR 5 R"xXR™ xR, Oz, \pu)=

Then (x*, \*, p*) is a KKT point of (1.5)) if and only if it is a solution of ((10.4)
Oz, A\, p) =0.

There exists e; > 0 such that & is continuously differentiable on B ((z*, A*, u*); £1) and V®(z*, \*, u*)
is regular. Then, by Theorem [8.7 there exists 0 < &3 < &1, such that the Newton algorithm
applied to generates for any starting point (2%, A% u®) € B ((z*, \*, u*);e2) a sequence
(2%, \*, 14*))x>0 which has following properties

Lo N ) — (% N0 )| < (1%, A5 ) = (25, A )| VE > 05

2. (aF, Nk, u®) — (2%, \*, u*) superlinearly as k — +oo;
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3. If V& is locally Lipschitz continuous at (z*, \*, u*) (which holds if V2f, V3g;,i = 1,....,m,
and V?h;,j = 1,...,p, are locally Lipschitz continuous at z*), then the convergence rate is
quadratic.

We show that if (2% A% u°) is chosen close enough to (z*, \*, u*), then the sequence generated
by the Newton algorithm applied to ((10.4)) coincides with the sequence generated by the local
SQP algorithm. More precisely, we will show that, for all & > 0, (x**1, X+ /#+1) in the Newton
method is nothing other than the element provided by Step 3 of Algorithm [10.5]

AL (2FH N R s a KKT point of ((10.9)

We have that (Z, A, i) is a KKT point of ([0.9) if and only if

V2 L(k, Ne, k) (3 — 2%) + V(%) + 20 MiVgi(a®) + 0 i, Vhy(a*) = 0

min {—Vgi(xk)T(:ic — %) — gi(a), Ai} —0,i=1,....m (10.10)
Vhi(x®)T(Z — 2%) + h;(2*) = 0,7 =1,...,p.

According to the strict complementarity condition, it holds

Vie A(x"): gi(x*) = 0,A7 > 0, therefore, —g;(z*) — A\ <0
Vig A(x*): gi(x*) <0, =0, therefore, —g;(x*) — AI > 0.

)

We have
Vie A(x") : lim —gi(x) = N\ = —gi(z") = Al <0
(") g Y (x) g9i(z")
Vi ¢ A(a") : lim —gi(x) — Ai = —gi(z") — A} > 0,

(@, A1) = (T*, A%, 1)

consequently, there exists €5 > 0 such that for all (Z, X, f) € B((z*, \*, u*); €4) it holds

Vid Alz*):  — gi(@) > i (10.12)
We also have
Vie A(z") : lim —gi(2") = V(") (xz —2') — N\i = —gi(z*) — \F <0

(&' N o) = (% 2% 1)
(z, )= (z* A%, 1)
Vi ¢ A(x¥) : lim —gi(2") = Vg2 (x —2') — N = —gi(z*) — A} >0,
(" N o) = (2% A% 1)
(@, A1) = (™, 2%, 1)

consequently, there exists € > 0 such that for all @, N, (2, A, 1) € B((x*, \, 1*):; %) it holds

Vie Az*):  —qi(7) —Vag(@) (z—-7) < N (10.13)
Vig Az*): — gi(7) — Vg(@) (z —7) > \. (10.14)
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Let €3 := min{&}, %g} Then

V(Z, M\ 1) € B((z*, X\, 1*);e5) « (10.11)) and (10.12) hold
V(TN ), (2, A 1) € B((x*, X, 1*);3e3) : (10.13) and (10.14) hold.

Let ¢ := min{es,e3}, and (2°,\, 1) € B((z*,\*,;*);€). Then, according to property 1.,

(2% N uF) € B ((a*, \*, pu*); €) for all k > 0. From (10.13)) and (10.14), we obtain that for all
k>0

Viec Alx*):  — gi(a®) — Vgi(a)T (2" — 2F) < AP (10.15)
Vid A(z®) . — gi(a®) — Vgi(a®)T (2" — %) > AL (10.16)
respectively.
The Newton equation reads for all £ > 0
LRk
VO (P, N pF) | AL NF | = —d(2®, N, b, (10.17)
R
We have
VaoL(x, A, 1) Vy(z)" Vh(z)"
Pa(=91(2); M) (=g1)2y () - 0L (=91 (), M) (=g1)z, (2)  #h(=g1(2), A1) ...0 0O

(=g (), M) (= )r (2) - £ (= Gn(@), M) (— G (@) O (—gm(2) Am) O
Vh(z) 0 0

We notice that ( )T ; )
1,0)", ifa<b,
Viela,b) = { (0,1)7, ifa>b.

