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Chapter I

Optimality conditions for differentiable
optimization problems

1 Introductory notions

1.1 The Bouligand tangent cone

Let X ⊆ Rn be a nonempty set, f : Rn → R a given function and the optimization problem

min
x∈X

f(x). (1.1)

An element x∗ ∈ X is called a local minimum of (1.1) if there exists an open neighborhood
B(x∗; ε) := {x ∈ Rn : ∥x− x∗∥ < ε} of x∗ such that

f(x∗) ≤ f(x) for all B(x∗; ε) ∩X. (1.2)

Here and in the following, ∥ · ∥ denotes the Euclidean norm on Rn. If f(x∗) ≤ f(x) for all x ∈ X,
then x∗ is called a global minimum of (1.1).

In order to characterize the local minima of the problem (1.1), we introduce the so-called
Bouligand tangent cone to X at a point x0 ∈ X.

Definition 1.1 (Bouligand tangent cone) We define the Bouligand tangent cone to the set X at
a point x0 ∈ X by

TX(x0) :=

{
d ∈ Rn

∣∣∣∣ ∃ (xk)k≥0 ⊆ X ∃ (tk)k≥0 ↓ 0, such that
xk − x0
tk

→ d as k → +∞
}
.

Remark 1.2 (a) Let X ⊆ Rn and x0 ∈ X. The Bouligand tangent cone is not empty (since
0 ∈ TX(x0)), a cone (since for every d ∈ TX(x0) and every λ > 0 it holds λd ∈ TX(x0)), and it is
closed. If X is a convex set, then TX(x0) is also convex.

(b) If x0 ∈ intX, then TX(x0) = Rn. Indeed, let d ∈ Rn. Since x0 ∈ intX, there exists k0 ≥ 1
such that xk := x0 +

1
k
d ∈ X for every k ≥ k0. Consequently, for (tk)k≥1 := ( 1

k
)k≥1, it holds

xk−x0

tk
= d for every k ≥ k0. Thus d ∈ TX(x0).

5



6 I Optimality conditions for differentiable optimization problems

Proposition 1.3 Let x∗ be a local minimum of (1.1) and f : Rn → R a continuously differentiable
function on an open neighbourhood of x∗. Then it holds

∇f(x∗)Td ≥ 0 ∀d ∈ TX(x
∗). (1.3)

Proof. Let d ∈ TX(x
∗). Then there exist sequences (xk)k≥0 ⊆ X and (tk)k≥0 ↓ 0 such that

xk − x∗

tk
→ d as k → +∞.

Thus xk − x∗ = xk−x∗

tk
tk → 0 as k → +∞. Let B(x∗; ε) be a neighborhood of x∗ on which f is

continuously differentiable and for which f(x) ≥ f(x∗) for every x ∈ B(x∗; ε) ∩ X. Then there
exists a kε ≥ 0 such that xk ∈ B(x∗; ε) for every k ≥ kε.

By the Mean Value Theorem, for every k ≥ kε there exists ξk ∈ (x∗, xk) := {λx∗ + (1− λ)xk :
λ ∈ (0, 1)} such that

f(xk)− f(x∗) = ∇f(ξk)T (xk − x∗).

Let ξk := λkx
∗ + (1− λk)x

k for λk ∈ (0, 1). Then, for every k ≥ kε we have∥∥ξk − x∗
∥∥ =

∥∥λkx∗ + (1− λk)x
k − x∗

∥∥ = (1− λk)
∥∥xk − x∗

∥∥ ≤
∥∥xk − x∗

∥∥→ 0 as k → +∞,

thus ξk → x∗ as k → +∞.
Since the gradient of f is continuous by assumption, we have ∇f(ξk) → ∇f(x∗) as k → +∞

and thus also

∇f(x∗)Td = lim
k→∞

∇f(ξk)T (xk − x∗)

tk
= lim

k→∞

f(xk)− f(x∗)

tk
≥ 0,

where the last inequality holds since f(xk)−f(x∗)
tk

≥ 0 for every k ≥ kε. ■

Remark 1.4 We can interpret Proposition 1.3 as follows: at a local minimum x∗ of (1.1), there
is no tangent direction d to X at x∗ for which

0 > ∇f(x∗)Td = lim
t↓0

f(x∗ + td)− f(x∗)

t

holds, in other words, for which there exists td > 0 such that f(x∗+td) < f(x∗) for every t ∈ (0, td).

Definition 1.5 (dual cone) For a cone K ⊆ Rn we denote its dual cone by

K∗ :=
{
s ∈ Rn : sTd ≥ 0 ∀d ∈ K

}
.

Remark 1.6 The dual cone K∗ is the set of vectors that form acute angles with all vectors of the
cone K. Proposition 1.3 says that for a local minimum x∗ of (1.1) it holds ∇f(x∗) ∈ (TX(x

∗))∗.



1 Introductory notions 7

Figure 1.1: Sketch of a dual cone.

Remark 1.7 If X is a convex set and x0 ∈ X, then

TX(x0) = cl(cone(X − x0)) = cl (∪λ>0λ(X − x0))

and, therefore,

− (TX(x0))
∗ = NX(x0) :=

{
s ∈ Rn

∣∣ sT (x− x0) ≤ 0 ∀x ∈ X
}
,

the so-called normal cone to X at x0.
If X is convex, then (1.3) is equivalent to 0 ∈ ∇f(x∗) +NX(x

∗) and further to

∇f(x∗)T (x− x∗) ≥ 0 for every x ∈ X.

For the case X = Rn we have the following first order optimality condition.

Theorem 1.8 (necessary first order optimality condition) If x∗ is a local minimum of a function
f : Rn → R which is differentiable on an open neighbourhood of x∗, then x∗ is a critical point of f ,
in other words,

∇f(x∗) = 0. (1.4)

Proof. Let ε > 0 such that f is differentiable on B(x∗; ε) and f(x) ≥ f(x∗) for every x ∈ B(x∗; ε).
Let t0 > 0 such that x∗ − t∇f(x∗) ∈ B(x∗; ε) for all t ∈ [0, t0). Then it holds

−∥∇f(x∗)∥2 = ∇f(x∗)T (−∇f(x∗)) = lim
t↓0,0<t<t0

f(x∗ − t∇f(x∗))− f(x∗)

t
≥ 0,

therefore, ∇f(x∗) = 0. ■

In the following we consider the general nonlinear optimization problem with inequality and
equality constraints

min f(x)

such that gi(x) ≤ 0, i = 1, . . . ,m

hj(x) = 0, i = 1, . . . , p

x ∈ Rn

(1.5)
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where f, gi, hj : Rn → R , i = 1, . . . ,m, j = 1, . . . , p are continuously differentiable functions. The
set

X := {x ∈ Rn | gi(x) ≤ 0, i = 1 . . . ,m, hj(x) = 0, j = 1, . . . , p} (1.6)

is called the feasible set of (1.5).

1.2 The linearized tangent cone

We introduce the linearized tangent cone as a “replacement” for the Bouligand tangent cone. The
reason for this is that the linearized tangent cone is easy to determine, whereas the Bouligand
tangent is generally not.

Definition 1.9 (linearized tangent cone) Let x0 ∈ X.

a) The constraint gi(x) ≤ 0 is said to be active at x0 if gi(x0) = 0. We define

A(x0) := {i = 1, . . . ,m | gi(x0) = 0}

as the set of active indices at x0. We also define the set of inactive indices at x0 as

I(x0) := {1, . . . ,m} \ A(x0).

b) The set

Tlin(x0) :=

{
d ∈ Rn

∣∣∣∣ ∇gi(x0)Td ≤ 0 ∀i ∈ A(x0)
∇hj(x0)Td = 0 ∀j = 1, . . . , p

}
is called the linearized tangent cone of X at x0.

The linearized tangent cone is indeed a cone. As we will see in the next sections, in many cases
Tlin(x0) = TX(x0).

Remark 1.10 Let x0 ∈ X. It holds that Tlin(x0) = TXlin
(x0), where

Xlin :=

{
x ∈ Rn

∣∣∣∣ gi(x0) +∇gi(x0)T (x− x0) ≤ 0, i = 1, . . . ,m
hj(x0) +∇hi(x0)T (x− x0) = 0, j = 1, . . . , p

}
.

Note that x0 ∈ Xlin.

Lemma 1.11 Let x0 ∈ X. Then it holds TX(x0) ⊆ Tlin(x0).

Proof. Let x0 ∈ X and d ∈ TX(x0). Then there exist sequences (xk)k≥0 ⊆ X, (tk)k≥0 ↓ 0 such
that

xk − x0
tk

→ d as k → ∞.
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We will first prove that for all i ∈ A(x0), we have ∇gi(x0)Td ≤ 0. Indeed, let i ∈ A(x0). By
the Mean Value Theorem, for all k ≥ 0 there exists ξk ∈ (x0, x

k) which fulfills

∇gi(ξk)T (xk − x0) = gi(x
k)− gi(x0) = gi(x

k) ≤ 0,

since gi(x0) = 0. Dividing by tk yields for all k ≥ 0

∇gi(ξk)T
(
xk − x0
tk

)
≤ 0.

We let k → +∞ and, using that ∇gi is continuous, we obtain

∇gi(x0)Td ≤ 0.

Next, we will prove using the same argument that for all j = 1, . . . , p, we have ∇hj(x0)Td = 0.
Let j ∈ {1, . . . , p}. By the Mean Value Theorem, for all k ≥ 0 there exists µk ∈ (x0, x

k) such that

∇hj(µk)T (xk − x0) = hj(x
k)− hj(x0) = 0,

since hj(x
k) = hj(x0) = 0. Again, dividing by tk, we get for all k ≥ 0

∇hj(µk)T
(
xk − x0
tk

)
= 0.

We let k → +∞ and, using that ∇hj is continuous, we obtain

∇hj(x0)Td = 0.

This shows that d ∈ Tlin(x0). ■

Example 1.12 The equality TX(x0) = Tlin(x0) does not hold in general. Consider the optimiza-
tion problem

min x1 + x22
such that g1(x1, x2) := −x2 ≤ 0

g2(x1, x2) := x2 − x31 ≤ 0

x = (x1, x2) ∈ R2

Obviously, x∗ := (0, 0) is its unique global minimum. We have A(x∗) = {1, 2} and

∇g1(x1, x2) = (0,−1)T ∇g1(0, 0) = (0,−1)T

∇g2(x1, x2) = (−3x21, 1)
T ∇g2(0, 0) = (0, 1)T ,

so we get Tlin(x
∗) = R × {0}.

We easily see that TX(x
∗) = R+ × {0}. This shows that TX(x

∗) ⊊ Tlin(x
∗). In addition, since

∇f(x∗) = (1, 0)T , it holds
∇f(x∗)Td = d1 ≥ 0 ∀d ∈ TX(x

∗),

however it does not hold that ∇f(x∗)Td = d1 ≥ 0 for all d ∈ Tlin(x
∗). In conclusion, we cannot

replace TX(x
∗) by Tlin(x

∗) in (1.3)!
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Figure 1.2: Visualization of Example 1.12.

In the following, we will characterize the dual cone of the linearized tangent cone. The following
fundamental result will be used for this purpose.

Lemma 1.13 (Lemma of Farkas) Let A ∈ Rm×n and b ∈ Rm. The following statements are
equivalent:

(i) The linear system Ax = b has a solution x ≧ 0.

(ii) For all d ∈ Rm with ATd ≧ 0 it holds bTd ≥ 0.

Theorem 1.14 Let X be given as in (1.6) and x0 ∈ X. It holds

−(Tlin(x0))
∗ = Nlin(x0) :=


m∑
i=1

λi∇gi(x0) +
p∑

j=1

µj∇hj(x0)

∣∣∣∣∣∣
λi ≥ 0, i ∈ A(x0)
λi = 0, i ∈ I(x0)
µj ∈ R, j = 1, ..., p

 . (1.7)

Proof. ”⊇”: Let s ∈ Nlin(x0) and d ∈ Tlin(x0). Then

(−s)Td = −
m∑
i=1

λi∇gi(x0)Td−
p∑

j=1

µj∇hj(x0)Td.

Since λi ≥ 0 and ∇gi(x0)Td ≤ 0 for all i = 1, . . . ,m and ∇hj(x0)Td = 0 for all j = 1, . . . , p, we
have

(−s)Td ≥ 0.

This implies −s ∈ (Tlin(x0))
∗ and therefore s ∈ −(Tlin(x0))

∗.
”⊆”: Take s ∈ −(Tlin(x0))

∗. Then we have, by definition, that (−s)Td ≥ 0 for all d ∈ Tlin(x0).
Define A ∈ Rn×(|A(x0)|+2p) as

A :=
(
−∇gi1(x0), . . . ,−∇gir(x0),∇h1(x0), . . . ,∇hp(x0),−∇h1(x0), . . . ,−∇hp(x0)

)
for A(x0) = {i1, . . . , ir}. We have

−sTd ≥ 0 ∀d ∈ Tlin(x0) ⇔ −sTd ≥ 0 ∀d ∈ Rn such that ATd ≧ 0.
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By the Lemma of Farkas, there exists η = (λ, µ1, µ2) ∈ R|A(x0)|
+ × Rp

+ × Rp
+ such that

Aη = −s⇔
m∑
i=1

−λi∇gi(x0) +
p∑

j=1

(µ1)j∇hj(x0) +
p∑

j=1

−(µ2)j∇hj(x0) = −s

⇔ s =
m∑
i=1

λi∇gi(x0) +
p∑

j=1

µj∇hj(x0)

where λi ≥ 0 for i ∈ A(x0), λi = 0 for i ∈ I(x0), and µj = (µ2)j − (µ1)j ∈ R for j = 1, . . . , p. ■

Remark 1.15 Since TX(x0) ⊆ Tlin(x0), it holds

(Tlin(x0))
∗ ⊆ (TX(x0))

∗.

Indeed,

s ∈ (Tlin(x0))
∗ ⇒ sTd ≥ 0 ∀ d ∈ Tlin(x0) ⇒ sTd ≥ 0 ∀ d ∈ TX(x0) ⇒ s ∈ (TX(x0))

∗.

Since (Tlin(x0))
∗ has the representation (1.7), one would like to have for a local minimum x∗ the

much nicer condition ∇f(x∗) ∈ (Tlin(x
∗))∗ instead of ∇f(x∗) ∈ (TX(x

∗))∗. This is in general not
the case, as one can see from Example 1.12.

1.3 Karush–Kuhn–Tucker (KKT) optimality conditions

Definition 1.16 (KKT optimality conditions)

(a) The function L : Rn × Rm × Rp → R, given by

L(x, λ, µ) =f(x) + λTg(x) + µTh(x) = f(x) +
m∑
i=1

λigi(x) +

p∑
j=1

µjhj(x), (1.8)

is called the Lagrange function associated with the optimization problem (1.5).

(b) The conditions 
∇xL(x, λ, µ) = 0 (1.9)

λ ≧ 0, g(x) ≦ 0, λTg(x) = 0 (1.10)

h(x) = 0 (1.11)

are called the Karush–Kuhn–Tucker (KKT) optimality conditions of (1.5). It holds that

∇xL(x, λ, µ) =∇f(x) +∇g(x)Tλ+∇h(x)Tµ = ∇f(x) +
m∑
i=1

λi∇gi(x) +
p∑

j=1

µj∇hj(x).

(c) An element (x∗, λ∗, µ∗) ∈ Rn×Rm×Rp fulfilling (1.9) - (1.11) is called a Karush–Kuhn–Tucker
(KKT) point of (1.5). The vectors λ∗ and µ∗ are called the Lagrange multipliers associated
with the restrictions g(x) ≦ 0 and h(x) = 0, respectively. The statement (1.10) is called
complementary condition and is equivalent to

λi ≥ 0, gi(x
∗) ≤ 0, λigi(x

∗) = 0 for i = 1, . . . ,m.
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2 First order necessary and sufficient optimality condi-

tions

2.1 Optimality conditions under (Abadie CQ)

Definition 2.1 An element x0 ∈ X, where X is given by (1.6), is said to fulfill the Abadie
constraint qualification if

(Abadie CQ) | TX(x0) = Tlin(x0).

Theorem 2.2 Assume that a local minimum x∗ of (1.5) fulfills (Abadie CQ). Then there exist
(not necessarily unique) Lagrange multipliers λ∗ ∈ Rm and µ∗ ∈ Rp such that (x∗, λ∗, µ∗) is a KKT
point of (1.5).

Proof. From Proposition 1.3, we know that ∇f(x∗) ∈ (TX(x
∗))∗. Since x∗ fulfills (Abadie CQ),

we also know that (TX(x
∗))∗ = (Tlin(x

∗))∗. From here we get

−∇f(x∗) ∈ −(Tlin(x
∗))∗.

From Theorem 1.14, we know that there exist λ∗i ≥ 0 for i ∈ A(x∗), λ∗i = 0 for i ∈ I(x∗), and µ∗
j ∈

R for j = 1, . . . , p, such that

−∇f(x∗) =
m∑
i=1

λ∗i∇gi(x∗) +
p∑

j=1

µ∗
j∇hj(x∗)

or, equivalently,

∇xL(x
∗, λ∗, µ∗) = 0,

where L is the Lagrange function associated with the optimization problem (1.5). In addition, we
have λ∗i ≥ 0, gi(x

∗) ≤ 0, λ∗i gi(x
∗) = 0 for all i = 1, . . . ,m. Furthermore, since x∗ ∈ X, it holds

hj(x
∗) = 0 for all j = 1, . . . , p. These last three observations imply that (x∗, λ∗, µ∗) is a KKT point

of (1.5). ■

The verification of (Abadie CQ) requires the calculation of the Bouligand tangent cone and of
the linearized tangent cone, which can be a complex task. In the next subsections we will introduce
sufficient conditions for (Abadie CQ) that are easier to verify. The next corollary shows that
(Abadie CQ) is satisfied for optimization problems with linear inequality and equality constraints
but general objective functions.

Corollary 2.3 Let x∗ be a local minimum of the optimization problem (1.5), with g : Rn →
Rm, g(x) = Ax − b, where A ∈ Rm×n, b ∈ Rm, and h : Rn → Rp, h(x) = Cx − d, where C ∈
Rp×n, d ∈ Rp, i.e.

min f(x).

such that Ax ≦ b

Cx = d

Then there exist (not necessarily uniquely defined) Lagrange multipliers λ∗ ∈ Rm and µ∗ ∈ Rp such
that (x∗, λ∗, µ∗) is a KKT point of (1.5).
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Proof. We only need to prove that, for this problem, (Abadie CQ) is satisfied. To do that, it is
sufficient to prove that, in this case, we have X = Xlin. This implies, according to Remark 1.10,
that TX(x

∗) = TXlin
(x∗) = Tlin(x

∗), and the statement follows from Theorem 2.2.
Indeed, in this case we have

gi(x) = aTi x− bi, for i = 1, . . . ,m

hj(x) = cTj x− dj, for j = 1, . . . , p,

and

gi(x
∗) +∇gi(x∗)T (x− x∗) = aTi x

∗ − bi + aTi (x− x∗) = aTi x− bi = gi(x), for i = 1, . . . ,m

hj(x
∗) +∇hj(x∗)T (x− x∗) = cTj x− dj + cTj (x− x∗) = cTj x− dj = hj(x), for j = 1, . . . , p.

■

2.2 Optimality conditions under (MFCQ)

Definition 2.4 An element x0 ∈ X, where X is given by (1.6), is said to fulfill the Mangasarian-
Fromovitz constraint qualification if

(MFCQ)

∣∣∣∣(a) the vectors {∇hj(x0)}pj=1 are linearly independent,
(b) there exists d ∈ Rn such that ∇gi(x0)Td < 0∀i ∈ A(x0),∇hj(x0)Td = 0 ∀j = 1, . . . , p.

Lemma 2.5 Let x0 be a feasible element of (1.5) such that x0 fulfills (MFCQ), and d ∈ Rn the
vector which satisfies condition (b) in Definition 2.4. Then there exist ε > 0 and x : (−ε, ε) → Rn

such that

(a) x in continuously differentiable on (−ε, ε);

(b) x(t) ∈ X ∀t ∈ [0, ε);

(c) x(0) = x0;

(d) ẋ(0) = d.

Proof. Define

H : Rp × R → Rp, (y, t) 7→ h(x0 + td+∇h(x0)Ty),

where h = (h1, ..., hp) : Rn → Rp is the function defining the equality constraint in (1.6) and

∇h(x0) =

∇h1(x0)T
...

∇hp(x0)T

 ∈ Rp×n

is the Jacobi matrix of h at x0.
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It holds that H(0, 0) = h(x0) = 0, since x0 is feasible,

∇yH(y, t) = ∇h(x0 + td+∇h(x0)Ty)∇h(x0)T ,

so ∇yH(0, 0) = ∇h(x0)∇h(x0)T ∈ Rp×p.
We claim that ∇yH(0, 0) is positive definite. Indeed, for all s ∈ Rp we have

sT∇yH(0, 0)s = sT∇h(x0)∇h(x0)T s = (∇h(x0)T s)T (∇h(x0)T s) =
∥∥∇h(x0)T s∥∥2 ≥ 0.

Furthermore,

sT∇yH(0, 0)s = 0 ⇔ ∇h(x0)T s = 0 ⇔
p∑

j=1

sj∇hj(x0) = 0,

which, by condition (a) in (MFCQ), is equivalent to s = 0. Thus ∇yH(0, 0) is positive definite,
and therefore invertible.

According to the Implicit Function Theorem for H(y, t) = 0 at (0, 0), there exist ε0 > 0 and a
continuously differentiable mapping y : (−ε0, ε0) → Rp such that y(0) = 0 and

H(y(t), t) = 0 for all t ∈ (−ε0, ε0).

By differentiation, we get

∇yH(y(t), t)ẏ(t) +∇tH(y(t), t) = 0 for all t ∈ (−ε0, ε0).

This yields

∇yH(0, 0)ẏ(0) +∇tH(0, 0) = 0 ⇔ ẏ(0) = −(∇yH(0, 0))−1∇tH(0, 0),

so

ẏ(0) = −(∇yH(0, 0))−1∇h(x0)d = 0,

where the last equality holds since ∇h(x0)d = 0 by condition (b) of (MFCQ).
For all t ∈ (−ε0, ε0), let

x(t) := x0 + td+∇h(x0)Ty(t),
which is obviously continuously differentiable. Furthermore, it holds that x(0) = x0 and

ẋ(t) = d+∇h(x0)T ẏ(t), therefore, ẋ(0) = d+∇h(x0)T ẏ(0) = d.

and so the statements (c) and (d) are proven.
Next, we note that for all t ∈ (0, ε0) it holds

0 = H(y(t), t) = h(x0 + td+∇h(x0)Ty(t)) = h(x(t)).

Let i ∈ {1, . . . ,m}. If gi(x0) < 0, since x(t) → x(0) = x0 as t ↓ 0, there exists 0 < εi < ε0 such
that gi(x(t)) < 0 for all t ∈ (0, εi).
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If gi(x0) = 0, let qi(t) := gi(x(t)). For all t ∈ (−ε0, ε0) it holds q′(t) = ∇gi(x(t))T ẋ(t), and
thus q′i(0) = ∇gi(x(0))T ẋ(0) = ∇gi(x0)Td < 0, where the last inequality follows by condition (b)
in (MFCQ). On the other hand, we have

0 > q′i(0) = lim
t↓0

qi(t)− qi(0)

t
= lim

t↓0

gi(x(t))− gi(x(0))

t
= lim

t↓0

gi(x(t))

t
.

Therefore, there exists 0 < εi < ε0 such that for all t ∈ (0, εi) it holds

gi(x(t))

t
< 0 or, equivalently, gi(x(t)) < 0.

We let ε := min{ε1, . . . , εm}. Then, for all t ∈ (0, ε) it holds that

hj(x(t)) = 0 ∀j = 1, . . . , p

gi(x(t)) ≤ 0 ∀i = 1, . . . ,m,

thus x(t) ∈ X. ■

Theorem 2.6 Assume that a local minimum x∗ of (1.5) fulfills (MFCQ). Then there exist (not
necessarily unique) Lagrange multipliers λ∗ ∈ Rm and µ∗ ∈ Rp such that (x∗, λ∗, µ∗) is a KKT
point of (1.5).

Proof. We show that if x∗ ∈ X satisfies (MFCQ), then it also satisfies (Abadie CQ), and the
conclusion will follow from Theorem 2.2. To this end, it is sufficient to prove that Tlin(x

∗) ⊆ TX(x
∗),

as the opposite inclusion is always true.
Let d ∈ Tlin(x

∗) and d̄ ∈ Rn be the vector that satisfies condition (b) in (MFCQ). It holds

∀ i ∈ A(x∗) : ∇gi(x∗)Td ≤ 0 and ∇gi(x∗)T d̄ < 0,

and

∀ j = 1 . . . p : ∇hj(x∗)Td = 0 and ∇hj(x∗)T d̄ = 0.

For all τ > 0 we define d(τ) := d+ τ d̄ and see that

∀ i ∈ A(x∗) : ∇gi(x∗)Td(τ) < 0 and ∀ j = 1 . . . p : ∇hj(x∗)Td(τ) = 0.

This implies that d(τ) fulfills (MFCQ) for all τ > 0.
We fix τ > 0. By Lemma 2.5, there exist ε > 0 and a continuously differentiable mapping

x : (−ε, ε) → Rn such that

x(t) ∈ X ∀t ∈ [0, ϵ), x(0) = x∗, and ẋ(0) = d(τ).

For k ≥ 2, we denote tk :=
ε
k
and xk := x(tk) ∈ X. Then

lim
k→+∞

xk − x∗

tk
= lim

k→+∞

x(tk)− x(0)

tk
= ẋ(0) = d(τ),

which proves that d(τ) ∈ TX(x
∗). Since d(τ) → d as τ ↓ 0 and TX(x

∗) is closed, it yields d ∈ TX(x
∗).

■
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2.3 Optimality conditions under (LICQ)

Definition 2.7 An element x0 ∈ X, where X is given by (1.6), is said to fulfill the Linear Inde-
pendence constraint qualification if

(LICQ) | the vectors {∇gi(x0)}i∈A(x0) ∪ {∇hj(x0)}pj=1 are linearly independent.

Theorem 2.8 Assume that a local minimum x∗ of (1.5) fulfills (LICQ). Then there exist uniquely
defined Lagrange multipliers λ∗ ∈ Rm and µ∗ ∈ Rp such that (x∗, λ∗, µ∗) is a KKT point of (1.6).

Proof. First, we will show that x∗ fulfils (MFCQ).

Since

{∇hj(x∗)}pj=1 ⊆ {∇gi(x∗)}i∈A(x∗) ∪ {∇hj(x∗)}pj=1,

the vectors ∇hj(x∗), j = 1, . . . , p, are linearly independent, thus condition (a) in (MFCQ) is
satisfied.

Note that |A(x∗)|+ p ≤ n. Let A ∈ Rn×n be a regular matrix defined as

A :=

 ∇gi(x∗)T |i∈A(x)

∇hj(x∗)T |j=1,...,p

any rows that complete the set of vectors to a basis of Rn

 .

and

b := (−1, . . . ,−1︸ ︷︷ ︸
|A(x∗)| many

, 0, . . . , 0︸ ︷︷ ︸
p many

, arbitrary real numbers︸ ︷︷ ︸
n−p−|A(x∗)| many

)T ∈ Rn.

Since A is regular, there exists a unique d ∈ Rn such that Ad = b, which implies that

∇gi(x∗)Td = −1 < 0 ∀i ∈ A(x∗) and ∇hj(x∗)Td = 0 ∀j = 1, . . . , p.

Thus, condition (b) in (MFCQ) is also satisfied, and, according to Theorem 2.6, there exist La-
grange multipliers λ∗ ∈ Rn

+ and µ∗ ∈ Rp such that (x∗, λ∗, µ∗) is a KKT point of (1.6).

To prove the uniqueness, of the Lagrange multipliers, we note that for all inactive indices
i ∈ I(x∗) we have gi(x

∗) < 0, and so λ∗i = 0. Thus,

∇f(x∗) = −
∑

i∈A(x∗)

λ∗i∇gi(x∗)−
p∑

j=1

µ∗
j∇hj(x∗),

and by (LICQ) it follows that λ∗i , i ∈ A(x∗) and µj, j = 1, . . . , p are unique. ■

So far, out of the constraint qualifications we have introduced, LICQ is the easiest to verify.
There are optimization problems for which (LICQ) is not satisfied, but (MFCQ) or (Abadie CQ)
are.



2 First order necessary and sufficient optimality conditions 17

2.4 Optimality conditions for convex optimization problems

In this subsection, we study the optimization problem (1.5) under the following additional assump-
tions:

(a) f : Rn → R is a convex function;

(b) gi : Rn → R, i = 1, . . . ,m, are convex functions;

(c) h : Rn → Rp is an affine function, i.e. h : Rn → Rp, h(x) = Ax− b, with A ∈ Rp×n and b ∈ Rp.

The optimization problem (1.5) becomes

min f(x).

such that gi(x) ≤ 0, i = 1, . . . ,m

Ax = b

x ∈ Rn

(2.1)

Under this assumptions, the feasible set X = {x ∈ Rn | gi(x) ≤ 0, i = 1, ...,m,Ax = b} is convex.

Definition 2.9 We say that Slater’s constraint qualification is fulfilled for the convex optimization
problem (2.1) if

(Slater CQ) | ∃ x′ ∈ Rn such that gi(x
′) < 0, i = 1, . . . ,m, and Ax′ = b.

Unlike all the constraint qualifications we have considered so far, (Slater CQ) is a global as-
sumption in the sense that it does not depend on a priori given feasible elements.

Theorem 2.10 Let x∗ be a (local = global) minimum of (2.1) and (Slater CQ) be fulfilled. Then
there exist (not necessarily unique) Lagrange multipliers λ∗ ∈ Rm and µ∗ ∈ Rp such that (x∗, λ∗, µ∗)
is a KKT point of (2.1) .

Proof. We will show that x∗ fulfils (Abadie CQ) and the conclusion will follow from Theorem
2.2. In particular, we will show that Tlin(x

∗) ⊆ TX(x
∗). Let

d ∈ Tlin(x
∗) =

{
d̃ ∈ Rn

∣∣∣ ∇gi(x∗)T d̃ ≤ 0, i ∈ A(x∗), Ad̃ = 0
}
.

(Slater CQ) guarantees that there exists x′ ∈ X such that gi(x
′) < 0, i = 1, . . . ,m, and Ax′ = b.

Let d′ := x′ − x∗. Due to the gradient inequality for convex functions, we have for all i ∈ A(x∗)

∇gi(x∗)Td′ = ∇gi(x∗)T (x∗ + d′ − x∗) ≤ gi(x
∗ + d′)− gi(x

∗) = gi(x
′)− gi(x

∗) = gi(x
′) < 0.

In addition, it holds
Ad′ = Ax′ − Ax∗ = b− b = 0.

Define d(τ) := d+ τd′ for all τ > 0. For all τ > 0 it holds

∇gi(x∗)Td(τ) = ∇gi(x∗)Td+ τ∇gi(x∗)Td′ < 0 for all i ∈ A(x∗),
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and

Ad(τ) = Ad+ τAd′ = 0.

Next, we will show that d(τ) ∈ TX(x
∗) for all τ > 0. Indeed, define

xk := x∗ +
1

k
d(τ) and tk :=

1

k
for all k ≥ 1,

which gives

xk − x∗

tk
= d(τ) → d(τ) as k → +∞.

To finish the proof, it remains to show that

xk ∈ X = {x ∈ Rn | gi(x) ≤ 0, i = 1, ...,m,Ax = b}

for all k large enough.

First, we have for all k ≥ 1

Axk = Ax∗ +
1

k
Ad(τ) = b.

Next, let i ∈ A(x∗). By the Mean Value Theorem, for all k ≥ 1 there exits ξk ∈ (x∗, xk) such that

gi(x
k) = gi(x

k)− gi(x
∗) = ∇gi(ξk)T (xk − x∗) =

1

k
∇gi(ξk)Td(τ).

Letting k convergence to infinity, we get

0 > ∇gi(x∗)Td(τ) = lim
k→+∞

∇gi(ξk)Td(τ) = lim
k→+∞

kgi(x
k).

This implies that there exists ki0 ≥ 1 such that gi(x
k) < 0 for all k ≥ ki0.

Lastly, let i ∈ I(x∗). Since gi(x
∗) < 0 and xk → x∗ as k → ∞, there exists ki0 ≥ 1 such that

gi(x
k) < 0 for all k ≥ ki0.

Then, for

k0 := max
i=1,...,m

{ki0},

it holds xk ∈ X for all k ≥ k0, which implies d(τ) ∈ TX(x
∗). Since d = limτ↓0 d(τ) and TX(x

∗) is
closed, we obtain d ∈ TX(x

∗). ■

We close this section with a result that shows that in the convex setting the KKT optimality
conditions are also sufficient for optimality.

Theorem 2.11 Let (x∗, λ∗, µ∗) be a KKT point of (2.1). Then x∗ is a (local =global) minimum
of (2.1).
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Proof. Let x ∈ X. Using the gradient inequality for convex functions, we have:

f(x) ≥ f(x∗) +∇f(x∗)T (x− x∗) = f(x∗) +

(
−

n∑
i=1

λ∗i∇gi(x∗)T −
p∑

j=1

µ∗
ja

T
j

)
(x− x∗)

= f(x∗)−
∑

i∈A(x∗)

λ∗i∇gi(x∗)T (x− x∗),

where aTj denotes the j-th row of A. The second equality takes into account that, for i inactive,
λi = 0, and Ax− Ax∗ = b− b = 0. By using again the gradient inequality, we obtain further

f(x) ≥ f(x∗)−
∑

i∈A(x∗)

λ∗i (gi(x)− gi(x
∗)) = f(x∗)−

∑
i∈A(x∗)

λ∗i (gi(x)) ≥ f(x∗).

This proves the statement. ■

3 Second order necessary and sufficient optimality condi-

tions

In this section, we will formulate second order necessary and sufficient conditions for both uncon-
strained and constrained optimization problems.

3.1 The unconstrained case

Theorem 3.1 Let x∗ be a local minimum of f : Rn → R and f be twice continuously differentiable
on a open neighborhood B(x∗; ε) of x∗. Then the Hessian ∇2f(x∗) ∈ Rn×n is positive semidefinite.

Proof. We assume that there exists d ∈ Rn such that dT∇2f(x∗)d < 0. Since the map x 7→
dT∇2f(x)d is continuous at x∗, there exists α > 0 such that for all t ∈ [0, α] it holds

x∗ + td ∈ B(x∗; ε) and dT∇2f(x∗ + td)d < 0.

Let t ∈ [0, α]. According to Taylor’s Theorem for s 7→ f(x∗ + sd), there exists ξt ∈ (0, t) such that

f(x∗ + td) = f(x∗) + t∇f(x∗)Td+ 1

2
t2dT∇2f(x∗ + ξtd)d.