This means that (10.17)) is for all £ > 0 equivalent to

Vo L(a®, N i) (81 — &%) + 300 (N = N Vi) + 220 (15 — 1) Vhy(a*) = =V L%, \¥, 1)
Vji=1,..,p: Vh(a")T (k! — 2F) = —h;(2")

Vie A(z*):  —Vgi(2®)T (2" — 2F) = —min{—g,;(z%), \F} = gi(2¥) (since — g;(z*) < \F)

Vid A(x*): M\ = —min{—g;(a"), \F} = —=\F (since — g;(2F) > \F).

Taking into account ((10.15) and (10.16)), this system is further for all £ > 0 equivalent to

VL X ) — ) b S (B AV (a) + S (i — )Ty (aF) = V(X )
Vie Ala*):  —Vgi(a")T(@"! — 2%) = —min{—gi(e"), A} = g:(2") (since — gi(z*) < A})
Vid A(x*): M\ = —min{—g;(aF), \F} = = \F (since — g;(aF) > AF)
Vi=1,.,p: Vhj(a®)T(a*" —2%) + h;(2*) = 0.
(10.18)
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Making use of ((10.15]) and ((10.16|), we see that (10.18]) is equivalent to

Voo L(ak, X, pF) (2T — 2%) + Y f (a) + 300 MV gi(ab) + 320 b 7' Vhy(2%) = 0
Vi e A(z*) : min{—g;(z*) — Vg;(z")" (a" — 2%), i1} = —gi(a¥) = Vgi(a*) (2" — 2%) = 0
Vi ¢ A(l‘*) . min{—g,-(xk) Vgi(xk)T(l’]H'l _ xk), )\iﬁl} — )\erl =0

k

Vji=1,..,p: Vhj(@®)T (2" — 2F) + h;(2*) = 0.

This proves that (zF1 A1 #+1) is a solution of or, equivalently, a KKT point of (10.9).

B. (21, A+ A+ is the KKT point of (10.9) that is closest to (z*, \¥, u¥)

First, we show that (:EkJri, NEFL R s the only KKT point of that lies in B ((z*, A*, p*); 3¢).
Indeed, assume that (2", A k1) € B ((z*, A\, 1*); 3¢) is a KKT point of (10.9). From
and it yields

Vie Alz?) 1 —gi(a%) — V()T (@5 — 2F) < XEH
Vig A(x*): —gi(a¥) — Vg (2T (@FH — 2F) > Xf“.

From Part A we see that (z%+ Paas pF ) equivalently fulfills

’fk-&-l o :Ck
VO (k, N, k) | ML AR | = =B (kA b
Lk

Since V& (2%, \*, u*) is regular and ("1 N+ /F1) is the unique solution of (10.17)), it yields
(gk—i—l7 )\k—&-l’ﬁk—i-l) — (xk—i-l7 )\’H—l,,uki_l).
Finally, we assume that (z""1, \F1 g*1) is a KKT point of (10.9)) such that

(@R ) — ()| <N ) — (a0 )|

It holds
(@ N AR — (27, A, )|
<@ NI — (@ N ) RN i) — @ )|
< [ @M NHEEE) — (@R NF ) (RN ) = (A )|
< ||(xk+17 )‘k+luu’k+1> - (ZE*, /\*,,U,*)H + H(xk? /\kwuk) - (ZL’*, )‘*nu*)” + “(xk? Ak’uk) - (I*v )‘*JM*)H

< 3e.

From the above it follows that (z"1, A¥*+1 F+1) cannot be a a KKT point of (10.9). Consequently,
(kL AL A1) s the KKT point of (10.9) that is closest to (x, ¥, u*). |
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