By Theorem 1.8, we have

f(x∗ + td) = f(x∗) +
1

2
t2dT∇2f(x∗ + ξtd)d < f(x∗),

which implies that f(x∗ + td) < f(x∗) for all t ∈ [0, α]. This contradicts the local minimality of
x∗. ■
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Example 3.2 (a) For f : R → R, f(x) = −x2, we have f ′(x∗) = 0 if and only if x∗ = 0. Since
f ′′(x∗) = −2 < 0, Theorem 3.1 allows us to conclude that f has no local minima.

(b) The conditions ∇f(x∗) = 0 and ∇2f(x∗) is positive semidefinite are not sufficient for x∗ to
be a local minimum of f . Let f : R2 → R, f(x1, x2) = x21 − x32. It holds

∇f(x1, x2) =
(

2x1
−3x22

)
and ∇2f(x1, x2) =

(
2 0
0 −6x2

)
.

We have

∇f(x∗) = 0 ⇔ x∗ = (0, 0)T ,

and

∇2f(x∗) =

(
2 0
0 0

)
is positive semidefinite. But x∗ is not a local minimum of f , since, for all ε > 0, there exists
(0, ε/2)T ∈ B(x∗; ε) with

f(0, ε/2) = −ε
3

8
< f(x∗) = 0.

A sufficient optimality condition is given by the following theorem.

Theorem 3.3 Let f be twice continuous differentiable on a open neighborhood B(x∗; ε) of an
element x∗ ∈ Rn such that:

a) ∇f(x∗) = 0, and

b) ∇2f(x∗) is positive definite.

Then x∗ is a strict local minimum of f , i.e., there exists δ > 0 such that

f(x∗) < f(x) ∀x ∈ B(x∗; δ) \ {x∗}.

Proof. Since ∇2f(x∗) is positive definite, its smallest eigenvalue λmin(∇2f(x∗)) is positive and
for all d ∈ Rn it holds

dT∇2f(x∗)d ≥ λmin(∇2f(x∗)) ∥d∥2 .

By the continuity of x 7→ ∇2f(x) at x∗, there exists 0 < δ < ε such that for all d ∈ Rn with
∥d∥ < δ it holds ∥∥∇2f(x∗ + d)−∇2f(x∗)

∥∥ < λmin(∇2f(x∗))

2
,

where the norm on the left-hand side denotes the operator norm of a matrix1.

1The operator norm of a matrix is defined as ∥·∥ : Rn×n → R, A 7→ maxx̸=0
∥Ax∥
∥x∥ .
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Choose d ∈ Rn such that ∥d∥ < δ. Taylor’s Theorem for s 7→ f(x∗ + sd) gurantees that there
exists a ξd ∈ (0, 1) such that

f(x∗ + d) = f(x∗) +∇f(x∗)Td+ 1

2
dT∇2f(x∗ + ξdd)d

= f(x∗) +
1

2
dT∇2f(x∗ + ξdd)d

= f(x∗) +
1

2
dT∇2f(x∗)d+

1

2
dT∇2f(x∗ + ξdd)d−

1

2
dT∇2f(x∗)d

= f(x∗) +
1

2
dT∇2f(x∗)d+

1

2
dT
(
∇2f(x∗ + ξdd)−∇2f(x∗)

)
d.

The Cauchy-Schwarz inequality and the fact that ∥ξdd∥ ≤ ∥d∥ < δ yield

f(x∗ + d) ≥ f(x∗) +
1

2
λmin(∇2f(x∗)) ∥d∥2 − 1

2
∥d∥2

∥∥∇2f(x∗ + ξdd)−∇2f(x∗)
∥∥

≥ f(x∗) +
1

2
λmin(∇2f(x∗)) ∥d∥2 − 1

4
λmin(∇2f(x∗)) ∥d∥2

= f(x∗) +
1

4
λmin(∇2f(x∗)) ∥d∥2 .

Plugging in d := x− x∗, we get for all x ∈ B(x∗; δ) \ {x∗}

f(x) ≥ f(x∗) +
1

4
λmin(∇2f(x∗))||x− x∗||2 > f(x∗).

■

Remark 3.4 If x∗ is a strict local miminum of f and f is twice continuously differentiable on a
open neighbourhood of x∗, then ∇f(x∗) = 0, but the Hessian ∇2f(x∗) is not necessarily positive
definite. Indeed, for f : R → R, f(x) = x4, x∗ = 0 is a strict (local = global) minimum of f ,
f ′(x∗) = 0, however, f ′′(x∗) = 0.

3.2 The constrained case

In this subection, we study the constrained optimization problem (1.5) under the assumption that
the functions f, gi, i = 1, ...,m, and hj, j = 1, ..., p, are twice continuously differentiable. For a
given KKT point (x∗, λ∗, µ∗) of (1.5), we consider the following two subsets of A(x∗):

A0(x
∗) := {i ∈ A(x∗) | λ∗i = 0} − the so-called set of weak active indices;

A>(x
∗) := {i ∈ A(x∗) | λ∗i > 0} − the so-called the set of strong active indices.

Further, we introduce the following subset of Tlin(x
∗)

T2(x
∗) :=

d ∈ Rn

∣∣∣∣∣∣
∇gi(x∗)Td = 0 ∀i ∈ A>(x

∗)
∇gi(x∗)Td ≤ 0 ∀i ∈ A0(x

∗)
∇hj(x∗)Td = 0 ∀j = 1, . . . , p


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Theorem 3.5 Let x∗ be a local minimum of (1.5) which satisfies (LICQ). Let λ∗ ∈ Rm and µ∗ ∈ Rp

be the (according to Theorem 2.8) uniquely defined Lagrange multipliers such that (x∗, λ∗, µ∗) is a
KKT point of (1.5). Then it holds

dT∇2
xxL(x

∗, λ∗, µ∗)d ≥ 0 ∀d ∈ T2(x
∗),

in other words, ∇2
xxL(x

∗, λ∗, µ∗) is positive semidefinite on the cone T2(x
∗).

Proof. Let d ∈ T2(x
∗), d ̸= 0. We split A0(x

∗) into the following two sets of indices:

A<
0 (x

∗) := {i ∈ A0(x
∗) | ∇gi(x∗)Td < 0}

A=
0 (x

∗) := {i ∈ A0(x
∗) | ∇gi(x∗)Td = 0}.

For all x ∈ Rn, we define

g̃(x) :=

(
gi(x)|i∈I(x∗)

gi(x)|i∈A<
0 (x∗)

)
and h̃(x) :=

 hj(x)|j=1,...,p

gi(x)|i∈A>(x∗)

gi(x)|i∈A=
0 (x∗)

 .

Furthermore, we define

X̃ := {x ∈ Rn | g̃(x) ≦ 0, h̃(x) = 0} ⊆ X.

It is easy to see that x∗ ∈ X̃. Further, we will demonstrate that x∗ satisfies (MFCQ) for X̃ and
the vector d fixed above.

(a) The set
{∇hj(x∗)}pj=1 ∪ {∇gi(x∗)}i∈A>(x∗) ∪ {∇gi(x∗)}i∈A=

0 (x∗)

is linearly independent, as it is a subset of

{∇hj(x∗)}pj=1 ∪ {∇gi(x∗)}i∈A(x∗)

which is linearly independent by (LICQ).

(b) The vector d fulfills
∇gi(x∗)Td < 0 ∀i ∈ A<

0 (x
∗) (by the definition of A<

0 (x
∗))

∇hj(x∗)Td = 0 ∀j = 1, . . . , p (since d ∈ T2(x
∗))

∇gi(x∗)Td = 0 ∀i ∈ A>(x
∗) (since d ∈ T2(x

∗))
∇gi(x∗)Td = 0 ∀i ∈ A=

0 (x
∗) (by the definition of A=

0 (x
∗)

,

therefore, by Lemma 2.5, there exist ε > 0 and a twice continuously differentiable map x : (−ε, ε) →
Rn (this follows from the Implicit Function Theorem in the proof of Lemma 2.5 by using that h is

twice continuously differentiable) such that x(0) = x∗, ẋ(0) = d and x(t) ∈ X̃ for all t ∈ [0, ε).
Define

φ : (−ε, ε) → R, φ(t) = L(x(t), λ∗, µ∗),
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where L is the Lagrangian associated with the optimization problem (1.5). Note that φ is twice
continuously differentiable. For all t ∈ (−ε, ε), we have

φ̇(t) = ∇xL(x(t), λ
∗, µ∗)T ẋ(t), and

φ̈(t) = ẋ(t)T∇xxL(x(t), λ
∗, µ∗)T ẋ(t) +∇xL(x(t), λ

∗, µ∗)T ẍ(t).

Since ∇xL(x
∗, λ∗, µ∗) = 0, this gives

φ̇(0) = 0 and φ̈(0) = dT∇xxL(x
∗, λ∗, µ∗)d.

Note that for all t ∈ [0, ε) it holds

•
∑

i∈A>(x∗) λ
∗
i gi(x(t)) = 0, since x(t) ∈ X̃ and, therefore, gi(x(t)) = 0 for every i ∈ A>(x

∗);

•
∑

i∈A0(x∗) λ
∗
i gi(x(t)) = 0, since λ∗i = 0 for every i ∈ A0(x

∗);

•
∑

i∈I(x∗) λ
∗
i gi(x(t)) = 0, since λ∗i = 0 for every i ∈ I(x∗);

•
∑p

j=1 µ
∗
ihj(x(t)) = 0, since x(t) ∈ X̃ and, therefore, hj(x(t)) = 0 for every j = 1, . . . , p.

Therefore, by definition of the Lagrangian,we have for all t ∈ [0, ε)

φ(t) = L(x(t), λ∗, µ∗)

= f(x(t)) +
∑

i∈A>(x∗)

λ∗i gi(x(t)) +
∑

i∈A0(x∗)

λ∗i gi(x(t)) +
∑

i∈I(x∗)

λ∗i gi(x(t)) +

p∑
j=1

µ∗
ihj(x(t))

= f(x(t))

Since x(0) = x∗ is a local minimum of f , there exists δ > 0 such that

f(z) ≥ f(x∗) for all z ∈ B(x∗; δ) ∩X.

Since x is continuous at 0, there exists α ∈ (0, ε) such that for all t ∈ [0, α) it holds x(t) ∈ B(x∗; δ).

This implies that for all t ∈ [0, α) it holds x(t) ∈ B(x∗; δ) ∩ X̃ ⊆ B(x∗; δ) ∩X, thus

f(x(t)) ≥ f(x∗).

In other words,

φ(t) ≥ φ(0) ∀t ∈ [0, α). (3.1)

We want to prove that φ̈(0) ≥ 0. Assume that φ̈(0) < 0. Since φ is twice continuously differen-
tiable, there exists β ∈ (0, α) such that φ̈(t) < 0 for all t ∈ [0, β). By Taylor’s Theorem, there
exists tβ ∈ (0, β) such that

φ(β) = φ(0) + βφ̇(0) +
1

2
β2φ̈(tβ) = φ(0) +

1

2
β2φ̈(tβ) < φ(0).

This contradicts (3.1). ■
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The following result provides a second order sufficient optimality condition for the constrained
optimization problem (1.5).

Theorem 3.6 Let (x∗, λ∗, µ∗) be a KKT point of (1.5) such that for all d ∈ T2(x
∗) \ {0}, it holds

dT∇2
xxL(x

∗, λ∗, µ∗)d > 0 ∀d ∈ T2(x
∗) \ {0},

i.e., ∇xxL(x
∗, λ∗, µ∗) is positive definite on the cone T2(x

∗). Then x∗ is a strict local minimum of
(1.5), i.e., there exists δ > 0 such that

f(x) > f(x∗) ∀x ∈ B(x∗; δ) ∩X \ {x∗}.

Proof. Assume that x∗ is not a strict local minimum. of (1.5). Then, for all k ≥ 1

there exists xk ∈ B

(
x∗;

1

k

)
∩X \ {x∗} such that f(xk) ≤ f(x∗). (3.2)

We define for all k ≥ 1

dk :=
1

||xk − x∗||
(xk − x∗).

Then, ∥dk∥ = 1 for all k ≥ 1 and, as (dk)k≥1 is a bounded sequence, it has subsequence (dkl)l≥1

that convergences to an element d∗ ∈ Rn with ∥d∗∥ = 1. We will show that d∗ ∈ T2(x
∗) \ {0} and

that (d∗)T∇2
xxL(x

∗, λ∗, µ∗)d∗ ≤ 0, which will lead to a contradiction and thus prove the theorem.
First, we will prove that d∗ ∈ Tlin(x

∗).
Let j ∈ {1, . . . , p}. By the Mean Value Theorem, for all k ≥ 1 we know that there exists

ξk ∈ (x∗, xk) such that, since xk, x∗ ∈ X, the following holds

0 = hj(x
k)− hj(x

∗) = ∇hj(ξk)T (xk − x∗), thus 0 = ∇hTj (ξk)
(xk − x∗)

∥(xk − x∗)∥
.

In particular, it holds

0 = lim
l→+∞

∇hTj (ξkl)
(xkl − x∗)

∥(xkl − x∗)∥
= ∇hj(x∗)Td∗.

Now, let i ∈ A(x∗). By using again the Mean Value Theorem, for all k ≥ 1 we know that there
exists ξk ∈ (x∗, xk) such that, since xk ∈ X, the following holds

0 ≥ gi(x
k) = gi(x

∗) +∇gi(ξk)T (xk − x∗) = ∇gi(ξk)T (xk − x∗).

The same argument as above proves that ∇gi(x∗)Td∗ ≤ 0.
Next, we will prove that d∗ ∈ T2(x

∗) \ {0}. Since ∥d∗∥ = 1, we have that d∗ ̸= 0. Therefore,
we only need to show that for all i ∈ A>(x

∗) it holds ∇gi(x∗)Td∗ = 0. Assume that there exists
ĩ ∈ A>(x

∗) it such that ∇gĩ(x∗)Td∗ < 0.
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By using again the Mean Value Theorem, for all k ≥ 1 we know that there exists ξk ∈ (x∗, xk)
such that, by taking into account (3.2), the following holds

0 ≥ f(xk)− f(x∗) = ∇f(ξk)T (xk − x∗).

By the same argument as above, we obtain that ∇f(x∗)Td∗ ≤ 0.
By using that (x∗, λ∗, µ∗) is a KKT point of (1.5), we have

0 ≥ ∇f(x∗)Td∗

= −
∑

i∈A0(x∗)

λ∗i∇gi(x∗)Td∗ −
∑

i∈A>(x∗)

λ∗i∇gi(x∗)Td∗ −
∑

i∈I(x∗)

λ∗i∇gi(x∗)Td∗ −
p∑

j=1

µ∗
j∇hj(x∗)Td∗

= −
∑

i∈A>(x∗)

λ∗i∇gi(x∗)Td∗ ≥ −λ∗
ĩ
∇gĩ(x∗)Td∗ > 0

which gives a contradiction. This demonstrates that d∗ ∈ T2(x
∗) \ {0}.

Last, we will show that (d∗)T∇xxL(x
∗, λ∗, µ∗)d∗ ≤ 0. By Taylor’s Theorem, for all k ≥ 1 we

know that there exists ξk ∈ (x∗, xk) such that

L(xk, λ∗, µ∗) = L(x∗, λ∗, µ∗) +∇xL(x
∗, λ∗, µ∗)T (xk − x∗) +

1

2
(xk − x∗)T∇2

xxL(ξ
k, λ∗, µ∗)(xk − x∗).

Since (x∗, λ∗, µ∗) is a KKT point of (1.5), it holds ∇xL(x
∗, λ∗, µ∗) = 0 and therefore for all k ≥ 1

it holds

L(xk, λ∗, µ∗) = L(x∗, λ∗, µ∗) +
1

2
(xk − x∗)T∇2

xxL(ξ
k, λ∗, µ∗)(xk − x∗). (3.3)

Using again that (x∗, λ∗, µ∗) is a KKT point, we have L(x∗, λ∗, µ∗) = f(x∗), thus, by using (3.2),
for all k ≥ 1 it yields

L(x∗, λ∗, µ∗) = f(x∗) ≥ f(xk) ≥ f(xk) +
m∑
i=1

λ∗i gi(x
k) +

p∑
j=1

µ∗
jh(x

k) = L(xk, λ∗, µ∗).

Plugging this inequality into (3.3), we obtain that for all k ≥ 1 it holds

0 ≥ 1

2

(xk − x∗)T

∥xk − x∗∥
∇2

xxL(ξ
k, λ∗, µ∗)

xk − x∗

∥xk − x∗∥
.

This allows us to conclude

0 ≥ lim
l→+∞

1

2

(xkl − x∗)T

∥xkl − x∗∥
∇xxL(ξ

kl , λ∗, µ∗)
xkl − x∗

∥xkl − x∗∥
=

1

2
(d∗)T∇2

xxL(x
∗, λ∗, µ∗)d∗,

which demonstrates that (d∗)T∇xxL(x
∗, λ∗, µ∗)d∗ ≤ 0. ■
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Chapter II

Numerical methods for unconstrained
optimization problems

4 A general descent algorithm

In the following, we will discuss a general descent algorithm for solving optimization problems of
the form

min
x∈Rn

f(x), (4.1)

where f : Rn → R is a continuously differentiable function.

Definition 4.1 (descent direction) A vector d ∈ Rn is called a descent direction of f at x ∈ Rn if

∃t̄ > 0 such that f(x+ td) < f(x) ∀ t ∈ (0, t̄]. (4.2)

Lemma 4.2 Let be x ∈ Rn and d ∈ Rn such that ∇f(x)Td < 0. Then d is a descent direction of
f at x.

Proof. By the definition of directional derivative, we have that

lim
t→0

f(x+ td)− f(x)

t
= ∇f(x)Td < 0.

Therefore, there exists t̄ > 0 such that, for every t ∈ (0, t̄], we have

f(x+ td)− f(x)

t
< 0 ⇔ f(x+ td) < f(x).

■

Remark 4.3 Asking for ∇f(x)Td < 0 is equivalent to asking for the angle between −∇f(x) and
d to be acute. This is because we have

cos(∢(−∇f(x), d)) = − ∇f(x)Td
∥∇f(x)∥ ∥d∥

> 0.

27
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Figure 4.1: Every d ∈ R \ {0} is a descent direction of f at x = 0.

Example 4.4 The condition ∇f(x)Td < 0 is not necessary for d being a descent direction of f at
x. Take, for example, f(x) = −x2 and x = 0. Then every d ∈ R \ {0} is a descent direction of f
at x = 0 (see Figure 4.1), but f ′(0)d = 0.

Remark 4.5 Assume that x is not a critical point of f , meaning ∇f(x) ̸= 0. Then d := −∇f(x)
is a descent direction of f at x, since

∇f(x)(−∇f(x)) = −∥∇f(x)∥2 < 0.

Moreover, if B ∈ Rn×n is a symmetric positive definite matrix, then d := −B∇f(x) ∈ Rn is also a
descent direction of f at x, since

∇f(x)T (−B∇f(x)) = −∇f(x)TB∇f(x) < 0.

Algorithm 4.6 (general line search algorithm)

1: Choose a starting point x0 ∈ Rn and set k := 0.

2: If xk fulfills a stopping criterion: STOP.

3: Find a descent direction dk of f at xk.

4: Find a step size tk > 0 such that f(xk + tkd
k) < f(xk).

5: Set xk+1 := xk + tkd
k, k := k + 1 and go to Step 2.

The line search algorithm has two degrees of freedom: the choice of the descent direction (Step
3) and the choice of the step size (Step 4).

Example 4.7 The step size cannot be chosen arbitrarily. The function f : R → R, f(x) = x2, has
x∗ = 0 as its unique global minimum and d = −1 is a descent direction of f at every x > 0. We
choose x0 := 1 and tk :=

1
2k+2 for every k ≥ 0. Then it holds every k ≥ 0

xk+1 = xk − tk = . . . = x0 − t0 − t1 − . . .− tk = 1−
k∑

i=0

1

2i+2
,

therefore xk → 1
2
as k → +∞, which is not the global minimum of f .
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Definition 4.8 (step size strategy)

(a) A set-valued mapping T : Rn × Rn ⇒ (0,+∞) which assigns to each pair (x, d) ∈ Rn × Rn a
set of step sizes T (x, d) ⊆ (0,+∞) is called step size strategy.

(b) A step size strategy T : Rn×Rn ⇒ (0,+∞) is called well-defined if, for every (x, d) ∈ Rn×Rn

fulfilling ∇f(x)Td < 0, it holds that T (x, d) ̸= ∅.

(c) A step size strategy T : Rn × Rn ⇒ (0,+∞) is called efficient if there exists θ > 0 such that,
for every (x, d) ∈ Rn × Rn where d is a descent direction of f at x, it holds

f(x+ td) ≤ f(x)− θ

(
∇f(x)Td

∥d∥

)2

∀t ∈ T (x, d).

In this case, every step size t ∈ T (x, d) is called efficient.

In the following we assume that Algorithm 4.6 does not terminate after finitely many iterations,
which means that it generates an infinite sequence of iterates (xk)k≥0.

Theorem 4.9 Let f : Rn → R be continuously differentiable and (xk)k≥0 a sequence generated by
Algorithm 4.6 such that

(a) the so-called angle condition holds, i.e.

∃c > 0 such that
−∇f(xk)Tdk

∥∇f(xk)∥ ∥dk∥
≥ c ∀k ≥ 0;

(b) every step size tk ∈ T (xk, dk), k ≥ 0, is efficient.

Then every accumulation (limit) point of (xk)k≥0 is a critical point of f .

Proof. Since every step size is efficient, we have for every k ≥ 0

f(xk+1) = f(xk + tkd
k) ≤ f(xk)− θ

(
∇f(xk)Tdk

∥dk∥

)2

and, by the angle condition, (
∇f(xk)Tdk

∥dk∥

)2

≥ c2
∥∥∇f(xk)∥∥2 .

Combining these two inequalities, we get for every k ≥ 0

f(xk+1) ≤ f(xk)− c2θ
∥∥∇f(xk)∥∥2 ≤ f(xk), (4.3)

which implies that the sequence (f(xk))k≥0 is nonincreasing.
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Let us choose an accumulation point x∗ ∈ Rn of the sequence (xk)k≥0, meaning that there
exists a subsequence (xkl)l≥0) such that xkl → x∗ as l → +∞. By the continuity of f , we have
that f(xkl) → f(x∗) as l → +∞. Combining this last observation with the fact that (f(xk))k≥0 is
nonincreasing, we can conclude that

f(xk) → f(x∗) (k → +∞).

From (4.3), it yields for every k ≥ 0

0 ≤ c2θ
∥∥∇f(xk)∥∥2 ≤ f(xk)− f(xk+1).

Since the right-hand side converges to zero as k → +∞, we get
∥∥∇f(xk)∥∥ → 0 as k → +∞. By

continuity of the gradient we know that
∥∥∇f(xkl)∥∥ → ∥∇f(x∗)∥ as l → +∞, and this allows us

to conclude that ∇f(x∗) = 0. ■

Remark 4.10 (a) The angle condition states that the angle ∢(−∇f(xk), dk) stays uniformly away
from 90◦. It is for instance fulfilled for dk := −B∇f(xk) for every k ≥ 0, where B ∈ Rn×n is a

symmetric and positive definite matrix, and 0 < c ≤ λmin(B)
∥B∥ .

(b) If f is coercive, namely lim∥x∥→+∞ f(x) = +∞, then the lower level set of f at x0,

L(x0) := {x ∈ Rn : f(x) ≤ f(x0)},

which contains according to (4.3) the entire sequence (xk)k≥0, is bounded. In this case, (xk)k≥0

has an accumulation point.
(c) How to choose an “optimal” step size? One could, for example, consider the minimization

rule, which consists in choosing t := tmin such that

f(x+ tmind) = min
t>0

f(x+ td).

This rule is, under certain assumptions, well-defined and efficient. However, the step size cannot
always be calculated explicitly. One exception is for

f : Rn → R , f(x) =
1

2
xTAx− bTx,

with A ∈ Rn×n a symmetric and positive definite matrix and b ∈ Rn. Indeed, for x, d ∈ Rn with
∇f(x)Td < 0, the step size defined by the minimization rule is well-defined and efficient and it can
be explicitly calculated, namely,

tmin = −∇f(x)Td
dTAd

.

5 Step size strategies

In this section, we will discuss three “popular” step size strategies used for the minimization of a
continuously differentiable function f : Rn → R. Throughout this section we will assume that

x, d ∈ Rn are given such that ∇f(x)Td < 0. (5.1)
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5.1 The Wolfe-Powell step size strategy

Let σ ∈ (0, 1
2
) and ρ ∈ [σ, 1). The Wolfe-Powell step size strategy consists of finding t∗ > 0 such

that

f(x+ t∗d) ≤ f(x) + σt∗∇f(x)Td (5.2)

and

∇f(x+ t∗d)Td ≥ ρ∇f(x)Td. (5.3)

We define ϕ : R → R, ϕ(t) := f(x + td). It follows that ϕ′(t) = ∇f(x + td)Td for all t ∈ R and
ϕ′(0) = ∇f(x)Td < 0. We can write the conditions above as follows

(5.2) ⇔ ϕ(t∗) ≤ ϕ(0) + σt∗ϕ′(0)

and

(5.3) ⇔ ϕ′(t∗) ≥ ρϕ′(0).

Figure 5.1: Geometric interpretation of the Wolfe-Powell step size strategy for φ(x) = f(x+ td)

In other words, the step size t∗ > 0 is chosen such that the following two conditions are satisfied:

• the graph of ϕ at t∗ lies below the Armijo-Goldstein line;

• the graph of ϕ at t∗ decreases less steeply than it does at 0 or even increases.

Definition 5.1 (Wolfe-Powell step size strategy) Let σ ∈ (0, 1
2
), ρ ∈ [σ, 1) and x0 ∈ Rn. For

x ∈ L(x0) and d ∈ Rn such that ∇f(x)Td < 0, we define

TWP (x, d) :=
{
t > 0 : f(x+ td) ≤ f(x) + σt∇f(x)Td and ∇f(x+ td)Td ≥ ρ∇f(x)Td

}
as the set of the Wolfe-Powell step size strategies in x in direction d.
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Theorem 5.2 Let f : Rn → R be continuously differentiable, σ ∈ (0, 1
2
), ρ ∈ [σ, 1) and x0 ∈ Rn.

For x ∈ L(x0) and d ∈ Rn such that ∇f(x)Td < 0, let TWP (x, d) be the set of Wolfe-Powell step
size strategies in x in direction d. Then the following statements are true:

(a) If f is bounded from below, then TWP (x, d) is nonempty. In other words, the step size strategy
is well-defined.

(b) If ∇f is Lipschitz continuous on L(x0), then there exists θ > 0 such that

f(x+ td) ≤ f(x)− θ

(
∇f(x)Td

∥d∥

)2

for all t ∈ TWP (x, d).

In other words, the step size strategy is efficient.

Proof. For all t ∈ R, we define

ϕ(t) = f(x+ td) and ψ(t) = f(x) + σt∇f(x)Td. (5.4)

(a) It suffices to show that there exists t∗ > 0 such that

ϕ(t∗) ≤ ψ(t∗) and ϕ′(t∗) ≥ ρϕ′(0).

Since σ < 1
2
< 1 and ∇f(x)Td < 0, we have

ϕ′(0) = ∇f(x)Td < σ∇f(x)Td = ψ′(0).

Therefore, (ψ − ϕ)′(0) > 0 and, by definition of the derivative,

lim
t↓0

(ψ − ϕ)(t)

t
= lim

t↓0

(ψ − ϕ)(t)− (ψ − ϕ)(0)

t
> 0.

Therefore, there exists t0 > 0 such that, for all t ∈ (0, t0), it holds ψ(t) > ϕ(t). We choose t∗ as
being the first t > 0 at which ϕ and ψ intersect, namely,

t∗ := min{t > 0 : ϕ(t) = ψ(t)}.

Note that t∗ exists, since limt→∞ ψ(t) = −∞ and ϕ is bounded from below, which is due to the
fact that f is bounded from below. Then we have

ϕ′(t∗) = lim
t→t∗
t<t∗

ϕ(t)− ϕ(t∗)

t− t∗
≥ lim

t→t∗
t<t∗

ψ(t)− ψ(t∗)

t− t∗
= ψ′(t∗)

where the inequality above holds since ϕ(t∗) = ψ(t∗), ϕ(t) < ψ(t) for t < t∗ and t − t∗ < 0. In
addition,

ψ′(t∗) = σ∇f(x)Td ≥ ρ∇f(x)Td = ρϕ′(0).

In conclusion, t∗ ∈ TWP (x, d).
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(b) Let t ∈ TWP (x, d). it holds

ϕ(t) = f(x+ td) ≤ ψ(t) = f(x) + tσ∇f(x)Td < f(x) ≤ f(x0),

which implies that x+ td ∈ L(x0). Furthermore, since ρ < 1 and ∇f(x)Td < 0, it holds

0 < (ρ− 1)∇f(x)Td = ρ∇f(x)Td−∇f(x)Td
≤ ∇f(x+ td)Td−∇f(x)Td = (∇f(x+ td)−∇f(x))Td
≤∥∇f(x+ td)−∇f(x)∥ ∥d∥ ≤ Lt ∥d∥2 ,

where L > 0 denotes the Lipschitz constant of ∇f on L(x0).
Defining

θ :=
σ(1− ρ)

L
,

we obtain

f(x+ td) ≤ f(x) + σt∇f(x)Td ≤ f(x) +
σ(ρ− 1)

L

(
∇f(x)Td

∥d∥

)2

= f(x)− θ

(
∇f(x)Td

∥d∥

)2

.

■

Remark 5.3 Let f : Rn → R be continuously differentiable and bounded from below, σ ∈ (0, 1
2
),

ρ ∈ (σ, 1), x, d ∈ Rn such that ∇f(x)Td < 0, and

ϕ(t) = f(x+ td) and ψ(t) = f(x) + σt∇f(x)Td.

We consider the following algorithm:
Phase A:

A0: Choose t0 > 0 and set k := 0.

A1: If ϕ(tk) ≥ ψ(tk), then set a := 0 and b := tk and go to Step B0.

If ϕ(tk) < ψ(tk) and ϕ
′(tk) ≥ ρϕ′(0), then set t∗ := tk and terminate: STOP 1.

If ϕ(tk) < ψ(tk) and ϕ
′(tk) < ρϕ′(0), then set tk+1 := 2tk, k := k + 1 and go to Step A1.

Phase B:

B0: Set k := 0, and adopt a0 := a and b0 := b from Phase A.

B1: Set tk :=
ak+bk

2
.

B2: If ϕ(tk) ≥ ψ(tk), then set ak+1 := ak, bk+1 := tk, k := k + 1, and go to Step B1.

If ϕ(tk) < ψ(tk) and ϕ
′(tk) ≥ ρϕ′(0), then set t∗ := tk and terminate: STOP 2.

If ϕ(tk) < ψ(tk) and ϕ
′(tk) < ρϕ′(0), then set ak+1 := tk, bk+1 := bk, k := k + 1, and go to

Step B1.

The algorithm terminates after a finite number of steps at either STOP 1 or STOP 1, providing a
Wolfe–Powell step size t∗ (see [4]).
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5.2 The strong Wolfe-Powell step size strategy

In this section, we consider a step size strategy that refines the Wolfe-Powell step size strategy by
also bounding the increase of ϕ from above.

Let σ ∈ (0, 1
2
) and ρ ∈ [σ, 1]. The strong Wolfe-Powell step size strategy consists of finding

t∗ > 0 such that

f(x+ t∗d) ≤ f(x) + σt∗∇f(x)Td (5.5)

and

|∇f(x+ t∗d)Td| ≤ −ρ∇f(x)Td. (5.6)

We can write the conditions above as follows

(5.5) ⇔ ϕ(t∗) ≤ ϕ(0) + σt∗ϕ′(0)

and

(5.6) ⇔ |ϕ′(t∗)| ≤ −ρϕ′(0).

In other words, the step size t∗ > 0 is chosen such that the following two conditions are satisfied:

• the graph of ϕ at t∗ lies below the Armijo-Goldstein line;

• the graph of ϕ at t∗ either decreases or increases less steeply than it decreases at 0.

Definition 5.4 (strong Wolfe-Powell step size strategy) Let σ ∈ (0, 1
2
), ρ ∈ [σ, 1) and x0 ∈ Rn.

For x ∈ L(x0) and d ∈ Rn such that ∇f(x)Td < 0, we define

TSWP (x, d) :=
{
t > 0 : f(x+ td) ≤ f(x) + σt∇f(x)Td and |∇f(x+ td)Td| ≤ −ρ∇f(x)Td

}
as the set of the strong Wolfe-Powell step size strategies in x in direction d.

Theorem 5.5 Let f : Rn → R be continuously differentiable, σ ∈ (0, 1
2
), ρ ∈ [σ, 1) and x0 ∈ Rn.

For x ∈ L(x0) and d ∈ Rn such that ∇f(x)Td < 0, let TWP (x, d) be the set of strong Wolfe-Powell
step size strategies in x in direction d. Then the following statements are true:

(a) If f is bounded from below, then TSWP (x, d) is nonempty. In other words, the step size
strategy is well-defined.

(b) If ∇f is Lipschitz continuous on L(x0), then there exists θ > 0 such that

f(x+ td) ≤ f(x)− θ

(
∇f(x)Td

∥d∥

)2

for all t ∈ TSWP (x, d).

In other words, the step size strategy is efficient.
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Proof. As in the proof of Theorem 5.2, we denote

ϕ(t) = f(x+ td) and ψ(t) = f(x) + σt∇f(x)Td.

(a) As in the proof of Theorem 5.2 (a), there exists

t∗ := min{t > 0 : ϕ(t) = ψ(t)}

with ϕ′(t∗) ≥ ψ′(t∗).

First, we consider the case when ϕ′(t∗) ≤ 0. We have

|∇f(x+ t∗d)Td| = |ϕ′(t∗)| = −ϕ′(t∗) ≤ −ψ′(t∗) = −σϕ′(0) ≤ −ρϕ′(0),

therefore, t∗ ∈ TSWP (x, d).

Now, assume ϕ′(t∗) > 0. Since ∇f(x)Td = ϕ′(0) < 0, there exists t∗∗ ∈ (0, t∗) such that
ϕ′(t∗∗) = 0. Therefore,

ϕ(t∗∗) < ψ(t∗∗) ⇔ f(x+ t∗∗d) < f(x) + σt∗∗∇f(x)Td.

Furthermore,

|∇f(x+ t∗∗d)Td| = |ϕ′(t∗∗)| = 0 ≤ −ρϕ′(0) = −ϕ∇f(x)Td,

which implies t∗∗ ∈ TSWP (x, d).

(b) Follows from Theorem 5.2 (b), since TSWP (x, d) ⊆ TWP (x, d). ■

Remark 5.6 As for the Wolfe-Powell strategy, it is possible to construct an algorithm that de-
termines a strong Wolfe-Powell step size in a finite number of steps.

5.3 The (backtracking) Armijo rule

In the following section, we will introduce an easy-to-implement step-size strategy that is not
efficient.

Let σ ∈ (0, 1), β ∈ (0, 1) and x, d ∈ Rn such that ∇f(x)Td < 0. The Armijo step size consists
of choosing

t := max{βl : l = 0, 1, 2, . . .} such that f(x+ td) ≤ f(x) + σt∇f(x)Td.

Theorem 5.7 Let f : Rn → R be continuously differentiable, σ ∈ (0, 1) and β ∈ (0, 1). For every
x, d ∈ Rn such that ∇f(x)Td < 0 there exists l ≥ 0 such that

f(x+ βld) ≤ f(x) + σβl∇f(x)Td.

In other words, the Armijo rule is well-defined.
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Proof. Let x, d ∈ Rn such that ∇f(x)Td < 0 and assume that for all l ≥ 0

f(x+ βld) > f(x) + σβl∇f(x)Td

or, equivalently,

f(x+ βld)− f(x)

βl
> σ∇f(x)Td.

We let l → +∞, and obtain ∇f(x)Td ≥ σ∇f(x)Td, which leads to the desired contradiction. ■

Remark 5.8 The Armijo rule is not efficient. For the function f : R → R, f(x) = x2

2
, we choose

x0 = −3, σ = 1
2
, and, for every k ≥ 0, dk := 1

2k
and xk+1 := xk + tkd

k, where tk is the Armijo step
size.

It holds that tk = 1 for every k ≥ 0 and xk = −3 + 1 + 1
2
+ . . . + 1

2k−1 = −1 − 1
2k−1 for every

k ≥ 1. Indeed, we have for xd < 0

(x+ td)2

2
≤ x2

2
+

1

2
txd ⇔ t2d2 ≤ −txd ⇔ t ≤ −x

d
.

Carrying out the calculations for k = 0 and k = 1, we obtain, respectively,

x0 = −3, d0 = 1 : −x
0

d0
= 3, l = 0 and t0 = β0 = 1

x1 = −3 + 1 = −2, d1 =
1

2
: −x

1

d1
= 4, l = 0 and t1 = β0 = 1.

and, by induction,

xk = −1− 1

2k−1
, dk =

1

2k
: −x

k

dk
= 2k + 2, l = 0 and tk = β0 = 1.

Furthermore, it can be shown by contradiction that there exists no θ > 0 such that for every k ≥ 0
(notice that xkdk < 0) and every t = 1 we have

(xk + tdk)2

2
≤ (xk)2

2
− θ

(
xkdk

dk

)2

=
(xk)2

2
− θ(xk)2,

which is equivalent to

θ ≤ −d
k

xk
− 1

2

(
dk

xk

)2

=
1

2k + 2
− 1

2(2k + 2)2
.

The contradiction is obtained as k → +∞.
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6 The gradient algorithm

In this section we will introduce and analyze the gradient algorithm with Armijo step size rule for
the minimization of a continuously differentiable function f : Rn → R.

Algorithm 6.1 (gradient algorithm with Armijo step size rule)

1: Choose a starting point x0 ∈ Rn, σ ∈ (0, 1), β ∈ (0, 1), ε ≥ 0 and set k := 0.

2: If
∥∥∇f(xk)∥∥ ≤ ε: STOP.

3: Set dk := −∇f(xk).

4: Find the Armijo step size

tk := max{βl : l = 0, 1, . . .}

with

f(xk + tkd
k) ≤ f(xk) + σtk∇f(xk)Tdk.

5: Set xk+1 := xk + tkd
k, k := k + 1 and go to Step 2.

For the analysis of the gradient algorithm, we will assume that ε = 0 and that Algorithm 6.1
does not terminate after finitely many steps.

The following lemma will play an important role in the proof of the main convergence theorem.

Lemma 6.2 Let f : Rn → R be a continuously differentiable functon, (xk)k≥0 ⊆ Rn, (dk)k≥0 ⊆ Rn

and (tk)k≥0 ⊆ R such that xk → x ∈ Rn, dk → d ∈ Rn and tk ↓ 0 as k → +∞. Then it holds

lim
k→+∞

f(xk + tkd
k)− f(xk)

tk
= ∇f(x)Td.

Proof. Let k ≥ 0. According to the Mean Value Theorem, there exists ξk ∈ (xk, xk + tkd
k) such

that

f(xk + tkd
k)− f(xk) = ∇f(ξk)T (tkdk) ⇔

f(xk + tkd
k)− f(xk)

tk
= ∇f(ξk)T (dk).

The conclusion follows from the continuity of the gradient and the fact that ξk → x as k → +∞.
■

Theorem 6.3 (convergence of the gradient method) Let f : Rn → R be continuously differentiable.
Then every accumulation (limit) point of the sequence (xk)k≥0 generated by Algorithm 6.1 is a
critical point of f .
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Proof. Let x∗ ∈ Rn be a limit point of (xk)k≥0, i.e., there exists a subsequence (xkl)l≥0 such that
xkl → x∗ as l → +∞. Assume that x∗ is not a critical point of f , i.e., ∇f(x∗) ̸= 0. For every
k ≥ 0 it holds

f(xk+1) = f(xk + tkd
k) ≤ f(xk) + σtk∇f(xk)Tdk = f(xk)− σtk

∥∥∇f(xk)∥∥2 ≤ f(xk),

therefore, (f(xk))k≥0 is nonincreasing.
Since f is continuous, we have f(xkl) → f(x∗) as l → +∞ and, therefore, f(xk) → f(x∗) as

k → +∞. Since for every k ≥ 0

0 ≤ σtk
∥∥∇f(xk)∥∥2 ≤ f(xk)− f(xk+1)

and f(xk) − f(xk+1) → 0 as k → +∞, it yields tk
∥∥∇f(xk)∥∥2 → 0 as k → +∞, and so

tkl
∥∥∇f(xkl)∥∥2 → 0 as l → +∞. Since ∥∇f(x∗)∥ ≠ 0, we can conclude that tkl → 0 as l → +∞.
For every l ≥ 0, we have tkl := βmkl . By the Armijo rule, it holds for every l ≥ 0

f(xkl + βmkl
−1dkl) > f(xkl) + σβmkl

−1∇f(xkl)Tdkl

or, equivalently,

f(xkl + βmkl
−1dkl)− f(xkl)

βmkl
−1 > σ∇f(xkl)Tdkl .

Note that this holds because, by the Armijo rule, mkl is the first exponent for which the inequality
f(xkl+βmkldkl) ≤ f(xkl)+σβmkl∇f(xkl)Tdkl is fulfilled, so for βmkl

−1, the inequality is not fulfilled.
Observe that

βmkl
−1 =

1

β
tkl → 0 (l → +∞),

xkl → x∗ (l → +∞),

dkl = −∇f(xkl) → −∇f(x∗) (l → +∞),

which, according to Lemma 6.2, gives

∇f(x∗)T (−∇f(x∗)) ≥ σ∇f(x∗)T (−∇f(x∗)) ⇔ −∥∇f(x∗)∥2 ≥ −σ ∥∇f(x∗)∥2 ,

which is a contradiction to σ ∈ (0, 1). Thus, ∇f(x∗) = 0. ■

7 The gradient method for convex optimization problems

In this section, we will analyze the convergence properties of the gradient method for solving the
unconstrained minimization problem

min
x∈Rn

f(x) (7.1)
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where f : Rn → R is a convex and differentiable function with a L∇f -Lipschitz continuous gradient,
meaning that there exists L∇f > 0 such that

∥∇f(x)−∇f(y)∥ ≤ L∇f ∥x− y∥ ∀x, y ∈ Rn.

Throughout this section we will assume that the set of (global) minimizers of f

argmin f := {x∗ ∈ Rn : f(x∗) = inf
x∈Rn

f(x)}

is nonempty, therefore
f∗ := inf

x∈Rn
f(x) ∈ R.

7.1 Gradient flow

In this subsection, we will investigate the asymptotic properties of the following so-called gradient
flow system {

ẋ(t) = −∇f(x(t))
x(t0) = x0 ∈ Rn (7.2)

defined on [t0,+∞), for t0 ≥ 0, that we attach to the convex minimization problem (7.1).
For every t0 ≥ 0 and every x0 ∈ Rn, the global version of the Cauchy-Lipschitz Theorem

guarantees the existence and uniqueness of a solution x ∈ C1([t0,+∞)) of (7.2).
The existence and uniqueness of a solution x ∈ C1([t0,+∞)) of (7.2) can be guaranteed by only

assuming that ∇f is Lipschitz continuous on every bounded set of Rn. To this end one could make
use of the local version of the Cauchy-Lipschitz Theorem together with maximal-time arguments.

Before discussing the asymptotic behaviour of the gradient flow, we will prove the following
useful technical result.

Lemma 7.1 Let F : [t0,+∞) → R be a locally absolutely continuous and bounded from below
function and G : [t0,+∞) → R an L1-integrable function such that

d

dt
F (t) ≤ G(t) for almost every t ≥ t0.

Then there exists limt→+∞ F (t) ∈ R.

Proof. Using that
∫ +∞
t0

max{G(u), 0}du ≤
∫ +∞
t0

|G(u)|du < +∞ and
∫ +∞
t0

max{−G(u), 0}du ≤∫ +∞
t0

|G(u)|du < +∞, we have

lim
t→+∞

∫ t

t0

G(u)du = lim
t→+∞

∫ t

t0

(max{G(u), 0} −max{−G(u), 0})du exists and is finite.

Let t0 ≤ s ≤ t. By integration, we obtain

F (t)− F (s) ≤
∫ t

s

G(u)du
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or, equivalently,

F (t)−
∫ t

t0

G(u)du ≤ F (s)−
∫ s

t0

G(u)du.

This means that the function t 7→ F (t) −
∫ t

t0
G(u)du is nonincreasing and bounded from below.

Therefore, the limit limt→+∞ F (t)−
∫ t

t0
G(u)du exists and is finite., which implies that limt→+∞ F (t)

exists and is finite. ■

Theorem 7.2 (asymptotic behaviour of the gradient flow) Let x : [t0,+∞) → Rn be a trajectory
solution of the gradient flow system (7.2). Then the following statements are true:

(a) it holds∫ +∞

t0

t∥ẋ(t)∥2dt < +∞,

∫ +∞

t0

t∥∇f(x(t))∥2dt < +∞ and

∫ +∞

t0

(f(x(t))− f∗)dt < +∞;

(b) it holds f(x(t))− f∗ = o
(
1
t

)
as t→ +∞;

(c) x(t) converges to an element in argmin f as t→ +∞;

(d) it holds ∥∇f(x(t))∥ = o
(
1
t

)
as t→ +∞;

Proof. For x∗ ∈ argmin f , we define the energy function

E : [t0,+∞) → R, E(t) = t(f(x(t))− f∗) +
1

2
∥x(t)− x∗∥2.

For all t ≥ t0, it holds

d

dt
E(t) =f(x(t))− f∗ + t∇f(x(t))T ẋ(t) + (x(t)− x∗)

T ẋ(t)

=f(x(t))− f∗ − t∥ẋ(t)∥2 + (x(t)− x∗)
T∇f(x(t)) ≤ −t∥ẋ(t)∥2.

In the last estimate, we used the gradient inequality.
By integration, for all t ≥ t0, it yields

t(f(x(t))− f∗) +
1

2
∥x(t)− x∗∥2 +

∫ t

t0

s∥ẋ(s)∥2ds

= E(t) +
∫ t

t0

s∥ẋ(s)∥2ds

≤ E(t0) = t0(f(x(t0))− f∗) +
1

2
∥x(t0)− x∗∥2 = t0(f(x

0)− f∗) +
1

2
∥x0 − x∗∥2.

This yields that x(·) is bounded,
∫ +∞
t0

t∥ẋ(t)∥2dt =
∫ +∞
t0

t∥∇f(x(t))∥2dt < +∞, and

0 ≤ f(x(t))− f∗ ≤
t0(f(x

0)− f∗) +
1
2
∥x0 − x∗∥2

t
∀t ≥ t0.
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In other words, f(x(t))− f∗ = O
(
1
t

)
as t→ +∞.

On the other hand, by using again the gradient inequality, it holds

d

dt

(
1

2
∥x(t)− x∗∥2

)
= (x(t)− x∗)

T ẋ(t) = −∇f(x(t))T (x(t)− x∗) ≤ − (f(x(t))− f∗) ≤ 0 ∀t ≥ t0.

(7.3)

By integration, for all t ≥ t0, it yields

1

2
∥x(t)− x∗∥2 +

∫ t

t0

(f(x(s))− f∗)ds ≤
1

2
∥x(t0)− x∗∥2 =

1

2
∥x0 − x∗∥2.

Consequently,
∫ +∞
t0

(f(x(t))− f∗)dt < +∞, and statement (a) is proved.

From
∫ +∞
t0

1
t
t(f(x(t)) − f∗)dt =

∫ +∞
t0

(f(x(t)) − f∗)dt < +∞, we immediately deduce that
lim inft→+∞ t(f(x(t))− f∗) = 0. Indeed, assuming that lim inft→+∞ t(f(x(t))− f∗) > 0, there exist
c > 0 and t1 > t0 such that t(f(x(t))− f∗) > c for all t ≥ t1. This implies

+∞ >

∫ +∞

t0

(f(x(t))− f∗)dt ≥
∫ +∞

t1

c

t
= lim

t→+∞
(ln(t)− ln(t1)) = +∞,

and leads to a contradiction.
For all t ≥ t0 it holds

d

dt
(t(f(x(t))− f∗)) = f(x(t))− f∗ + t∇f(x(t))T ẋ(t) = f(x(t))− f∗ − t∥ẋ(t)∥2 ≤ f(x(t))− f∗.

Since t 7→ t(f(x(t))−f∗) is bounded from below and t 7→ f(x(t))−f∗ is integrable, by Lemma 7.1,
we obtain that limt→+∞ t(f(x(t)) − f∗) exists and is finite. This means that limt→+∞ t(f(x(t)) −
f∗) = 0, which completes the proof of (b).

Now, we will turn our attention to statement (c). According to (7.3), we have

lim
t→+∞

∥x(t)− x∗∥2 := ℓx∗ exists and is finite.

Since x(·) is bounded, it has at least one accumulation point. We will prove that it has exactly
one accumulation point, which implies that the trajectory converges.

Indeed, assume that x(·) has two accumulation points, namely, x′ and x′′. Then there exist
subsequences x(tl)l≥0 and x(tj)j≥0 such that

x(tl) → x′ (l → +∞) and x(tj) → x′′ (j → +∞).

The continuity of f and (b) yield

f(x(tl)) → f(x′) (l → +∞) ⇒ f(x′) = f∗ ⇒ x′ ∈ argmin f

f(x(tj)) → f(x′′) (j → +∞) ⇒ f(x′′) = f∗ ⇒ x′′ ∈ argmin f.
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For every t ≥ t0 we have

2x(t)T (x′ − x′′) = ∥x(t)− x′′∥2 − ∥x(t)− x′∥2 − ∥x′′∥2 + ∥x′∥2 ,

then

2x(tl)
T (x′ − x′′) = ∥x(tl)− x′′∥2 − ∥x(tl)− x′∥2 − ∥x′′∥2 + ∥x′∥2 ∀l ≥ 0

2x(tj)
T (x′ − x′′) = ∥x(tj)− x′′∥2 − ∥x(tj)− x′∥2 − ∥x′′∥2 + ∥x′∥2 ∀j ≥ 0.

We let l → +∞ and j → +∞, respectively, and so

2(x′)T (x′ − x′′) = lx′′ − lx′ − ∥x′′∥2 − ∥x′∥2

2(x′′)T (x′ − x′′) = lx′′ − lx′ − ∥x′′∥2 − ∥x′∥2 ,

which implies

(x′)T (x′ − x′′) = (x′′)T (x′ − x′′) ⇔ (x′ − x′′)T (x′ − x′′) = 0 ⇔ ∥x′ − x′′∥2 = 0 ⇔ x′ = x′′.

Thus, the trajectory x(t) is convergent to an element in argmin f as t→ +∞.
The finiteness of the integral

∫ +∞
t0

1
t
t2∥∇f(x(t))∥2dt =

∫ +∞
t0

t∥∇f(x(t))∥2dt < +∞ yields that

lim inft→+∞ t2∥∇f(x(t))∥2 = 0. Since t 7→ x(t) is locally absolutely continuous and ∇f is Lipschitz
continuous (on bounded sets), we obtain that t 7→ ∇f(x(t)) is locally absolutely continuous.
Therefore, for almost every t ≥ t0, it holds

d

dt

(
1

2
t2∥∇f(x(t))∥2

)
= t∥∇f(x(t))∥2 + t2∇f(x(t))T

(
d

dt
∇f(x(t))

)
= t∥∇f(x(t))∥2 − t2ẋ(t)T

(
d

dt
∇f(x(t))

)
.

Since ∇f is monotone, for all t0 ≤ t < s, it holds

(x(s)− x(t))T (∇f(x(s))−∇f(x(t))) ≥ 0,

therefore, (
x(s)− x(t)

s− t

)T (∇f(x(s))−∇f(x(t))
s− t

)
≥ 0.

We let s ↓ t and obtain from here that ẋ(t)T
(

d
dt
∇f(x(t))

)
≥ 0 for almost every t ≥ t0. This means

that, for almost every t ≥ t0,

d

dt

(
1

2
t2∥∇f(x(t))∥2

)
≤ t∥∇f(x(t))∥2.

Applying again Lemma 7.1 and using (a), we obtain that limt→+∞ t2∥∇f(x(t))∥2 exists, therefore,
limt→+∞ t2∥∇f(x(t))∥2 = 0. This concludes the proof of statement (d). ■
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7.2 The gradient algorithm for convex optimization problems

The gradient algorithm that we will introduce for solving (7.1) can be seen as an explicit time
discretization of the gradient flow system{

ẋ(t) = −∇f(x(t))
x(t0) = x0.

Indeed, for all k ≥ 0, we have

x(tk+1)− x(tk)

γk
= −∇f(x(tk)).

Setting x(t0) := x0, x(tk) := xk and γk := γ for all k ≥ 0, we get

xk+1 − xk = −γ∇f(xk) ⇔ xk+1 = xk − γ∇f(xk),

which is the update rule of the gradient method with constant step size.

Lemma 7.3 Let f : Rn → R be a convex and differentiable function with a L∇f -Lipschitz contin-
uous gradient.

(a) (Descent Lemma) For all x, y ∈ Rn, it holds

f(y) ≤ f(x) +∇f(x)T (y − x) +
L∇f

2
∥y − x∥2 .

(b) (Baillon-Haddad Theorem) For all x, y ∈ Rn, it holds

L∇f (∇f(y)−∇f(x))T (y − x) ≥ ∥∇f(y)−∇f(x)∥2.

Proof. (a) Let x, y ∈ Rn and define ϕ : [0, 1] → Rn, ϕ(t) = f(x + t(y − x)). For every t ∈ [0, 1]
it holds ϕ′(t) = ∇f(x + t(y − x))T (y − x). From the fundamental theorem of differentiation and
integration we get

ϕ(1)− ϕ(0) =

∫ 1

0

ϕ′(t)dt ⇔ f(y)− f(x) =

∫ 1

0

∇f(x+ t(y − x))T (y − x)dt,

which gives

f(y)− f(x)−∇f(x)T (y − x) =

∫ 1

0

(
∇f(x+ t(y − x))−∇f(x)

)T

(y − x) dt

≤
∫ 1

0

∣∣∣∣(∇f(x+ t(y − x))−∇f(x)
)T

(y − x)

∣∣∣∣ dt
≤
∫ 1

0

∥∇f(x+ t(y − x))−∇f(x)∥ ∥y − x∥ dt

≤
∫ 1

0

L∇f t ∥y − x∥2 dt

= L∇f ∥y − x∥2
∫ 1

0

t dt =
L∇f

2
∥y − x∥2 .
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(b) Let x, y ∈ Rn. For all z ∈ Rn, by applying the gradient inequality and the Descent Lemma, we
have

f(y)− f(x)−∇f(x)T (y − x)

≥ f(y)− f(z) +∇f(x)T (z − x)−∇f(x)T (y − x)

≥ −∇f(y)T (z − y)− L∇f

2
∥y − z∥2 +∇f(x)T (z − y)

= (∇f(x)−∇f(y))T (z − y)− L∇f

2
∥y − z∥2 .

This means that

f(y)− f(x)−∇f(x)T (y − x) ≥ sup
z∈Rn

(
(∇f(x)−∇f(y))T (z − y)− L∇f

2
∥y − z∥2

)
≥ sup

u∈Rn

(
(∇f(x)−∇f(y))T u− L∇f

2
∥u∥2

)
=

1

2L∇f

∥∇f(x)−∇f(y)∥2 .

By interchanging the roles of x and y and summing the resulting inequalities, we obtain

L∇f (∇f(y)−∇f(x))T (y − x) ≥ ∥∇f(y)−∇f(x)∥2.

■

Remark 7.4 Under the assumptions of Lemma 7.3 we have

f(x) +∇f(x)T (y − x) ≤ f(y) ≤ f(x) +∇f(x)T (y − x) +
L∇f

2
∥y − x∥2 ∀x, y ∈ Rn.

This means that the graph of f is “squeezed” between an affine function and a quadratic function.

The following lemma is useful in analyzing the convergence of algorithms. It can be seen as
the discrete counterpart of Lemma 7.1.

Lemma 7.5 (Robbins-Monro Lemma) Let (ak)k≥0, (bk)k≥0 and (dk)k≥0 be sequences of real num-
bers such that (ak)k≥0 is bounded from below, (bk)k≥0 is nonnegative and (dk)k≥0 ∈ ℓ1. If

ak+1 ≤ ak − bk + dk ∀k ≥ 0,

then limk→+∞ ak exists and is finite, and (bk)k≥0 ∈ ℓ1.

Proof. Using that
∑+∞

k=0 max{dk, 0} ≤
∑+∞

k=0 |dk| < +∞ and
∑+∞

k=0max{−dk, 0} ≤
∑+∞

k=0 |dk| <
+∞ , we have

lim
k→+∞

k∑
l=0

dl =
+∞∑
k=0

max{dk, 0}+
+∞∑
k=0

max{−dk, 0} exists and is finite.
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For all k ≥ 1, we define

ck := ak −
k−1∑
l=0

dl.

Then, for all k ≥ 1, it holds

inf
l≥0

al −
k∑

l=0

dl ≤ ck+1 = ak+1 −
k∑

l=0

dl ≤ ak − bk + dk −
k∑

l=0

dl = ak − bk −
k−1∑
l=0

dl = ck − bk ≤ ck.

Therefore, limk→+∞ ck exists and is finite, which implies that limk→+∞ ak exists and is finite.
On the other hand, for all k ≥ 0, it holds

k∑
l=0

bl ≤ a0 − ak+1 +
k∑

l=0

dl ≤ a0 − inf
l≥0

al +
+∞∑
l=0

dl,

which yields (bk)k≥0 ∈ ℓ1. ■

Theorem 7.6 (convergence of the gradient method for convex optimization problems) Let x0 ∈ Rn

be an arbitrary starting point and γ ∈
(
0, 1

L∇f

]
. For the sequence (xk)k≥0 generated by the gradient

method with constant step size γ,

xk+1 := xk − γ∇f(xk) ∀k ≥ 0,

the following statements are true:

(a) it holds(
k∥xk+1 − xk∥2

)
k≥0

∈ ℓ1,
(
k∥∇f(xk)∥2

)
k≥0

∈ ℓ1 and
(
f(xk)− f∗

)
k≥0

∈ ℓ1;

(b) it holds f
(
xk
)
− f∗ = o

(
1
k

)
as k → +∞;

(c) (xk)k≥0 converges to an element in argmin f as k → +∞;

(d) it holds ∥∇f(xk)∥ = o
(
1
k

)
as t→ +∞;

Proof. For x∗ ∈ argmin f , we define the discrete energy function

Ek := k (f (xk)− f∗) +
1

2γ
∥xk − x∗∥2 ∀k ≥ 0.

For all x ∈ Rn and all k ≥ 0, we have by the gradient inequality

f(x)− f(xk) ≥ ∇f(xk)T (x− xk),
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while Lemma 7.3 yields

f(xk+1) ≤ f(xk) +∇f(xk)T (xk+1 − xk) +
L∇f

2

∥∥xk+1 − xk
∥∥2

⇔ f(xk)− f(xk+1) ≥ ∇f(xk)T (xk − xk+1)− L∇f

2

∥∥xk+1 − xk
∥∥2 .

Adding the two inequalities, for all x ∈ Rn and all k ≥ 0, we get

f(x)− f(xk+1) ≥ ∇f(xk)T (x− xk+1)− L∇f

2

∥∥xk+1 − xk
∥∥2

and further, after substituting 1
γ
(xk − xk+1) for ∇f(xk),

f(x)− f(xk+1) ≥ 1

γ
(xk − xk+1)T (x− xk+1)− L∇f

2

∥∥xk+1 − xk
∥∥2 .

In other words, for all x ∈ Rn and all k ≥ 0, it holds

f(x)− f(xk+1) ≥ 1

2γ

(∥∥xk+1 − xk
∥∥2 + ∥∥x− xk+1

∥∥2 − ∥∥x− xk
∥∥2)− L∇f

2

∥∥xk+1 − xk
∥∥2 ,

which is equivalent to

f(xk+1)− f(x) +
1

2γ
(∥xk+1 − x∥2 − ∥xk − x∥2) + 1− γL∇f

2γ
∥xk+1 − xk∥2 ≤ 0.

From here we deduce, for all k ≥ 0, that (by setting x := xk)

f(xk+1)− f(xk) ≤ f(xk+1)− f(xk) +
2− γL∇f

2γ
∥xk+1 − xk∥2 ≤ 0, (7.4)

and (by setting x := x∗)

f(xk+1)− f∗ +
1

2γ
(∥xk+1 − x∗∥2 − ∥xk − x∗∥2) + 1− γL∇f

2γ
∥xk+1 − xk∥2 ≤ 0. (7.5)

This yields, for all k ≥ 0,

Ek+1 − Ek = k
(
f(xk+1)− f(xk)

)
+ f(xk+1)− f∗ +

1

2γ
(∥xk+1 − x∗∥2 − ∥xk − x∗∥2)

≤ − k
2− γL∇f

2γ
∥xk+1 − xk∥2 − 1− γL∇f

2γ
∥xk+1 − xk∥2,

and so, using that γL∇f ≤ 1,

Ek+1 − Ek + k
2− γL∇f

2γ
∥xk+1 − xk∥2 ≤ Ek+1 − Ek +

1

2γ
(k(2− γL∇f ) + 1− γL∇f ) ∥xk+1 − xk∥2

≤ 0. (7.6)
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By using telescoping arguments, we obtain, for all K ≥ 1,

K
(
f
(
xK
)
− f∗

)
+

1

2γ

∥∥xK − x∗
∥∥2 + 2− γL

2γ

K−1∑
k=0

k∥xk+1 − xk∥2 ≤ 1

2γ

∥∥x0 − x∗
∥∥2 .

This yields that (xk)k≥0 is bounded, (k∥xk+1 − xk∥2)k≥0 ∈ ℓ1, (k∥∇f(xk)∥2)k≥0 ∈ ℓ1, and

0 ≤ f(xk)− f∗ ≤
∥x0 − x∗∥2

2γk
∀k ≥ 1. (7.7)

On the other hand, from (7.5), we obtain that, for all k ≥ 0,

k∑
l=0

(f(xk+1)− f∗) ≤
1

2γ

∥∥x0 − x∗
∥∥2 ,

thus
(
f(xk)− f∗

)
k≥0

∈ ℓ1. This proves statement (a).

Since
∑+∞

k=1
1
k
k(f(xk)− f∗) =

∑+∞
k=1(f(xk)− f∗) < +∞, it holds lim infk→+∞ k(f(xk)− f∗) = 0.

In addition, from (7.4), for all k ≥ 0, we have

(k + 1)(f(xk+1)− f∗) ≤ k(f(xk)− f∗) + (f(xk)− f∗).

Lemma 7.5, yields that limk→+∞ k(f(xk)−f∗) exists and it is finite, thus limk→+∞ k(f(xk)−f∗) = 0.
This completes the proof of statement (b).

Making again use of (7.5), we have that, for all k ≥ 0,

∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2 − 2γ(f(xk+1)− f∗) +
γL∇f − 1

2γ
∥xk+1 − xk∥2.

Lemma 7.5 yields that limk→+∞ ∥xk − x∗∥2 exists and it is finite – let

ℓx∗ := lim
k→+∞

∥∥xk − x∗
∥∥2 .

This implies that (xk)k≥0 is bounded, and therefore it has at least one accumulation point. We will
prove that it has exactly one accumulation point, which implies that the whole sequence converges.

Indeed, assume that (xk)k≥0 has two accumulation points x′ and x′′. Then there exist subse-
quences (xkl)l≥0 and (xkj)j≥0 such that

xkl → x′ (l → +∞) and xkj → x′′ (j → +∞).

By continuity of f and by part (b), we have that

f(xkl) → f(x′) (l → +∞) ⇒ f(x′) = f ∗ ⇒ x′ ∈ argmin f

f(xkj) → f(x′′) (j → +∞) ⇒ f(x′′) = f ∗ ⇒ x′′ ∈ argmin f.
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For every k ≥ 0 we have

2(xk)T (x′ − x′′) =
∥∥xk − x′′

∥∥2 − ∥∥xk − x′
∥∥2 − ∥x′′∥2 + ∥x′∥2 ,

then

2(xkl)T (x′ − x′′) =
∥∥xkl − x′′

∥∥2 − ∥∥xkl − x′
∥∥2 − ∥x′′∥2 + ∥x′∥2 ∀l ≥ 0

2(xkj)T (x′ − x′′) =
∥∥xkj − x′′

∥∥2 − ∥∥xkj − x′
∥∥2 − ∥x′′∥2 + ∥x′∥2 ∀j ≥ 0.

We let l → +∞ and j → +∞, respectively, and so

2(x′)T (x′ − x′′) = lx′′ − lx′ − ∥x′′∥2 − ∥x′∥2

2(x′′)T (x′ − x′′) = lx′′ − lx′ − ∥x′′∥2 − ∥x′∥2 ,

which implies

(x′)T (x′ − x′′) = (x′′)T (x′ − x′′) ⇔ (x′ − x′′)T (x′ − x′′) = 0 ⇔ ∥x′ − x′′∥2 = 0 ⇔ x′ = x′′.

Thus, the whole sequence (xk)k≥0 is convergent to an element in argmin f .
According to (a),

∑+∞
k=1

1
k
k2∥∇f(xk)∥2 =

∑+∞
k=1 k∥∇f(xk)∥2 < +∞. From here, we conclude

that lim infk→+∞ k∥∇f(xk)∥ = 0. By using the Baillon-Haddad Theorem, for all k ≥ 0, we have

∥∇f(xk+1)−∇f(xk)∥2 ≤ L∇f

(
∇f(xk+1)−∇f(xk)

)T
(xk+1 − xk)

= − γL∇f

(
∇f(xk+1)−∇f(xk)

)T ∇f(xk)

≤− 2
(
∇f(xk+1)−∇f(xk)

)T ∇f(xk),

from where we deduce that
∥∇f(xk+1)∥2 ≤ ∥∇f(xk)∥2.

This allows us to conclude that, for all k ≥ 0,

(k + 1)2∥∇f(xk+1)∥2 = (k2 + 2k + 1)∥∇f(xk+1)∥2 ≤ k2∥∇f(xk)∥2 + (2k + 1)∥∇f(xk+1)∥2

≤ 2(k + 1)∥∇f(xk+1)∥2.

By Lemma 7.5, limk→+∞ k2∥∇f(xk)∥2 exists and it is finite, thus limk→+∞ k∥∇f(xk)∥ = 0. This
completes the proof of statement (d). ■

Remark 7.7 By slightly modifying the arguments in the previous proof, one can show that the

conclusions of Theorem 7.6 remain valid for all γ ∈
(
0, 2

L∇f

)
.

Example 7.8 We can use the gradient method to solve a linear system Ax = b for A ∈ Rm×n, A ̸=
0, and b ∈ Rm, by reformulating it as

min
x∈Rn

∥Ax− b∥2 .
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Define f : Rn → R, f(x) = ∥Ax− b∥2. Then f is convex and differentiable and its gradient
x 7→ ∇f(x) = 2AT (Ax − b) is Lipschitz continuous with constant L∇f := 2

∥∥ATA
∥∥ = 2 ∥A∥2.

Indeed, we have

∥∇f(x)−∇f(y)∥ = 2
∥∥ATA(x− y)

∥∥ ≤ 2
∥∥ATA

∥∥ ∥x− y∥ ∀x, y ∈ Rn.

Therefore, for γ ∈
(
0, 1

2∥A∥2

]
, we can solve Ax = b with the iteration

xk+1 := xk − 2γAT (Axk − b) ∀k ≥ 0.

7.3 The fast gradient method for convex optimization problems

In 1983, Nesterov introduced in [8] the following so-called accelerated/fast gradient method for
solving (7.1): for x0 = x1 ∈ Rn, γ ∈

(
0, 1

L∇f

]
,

t1 = 1 and tk+1 :=
1 +

√
4t2k + 1

2
∀k ≥ 1

(notice that t2k+1 − tk+1 − t2k = 0), let

(∀k ≥ 1)

y
k := xk +

tk − 1

tk+1

(xk − xk−1)

xk+1 := yk − γ∇f(yk).
(7.8)

The sequence (yk)k≥1 is called the momentum sequence. For every k ≥ 2 it holds

0 ≤ f(xk)− f ∗ ≤ 2

γ(k + 1)2
dist2argmin f (x

0),

which means that (f(xk))k≥0 converges to f
∗ with a convergence rate of O( 1

k2
) as k → +∞, which

is faster than for the gradient method. However, it is not known whether the sequence of iterates
(xk)k≥0 converges.

In 2015, Chambolle-Dossal introduced in [3] the following modified version of Nesterov’s accel-
erated/fast gradient method: for x0 = x1 ∈ Rn, γ ∈

(
0, 1

L∇f

]
,

α ≥ 3 and tk :=
k + α− 2

α− 1
∀k ≥ 1

(notice that t2k+1 − tk+1 − t2k ≤ 0), let

(∀k ≥ 1)

y
k := xk +

tk − 1

tk+1

(xk − xk−1)

xk+1 := yk − γ∇f(yk).
(7.9)

The following holds:
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(i) (f(xk))k≥0 converges to f ∗ with a convergence rate of O( 1
k2
) as k → +∞;

(ii) if α > 3, then (f(xk))k≥0 converges to f
∗ with a convergence rate of o( 1

k2
), and the sequence

of (xk)k≥0 converges to an element of argmin f as k → +∞.

The convergence of the iterates to a global minimizer of f , for the fast gradient method with
Nesterov momentum and with Chambolle-Dossal momentum when α = 3, was shown in [2] in
October 2025.

The continuous counterpart of (7.9) has the following formulationẍ(t) +
α

t
ẋ(t) +∇f(x(t)) = 0

x(t0) = x0, ẋ(t0) = ẋ0,
(7.10)

where t ≥ t0 > 0 and α ≥ 3. It was proposed by Su-Boyd-Candés in 2015 for α = 3. The following
holds, as in discrete time,

(i) f(x(t)) → f ∗ with a convergence rate of O( 1
t2
) as t→ +∞;

(ii) if α > 3, then f(x(t)) → f ∗ with a convegrence rate of o( 1
t2
), and x(t) converges to an

element of argmin f as t→ +∞.

The convergence of the trajectory in case α = 3 was shown in [7] in October 2025.

Remark 7.9 For α = 3, the fast convergence rate for the objective function values can be obtained
by considering, for x∗ ∈ argmin f , the following energy function

E : [t0,+∞) → R, E(t) = t2(f(x(t))− f∗) +
1

2
∥tẋ(t) + 2(x(t)− x∗)∥2.

For all t ≥ t0, it holds

d

dt
E(t) = 2t(f(x(t))− f∗) + t2∇f(x(t))T ẋ(t) + (tẋ(t) + 2(x(t)− x∗))T (tẍ(t) + 3ẋ(t))

= 2t(f(x(t))− f∗) + t2∇f(x(t))T ẋ(t) + (tẋ(t) + 2(x(t)− x∗))T (−t∇f(x(t)))
= 2t(f(x(t))− f∗ − (x(t)− x∗)∇f(x(t))) ≤ 0.

Hence, for all t ≥ t0,

0 ≤ f(x(t))− f∗ ≤
E(t)
t2

≤ E(t0)
t2

.

7.4 The minimization of a strongly convex function

In the following, we will discuss the convergence properties of the gradient method when minimizing
a strongly convex function.
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Definition 7.10 (strongly convex function) A function f : Rn → R is said to be strongly convex
(with modulus µ > 0) if

f(λx+(1−λ)y)+µλ(1−λ) ∥x− y∥2 ≤ λf(x)+(1−λ)f(y) for every x, y ∈ Rn and every λ ∈ [0, 1].

The function f is strongly convex with modulus µ > 0 if and only if

g : Rn → R, g(x) = f(x)− µ ∥x∥2 ,

is convex. Every strongly convex function is strictly convex and it has a unique global minimum.
The following theorem characterizes the convergence properties of the gradient method with

fixed step size when applied to the minimization of a strongly convex function. Notice that if
f : Rn → R is a strongly convex with modulus µ > 0 and differentiable function with a L∇f -
Lipschitz continuous gradient, then, according to Lemma 7.3, it holds

µ∥x− y∥2 +∇f(x)T (y − x) + f(x) ≤ f(y) ≤ f(x) +∇f(x)T (y − x) +
L∇f

2
∥x− y∥2 ∀x, y ∈ Rn,

therefore µ ≤ L∇f

2
.

Theorem 7.11 Let f : Rn → R be a strongly convex with modulus µ > 0 and differentiable function

with a L∇f -Lipschitz continuous gradient, x
0 ∈ Rn, γ ∈

(
0, 4µ

L2
∇f

)
and c := 1−4γµ+γ2L2

∇f ∈ [0, 1).

For the sequence (xk)k≥0 generated by the gradient method with constant step size γ,

xk+1 := xk − γ∇f(xk) ∀k ≥ 0,

the following statements are true:

(a) for every k ≥ 0,
∥∥xk+1 − x∗

∥∥ ≤
√
c
∥∥xk − x∗

∥∥, where x∗ is the unique global minimum of f ;

(b) (xk)k≥0 converges to x∗ with a convergence rate of O(
√
c
k
) as k → +∞;

(c) if γ ∈
(
0, 2µ

L2
∇f

]
, then (f(xk))k≥0 converges to f

∗ with a convergence rate of O(ck) as k → +∞.

Proof. Since µ ≤ L∇f

2
, it holds c ≥ 1−2γL∇f +γ

2L2
∇f = (1−γL∇f )

2 ≥ 0, whereas the condition

γ ∈
(
0, 4µ

L2
∇f

)
guarantees that c < 1.

(a) Let T : Rn → Rn, T (x) = x− γ∇f(x). We will prove that T is a contraction. The function
f is strongly convex with modulus µ, therefore f − µ ∥·∥2 is convex and we get from the gradient
inequality that for every x, y ∈ Rn

(∇f(y)− 2µy −∇f(x) + 2µx)T (y − x) ≥ 0

⇔ (∇f(y)−∇f(x))T (y − x) ≥ 2µ(y − x)T (y − x) = 2µ ∥y − x∥2 ,
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Then we have for every x, y ∈ Rn

∥T (x)− T (y)∥2 = ∥x− y − γ(∇f(x)−∇f(y))∥2

= ∥x− y∥2 − 2γ (∇f(x)−∇f(y))T (x− y) + γ2 ∥∇f(x)−∇f(y)∥2 .

Since (∇f(x)−∇f(y))T (x− y) ≥ 2µ ∥y − x∥2 and ∥∇f(x)−∇f(y)∥2 ≤ L2
∇f ∥x− y∥2, it yields

∥T (x)− T (y)∥ ≤ ∥x− y∥
√

1− 4γµ+ γ2L2
∇f =

√
c ∥x− y∥ ∀x, y ∈ Rn,

which proves that T is a contraction.
According to the Banach-Picard Theorem, the sequence generated by xk+1 := T (xk) for every

k ≥ 0 converges to the unique fixed point of T , which we denote by x∗. In other words,

x∗ = T (x∗) = x∗ − γ∇f(x∗) ⇔ ∇f(x∗) = 0,

which is equivalent to x∗ being global minimum of f . Furthermore, we get for everyk ≥ 0∥∥xk+1 − x∗
∥∥ =

∥∥T (xk)− T (x∗)
∥∥ ≤

√
c
∥∥xk − x∗

∥∥ .
(b) Follows directly from (a) by applying the inequality k times.

(c) Since µ ≤ L∇f

2
, it holds γ ∈

(
0, 1

L∇f

)
. According to inequality (7.5), we get

0 ≤ f(xk+1)− f ∗ = f(xk+1)− f(x∗) ≤ 1

2γ

∥∥xk − x∗
∥∥2 ≤ 1

2γ
ck
∥∥x0 − x∗

∥∥2 = ∥x0 − x∗∥2

2γc
ck+1,

which proves the claim. ■

8 The Newton method

8.1 Convergence rates

Definition 8.1 Let (xk)k≥0 ⊆ Rn be a given sequence.

(a) The sequence (xk)k≥0 is said to converge linearly to x∗ ∈ Rn if there exist q ∈ (0, 1) and
k0 ≥ 0 such that

∥xk+1 − x∗∥ ≤ q∥xk − x∗∥ ∀k ≥ k0.

(b) The sequence (xk)k≥0 is said to converge superlinearly to x∗ ∈ Rn if there exists a sequence
(εk)k≥0 ↓ 0 such that

∥xk+1 − x∗∥ ≤ εk∥xk − x∗∥ ∀k ≥ 0.

(c) If xk → x∗ ∈ Rn as k → +∞, then (xk)k≥0 is said to converge quadratically to x∗ ∈ Rn if
there exists Q > 0 such that

∥xk+1 − x∗∥ ≤ Q∥xk − x∗∥2 ∀k ≥ 0.

Remark 8.2 Superlinear convergence implies linear convergence and linear convergence implies
convergence. However, the last condition alone in Definition 8.1 (c) does not imply convergence,
reason why we assume it.
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8.2 The Newton algorithm for nonlinear equations

Let F : Rn → Rn be a continuously differentiable mapping. We want to find x∗ ∈ Rn that solves
the nonlinear equation

F (x) = 0. (8.1)

Assume that xk is an approximation of x∗. In order to find xk+1, we consider the linearization
of F at xk:

Fk : Rn → Rn, Fk(x) = F (xk) +∇F (xk)(x− xk), (8.2)

where ∇F : Rn → Rn×n denotes the Jacobian of F . The new iterate xk+1 is chosen as a solution
of the linear system

Fk(x) = 0. (8.3)

If ∇F (xk)−1 exists, then
xk+1 := xk −∇F (xk)−1F (xk).

In general, we do not want to calculate the inverse of a matrix explicitly, because it is very costly.
We actually need only a solution dk ∈ Rn of the so-called Newton equation

∇F (xk)d = −F (xk) (8.4)

and to set afterwards
xk+1 := xk + dk.

Figure 8.1: One step of the Newton method.

Algorithm 8.3 (Newton algorithm for nonlinear equations)

1: Choose a starting point x0 ∈ Rn and set k := 0.

2: If F (xk) = 0: STOP.



54 Numerical methods for unconstrained optimization problems

3: Find dk ∈ Rn as a solution of the Newton equation

∇F (xk)d = −F (xk).

4: Set xk+1 := xk + dk, k := k + 1 and go to Step 2.

In the following, for a matrix A ∈ Rn×n we denote by

∥A∥ = max{∥Ax∥ : ∥x∥ = 1}

the matrix (operator) norm of A induced by the Euclidean norm ∥ · ∥.

Lemma 8.4 (Banach Lemma)

(a) Let M ∈ Rn×n be a matrix with ∥M∥ < 1. Then I −M is regular and it holds∥∥(I −M)−1
∥∥ ≤ 1

1− ∥M∥
.

(b) Let A,B ∈ Rn×n with ∥I −BA∥ < 1. Then A and B are regular and it holds∥∥A−1
∥∥ ≤ ∥B∥

1− ∥I −BA∥
and

∥∥B−1
∥∥ ≤ ∥A∥

1− ∥I −BA∥

The following two lemmas will play an important role in the convergence analysis of the Newton
algorithm.

Lemma 8.5 Let F : Rn → Rn be continuously differentiable, x∗ ∈ Rn and ∇F (x∗) regular. Then
there exist ε > 0 and c > 0 such that for every x ∈ B(x∗; ε) the matrix ∇F (x) is regular and
∥∇F (x)−1∥ ≤ c.

Proof. By the continuity of ∇F , there exists ε > 0 such that for every x ∈ B(x∗; ε) it holds

∥∇F (x)−∇F (x∗)∥ ≤ 1

2 ∥∇F (x∗)−1∥
.

Then we have for every x ∈ B(x∗; ε)∥∥I −∇F (x∗)−1∇F (x)
∥∥ =

∥∥∇F (x∗)−1(∇F (x∗)−∇F (x))
∥∥

≤
∥∥∇F (x∗)−1

∥∥ ∥∇F (x∗)−∇F (x)∥ ≤ 1

2
< 1.

By Lemma 8.4 (b) we get that for every x ∈ B(x∗; ε) the matrix ∇F (x) is regular and∥∥∇F (x)−1
∥∥ ≤ ∥∇F (x∗)−1∥

1− ∥I −∇F (x∗)−1∇F (x)∥
≤ 2

∥∥∇F (x∗)−1
∥∥ =: c.

■
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Lemma 8.6 Let F : Rn → Rn be an operator and (xk)k≥0 → x∗ ∈ Rn as k → +∞.

(a) If F is continuously differentiable, then there exists (εk)k≥0 ↓ 0 such that∥∥F (xk)− F (x∗)−∇F (xk)(xk − x∗)
∥∥ ≤ εk

∥∥xk − x∗
∥∥ ∀k ≥ 0,

in other words,∥∥F (xk)− F (x∗)−∇F (xk)(xk − x∗)
∥∥ = o(

∥∥xk − x∗
∥∥) as k → +∞.

(b) If F is continuously differentiable and ∇F is locally Lipschitz continuous at x∗, then there
exists C > 0 such that∥∥F (xk)− F (x∗)−∇F (xk)(xk − x∗)

∥∥ ≤ C
∥∥xk − x∗

∥∥2 ∀k ≥ 0,

in other words,∥∥F (xk)− F (x∗)−∇F (xk)(xk − x∗)
∥∥ = O(

∥∥xk − x∗
∥∥2) as k → +∞.

Proof. Recall that (Fréchet) differentiabilty of F at x∗ means

lim
x→x∗

∥F (x)− F (x∗)−∇F (x∗)(x− x∗)∥
∥x− x∗∥

= 0.

(a) By the triangle inequality, we have for every k ≥ 0∥∥F (xk)− F (x∗)−∇F (xk)(xk − x∗)
∥∥

≤
∥∥F (xk)− F (x∗)−∇F (x∗)(xk − x∗)

∥∥+ ∥∥(∇F (xk)−∇F (x∗))(xk − x∗)
∥∥ .

We will address the two summands separately. First, we define for every k ≥ 0

ε′k :=

{ ∥F (xk)−F (x∗)−∇F (x∗)(xk−x∗)∥
∥xk−x∗∥ , if xk ̸= x∗

0, otherwise
.

By the differentiability of F at x∗ we have that ε′k ↓ 0 as k → +∞. Next, we define for every k ≥ 0

ε′′k :=
∥∥∇F (xk)−∇F (x∗)

∥∥ .
By the continuity of ∇F at x∗, we have that also ε′′k ↓ 0 as k → +∞. We define εk := ε′k + ε′′k for
every k ≥ 0 and get ∥∥F (xk)− F (x∗)−∇F (xk)(xk − x∗)

∥∥ ≤ εk
∥∥xk − x∗

∥∥ .
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(b) Let B(x∗; δ) be a neighbourhood of x∗ on which ∇F is Lipschitz continuous with Lipschitz
constant Lx∗ ≥ 0. Then there exists k0 ≥ 0 be such that xk ∈ B(x∗; δ) for every k ≥ k0. Then, by
the Mean Value Theorem in integral form, the following holds for every k ≥ k0

F (xk)− F (x∗)−∇F (xk)(xk − x∗)

=

∫ 1

0

∇F (x∗ + t(xk − x∗))(xk − x∗) dt−∇F (xk)(xk − x∗)

=

∫ 1

0

[
∇F (x∗ + t(xk − x∗))−∇F (xk)

]
(xk − x∗) dt.

Taking the norm on both sides and invoking the Lipschitz continuity of ∇F on B(x∗; δ) (note that
x∗ + t(xk − x∗) ∈ B(x∗; δ) for every k ≥ k0), we get for every k ≥ k0

∥F (xk)− F (x∗)−∇F (xk)(xk − x∗)∥

≤
∫ 1

0

∥∥∇F (x∗ + t(xk − x∗))−∇F (xk)
∥∥∥∥xk − x∗

∥∥ dt

≤
∫ 1

0

Lx∗(1− t)
∥∥xk − x∗

∥∥2 dt = Lx∗

2

∥∥xk − x∗
∥∥2 .

This yields that there exists C > 0 such that this inequality is fulfilled for every k ≥ 0. ■

Theorem 8.7 (local convergence theorem of the Newton algorithm) Let F : Rn → Rn be contin-
uously differentiable, x∗ a solution of (8.1) and ∇F (x∗) a regular matrix. Then there exists ε > 0
such that for every x0 ∈ B(x∗; ε) the following statements are true:

(a) Algorithm 8.3 is well-defined and generates a sequence (xk)k≥0 which converges to x∗.

(b) The rate of convergence of (xk)k≥0 is superlinear.

(c) If ∇F is locally Lipschitz continuous at x∗, then the rate of convergence of (xk)k≥0 is
quadratic.

Proof. (a) By Lemma 8.5, we know that there exist ε1 > 0 and c > 0 such that for every
x ∈ B(x∗; ε1), the matrix ∇F (x) is regular and ∥∇F (x)−1∥ ≤ c. Moreover, since F is differentiable
and ∇F is continuous at x∗, we know that there exist ε2 > 0 such that for every x ∈ B(x∗; ε2) it
holds

∥F (x)− F (x∗)−∇F (x)(x− x∗)∥
≤ ∥F (x)− F (x∗)−∇F (x∗)(x− x∗)∥+ ∥∇F (x)−∇F (x∗)∥ ∥x− x∗∥

≤ 1

4c
∥x− x∗∥+ 1

4c
∥x− x∗∥ =

1

2c
∥x− x∗∥ .
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Let ε := min{ε1, ε2}. For x0 ∈ B(x∗; ε), we know that ∇F (x0) is regular and therefore x1 :=
x0 −∇F (x0)−1F (x0) is well-defined. Furthermore, by using that F (x∗) = 0, we have∥∥x1 − x∗

∥∥ =
∥∥x0 −∇F (x0)−1F (x0)− x∗

∥∥
=
∥∥∇F (x0)−1(F (x∗)− F (x0) +∇F (x0)(x0 − x∗))

∥∥
≤
∥∥∇F (x0)−1

∥∥∥∥−F (x∗) + F (x0)−∇F (x0)(x0 − x∗)
∥∥

≤ c · 1

2c

∥∥x0 − x∗
∥∥ =

1

2

∥∥x0 − x∗
∥∥ ,

which implies that x1 ∈ B(x∗; ε) and therefore that x2 is also well-defined. Repeating this argument
for every k ≥ 0, we get

∥∥xk+1 − x∗
∥∥ ≤ 1

2

∥∥xk − x∗
∥∥ ≤

(
1

2

)k ∥∥x0 − x∗
∥∥ ,

which implies that (xk)k≥0 ⊆ B(x∗; ε) and therefore guarantees that the method is well-defined.
Lastly, we have that xk → x∗ as k → +∞.

(b) We have for every k ≥ 0∥∥xk+1 − x∗
∥∥ =

∥∥xk −∇F (xk)−1F (xk)− x∗
∥∥

=
∥∥∇F (xk)−1(−F (xk) +∇F (xk)(xk − x∗))

∥∥
=
∥∥∇F (xk)−1(F (xk)−∇F (xk)(xk − x∗))

∥∥
=
∥∥∇F (xk)−1(F (xk)− F (x∗)−∇F (xk)(xk − x∗))

∥∥
≤
∥∥∇F (xk)−1

∥∥∥∥F (xk)− F (x∗)−∇F (xk)(xk − x∗)
∥∥

≤ c
∥∥F (xk)− F (x∗)−∇F (xk)(xk − x∗)

∥∥
≤ c · εk ·

∥∥xk − x∗
∥∥ ,

where the sequence (εk)k≥0 ↓ 0 is provided by Lemma 8.6 (a). This shows (b).
(c) The statement follows by making use of Lemma 8.6 (b) instead of Lemma 8.6 (a) in the

above estimates. ■

The following examples emphasize the importance of the assumptions in Theorem 8.7.

Example 8.8 (a) The method may fail when F is not continuously differentiable in a neighbour-
hood of the solution x∗. For instance, take

F : R → R, F (x) = x1/3, F ′(x) =
1

3
x−2/3 for x ̸= 0.

The function F is not differentiable at 0. Furthermore, its unique zero is x∗ = 0. For x0 ∈ R \ {0},
we have for every k ≥ 0

xk+1 := xk − (xk)1/3

1
3
(xk)−2/3

= −2xk = 4xk−1 = . . . = (−2)k+1x0,
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therefore (xk)k≥0 is not a convergent sequence.
(b) The method may fail when the starting point is not close enough to x∗. For instance, take

F : R → R, F (x) = x3 − 2x+ 2, F ′(x) = 3x2 − 2.

Figure 8.2: The function F (x) = x3 − 2x+ 2.

For the unique zero x∗ of F , it holds x∗ ∈ (−2,−1) and F ′(x∗) ̸= 0. We have for every k ≥ 0

xk+1 := xk − (xk)3 − 2xk + 2

3(xk)2 − 2
.

Then, for x0 = 0, we have x1 = 1 and x2 = 0, so the method alternates between 0 and 1. In
particular, it does not converge to x∗. This happens because x0 is too far away from x∗.

(c) The convergence is not always quadratic. For instance, take

F : R → R, F (x) = x+ x4/3, F ′(x) = 1 +
4

3
x1/3.

In particular, F (0) = 0 and F ′(0) = 1 and thus, by Theorem 8.7, there exists ε > 0 such that for
every x0 ∈ (−ε, ε) the sequence generated by

xk+1 = xk − xk + (xk)4/3

1 + 4
3
(xk)1/3

=
1
3
(xk)4/3

1 + 4
3
(xk)1/3

converges to 0 superlinearly as k → +∞.
However, if we check the definition of quadratic convergence, we see the following:

|xk+1 − 0|
|xk − 0|2

=
1

3

∣∣∣∣ (xk)4/3

(xk)2 + 4
3
(xk)7/3

∣∣∣∣ = 1

3

∣∣∣∣ 1

(xk)2/3 + 4
3
xk

∣∣∣∣→ +∞ as k → +∞,

since xk → 0 as k → +∞. Therefore, the convergence is not quadratic. This happens because F ′

is not locally Lipschitz continuous at 0. Indeed, there is no L0 ≥ 0 and no ε > 0 such that for
every x, y ∈ (−ε, ε) it holds

|F ′(x)− F ′(y)| = 4

3
|x1/3 − y1/3| ≤ L0|x− y|.
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8.3 The Newton algorithm for optimization problems

We consider again the optimization problem (4.1)

min
x∈Rn

f(x),

but assume this time that f : Rn → R is a twice continuously differentiable function.
The Newton algorithm for solving this problem is nothing else than the Newton algorithm for

solving the nonlinear equation
∇f(x) = 0, (8.5)

where ∇f : Rn → Rn denotes the gradient operator of f . The update rule reads for every k ≥ 0

xk+1 := xk − (∇2f(xk))−1∇f(xk),

where ∇2f : Rn → Rn×n denotes the Hessian operator of f . In order to avoid the calculation of the
inverse of the matrix ∇2f(xk), one can determine a vector dk ∈ Rn fulfilling the Newton equation

∇2f(xk)d = −∇f(xk) (8.6)

and make the update
xk+1 := xk + dk. (8.7)

Algorithm 8.9 (Newton algorithm for optimization problems)

1: Choose a starting point x0 ∈ Rn, ε ≥ 0 and set k := 0.

2: If
∥∥∇f(xk)∥∥ ≤ ε: STOP.

3: Find a solution dk ∈ Rn of the Newton equation

∇2f(xk)d = −∇f(xk).

4: Set xk+1 := xk + dk, k := k + 1 and go to Step 2.

The local convergence theorem follows as a special case of Theorem 8.7. We set ε = 0 and
assume that Algorithm 8.9 does not terminate after finitely many steps.

Theorem 8.10 (local convergence theorem of the Newton algorithm for optimization problems)
Let f : Rn → R be twice continuously differentiable, x∗ ∈ Rn a critical point of (4.1), which
means that ∇f(x∗) = 0, and ∇2f(x∗) a regular matrix. Then there exists ε > 0 such that for all
x0 ∈ B(x∗; ε) the following statements are true:

(a) Algorithm 8.9 is well-defined and generates a sequence (xk)k≥0 which converges to x∗.

(b) The rate of convergence of (xk)k≥0 is superlinear.
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(c) If ∇2f is locally Lipschitz continuous at x∗, then the rate of convergence of (xk)k≥0 is
quadratic.

Remark 8.11 (a) To guarantee convergence to the critical point x∗, one has to start in an un-
known neighbourhood B(x∗; ε) of x∗.

(b) The sequence (xk)k≥0 might convergence to a local maximum of f , since local maxima also
satisfy ∇f(x∗) = 0.

In order to solve these issues, one can combine the fast convergence properties of the Newton
method with the “global convergence features” (regarding the choice of x0) of the gradient method.
This is done by first taking gradient steps to enter an appropriate neighbourhood of x∗, and then
by taking Newton steps to converge fast.

Algorithm 8.12 (globalized Newton algorithm for optimization problems)

1: Choose a starting point x0 ∈ Rn, ρ > 0, p > 2, β ∈ (0, 1), σ ∈ (0, 1
2
), ε ≥ 0 and set k := 0.

2: If
∥∥∇f(xk)∥∥ ≤ ε: STOP.

3: Find a solution dk ∈ Rn of the Newton equation

∇2f(xk)d = −∇f(xk). (8.8)

If the Newton equation has no solution or if

∇f(xk)Tdk ≤ −ρ
∥∥dk∥∥p (8.9)

is not satisfied, then set dk := −∇f(xk).

4: Find tk := max{βl : l = 0, 1, . . .} such that

f(xk + tkd
k) ≤ f(xk) + σtk∇f(xk)Tdk. (8.10)

5: Set xk+1 := xk + tkd
k, k := k + 1 and go to Step 2.

Remark 8.13 If the Newton equation has no solution or if the solution is “bad”, i.e. the inequality

∇f(xk)Tdk ≤ −ρ
∥∥dk∥∥p

is not fulfilled, a gradient step is taken instead of a Newton step. Note that (8.9) is not satisfied
means that dk is not a (“good enough”) descent direction.

We set ε = 0 and assume that Algorithm 8.12 does not terminate after finitely many steps.
First, we prove the following statement.

Theorem 8.14 (subsequence convergence to a critical point) Let f : Rn → R be twice continu-
ously differentiable. Then every accumulation (limit) point of the sequence (xk)k≥0 generated by
Algorithm 8.12 is a critical point of f .
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Proof. Let x∗ ∈ Rn be a limit point of (xk)k≥0, i.e. there exists a subsequence (xkl)l≥0 such that
xkl → x∗ as l → +∞. We assume that ∇f(x∗) ̸= 0. For every k ≥ 0 it holds ∇f(xk)Tdk < 0, thus

f(xk+1) = f(xk + tkd
k) ≤ f(xk) + σtk∇f(xk)Tdk < f(xk),

therefore, (f(xk))k≥0 is nonincreasing.
If dkl = −∇f(xkl ) for infinitely many l ≥ 0, then the conclusion follows from the convergence

theorem of the gradient method with Armijo step size rule, Theorem 6.3.
Therefore, we can assume without loss of generality that dkl is given for all l ≥ 0 as a solution

of the Newton equation (8.8). For all l ≥ 0 it holds

∥∇f(xkl)∥ = ∥∇2f(xkl)dkl∥ ≤ ∥∇2f(xkl)∥∥dkl∥. (8.11)

We claim that there exist c1 > 0 and c2 > 0 such that

0 < c1 ≤ ∥dkl∥ ≤ c2 ∀l ≥ 0. (8.12)

Indeed, assuming that inf l≥0 ∥dkl∥ = 0, there exists a subsequence (dkls )s≥0 such that ∥dkls∥ con-
verges to zero as s→ +∞. According to (8.11), this leads to ∇f(x∗) = 0, which is a contradiction.
On the other hand, assuming that supl≥0 ∥dkl∥ = +∞, there exists a subsequence (dkls )s≥0 such
that ∥dkls∥ converges to +∞ as s→ +∞. According to (8.9), for every s ≥ 0 we have

ρ ≤ −∇f(xkls )Tdkls
∥dkls∥p

≤ ∥∇f(xkls )∥∥dkls∥1−p,

which also leads to a contradiction, since the right-hand side converges to zero as s→ +∞.
Since f is continuous, we have f(xkl) → f(x∗) as l → +∞ and, therefore, f(xk) → f(x∗) as

k → +∞. Since for every k ≥ 0

0 ≤ σtk∇f(xk)Tdk ≤ f(xk)− f(xk+1)

and f(xk) − f(xk+1) → 0 as k → +∞, it yields tk∇f(xk)Tdk → 0 as k → +∞, and so
tkl∇f(xkl)Tdkl → 0 as l → +∞.

Next we will show that the sequence (tkl)l≥0 is bounded away from zero. We assome without
loss of generality that tkl → 0 and, in accordance with (8.12), that dkl → d∗ ̸= 0 as l → +∞;
otherwise, we may pass to suitable subsequences. For every l ≥ 0, we have tkl := βmkl . By the
Armijo rule, it holds for every l ≥ 0

f(xkl + βmkl
−1dkl) > f(xkl) + σβmkl

−1∇f(xkl)Tdkl

or, equivalently,

f(xkl + βmkl
−1dkl)− f(xkl)

βmkl
−1 > σ∇f(xkl)Tdkl .
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Note that this holds because, by the Armijo rule, mkl is the first exponent for which the inequality
f(xkl+βmkldkl) ≤ f(xkl)+σβmkl∇f(xkl)Tdkl is fulfilled, so for βmkl

−1, the inequality is not fulfilled.
Lemma 6.2 gives

∇f(x∗)Td∗ ≥ σ∇f(x∗)Td∗,

which implies ∇f(x∗)Td∗ ≥ 0. On the other hand, (8.9) implies ∇f(x∗)Td∗ ≤ −ρ∥d∗∥p < 0, which
leads to a contradiction.

This means that there exists t̄ > 0 such that tkl ≥ t̄ > 0 for all l ≥ 0, consequently,
∇f(xkl)Tdkl → 0 as l → +∞. Making again use of (8.9), from here it follows that dkl → 0
as l → +∞, which is a contradiction to (8.12). In conclusion, ∇f(x∗) = 0. ■

Next, we demonstrate that if one of the accumulation points of the sequence (xk)k≥0 possesses
a specific property, then the entire sequence converges to this point.

Definition 8.15 (isolated accumulation point) Let (xk)k≥0 ⊆ Rn be a sequence and x∗ an accu-
mulation point of it. We say that x∗ is an isolated accumulation point of (xk)k≥0 if there exists
ε > 0 such that B(x∗; ε) contains no further accumulation points of (xk)k≥0.

Lemma 8.16 Let x∗ ∈ Rn be an isolated accumulation point of the sequence (xk)k≥0 ⊆ Rn with the
property that for any subsequence (xkl)l≥0 that converges to x∗ it holds liml→+∞(xkl+1 − xkl) = 0.
Then the whole sequence (xk)k≥0 converges to x∗.

Proof. We assume that (xk)k≥0 does not converge to x∗. Let ε > 0 be such that x∗ is the only

accumulation point of (xk)k≥0 in B(x∗; ε). Let (xkl)l≥0 be a subsequence of (xk)k≥0 such that

xkl → x∗ as l → +∞ and (xkl)l≥0 ⊆ B(x∗; ε).
For all l ≥ 0, let

ml := max{t :∥xs − x∗∥ ≤ ε ∀kl ≤ s ≤ t}.
For all l ≥ 0, ml is well-defined, since there exists t > kl such that ∥xt − x∗∥ > ε. This means that
for all l ≥ 0

∥xml − x∗∥ ≤ ε and ∥xml+1 − x∗∥ > ε.

The sequence (xml)l≥0 is bounded and each of its accumulation points lies in B(x∗; ε), meaning
they are all equal to x∗. This implies that xml → x∗ as l → +∞. Let l0 ≥ 0 be such that

∥xml − x∗∥ < ε

2
∀l ≥ l0.

From here, we get that for all l ≥ l0

∥xml+1 − xml∥ ≥ ∥xml+1 − x∗∥ − ∥xml − x∗∥ > ε

2
.

This leads to the desired contradiction. ■

Theorem 8.17 Let f : Rn → R be twice continuously differentiable, and x∗ an isolated accumu-
lation point of the sequence (xk)k≥0 generated by Algorithm 8.12. Then (xk)k≥0 converges to x∗ as
k → +∞.
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Proof. Let (xkl)l≥0 be a subsequence of (xk)k≥0 such that xkl → x∗ as l → +∞. According to
Theorem 8.14, ∇f(xkl) → ∇f(x∗) = 0 as l → +∞. Since tk ∈ (0, 1], for all k ≥ 0 it holds

∥xk+1 − xk∥ = tk∥dk∥ ≤ ∥dk∥.

For all l ≥ 0 for which dkl fulfills (8.9), by the Cauchy-Schwarz inequality, we have

ρ∥dkl∥p−1 ≤ ∥∇f(xkl)∥,

while for the other indices l ≥ 0, we have dkl = −∇f(xkl). This implies that ∥dkl∥ → 0 as l → +∞,
therefore, ∥xkl+1 − xkl∥ → 0 as l → +∞. The conclusion follows from the lemma above. ■

The following lemma shows that the positive definiteness of the Hessian of a function f at a
point x∗ extends uniformly to points in a neighborhood of x∗.

Lemma 8.18 Let f : Rn → R be twice continuously differentiable, and x∗ ∈ Rn such that ∇2f(x∗)
is positive definite. Then there exist δ > 0 and α > 0 such that

dT∇2f(x)d ≥ α∥d∥2 ∀x ∈ B(x∗; δ) ∀d ∈ Rn.

Proof. Assume by contradiction that for all k ≥ 1 there exists xk ∈ B(x∗; 1
k
) and dk ∈ Rn such

that

(dk)T∇2f(xk)dk <
1

k
∥dk∥2.

This implies that for all k ≥ 1 (
dk

∥dk∥

)T

∇2f(xk)

(
dk

∥dk∥

)
<

1

k
.

Considering a subsequence
(

dkl

∥dkl∥

)
l≥1

that converges to d∗ ̸= 0 as l → +∞, we obtain that

(d∗)T∇2f(x∗)d∗ ≤ 0, which contradicts the positive definitness of the Hessian. ■

The next result shows that, under certain assumptions, the globalized Newton algorithm accepts
the step size tk = 1 for sufficiently large k, provided that the direction dk is given by a solution of
the Newton equation (8.8).

Theorem 8.19 Let f : Rn → R be twice continuously differentiable, x∗ ∈ Rn such that ∇f(x∗) = 0
and ∇2f(x∗) is positive definite, (xk)k≥0 ⊆ Rn a sequence which converges to x∗ as k → +∞, and
(dk)k≥0 ⊆ Rn the sequence of Newton directions

dk := −∇2f(xk)−1∇f(xk) ∀k ≥ 0.

If σ ∈ (0, 1
2
), then there exists k0 ≥ 0 such that

f(xk + dk) ≤ f(xk) + σ∇f(xk)Tdk ∀k ≥ k0.
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Proof. Let c > 0 be the constant provided by Lemma 8.5 and k′0 ≥ 0 such that

∥∇2f(xk)−1∥ ≤ c ∀k ≥ k′0.

Thus, for all k ≥ k′0 it holds

∥dk∥ ≤ ∥∇2f(xk)−1∥∥∇f(xk)∥ ≤ c∥∇f(xk)∥,

which proves that dk → 0 as k → +∞.
Since ∇2f(x∗)−1 is positive definite, according to Lemma 8.18, there exist α > 0 and k′′0 ≥ 0

such that
∇f(xk)T∇2f(xk)−1∇f(xk) ≥ α∥∇f(xk)∥2 ∀k ≥ k′′0 .

For all k ≥ 0, we apply Taylor’s Theorem and get ξk ∈ (xk, xk + dk) such that

f(xk + dk) = f(xk) +∇f(xk)Tdk + 1

2
(dk)T∇2f(ξk)dk.

Since ξk → x∗ as k → +∞ and σ ∈ (0, 1
2
), there exists k′′′0 ≥ 0 such that(

σ − 1

2

)
α +

1

2
c2∥∇2f(ξk)−∇2f(xk)∥ ≤ 0 ∀k ≥ k′′′0 .

Consequently, for all k ≥ k0 := max{k′0, k′′0 , k′′′0 } it holds

f(xk + dk) = f(xk) +∇f(xk)Tdk + 1

2
(dk)T∇2f(ξk)dk

= f(xk) +∇f(xk)Tdk + 1

2
(dk)T∇2f(xk)dk +

1

2
(dk)T

(
∇2f(ξk)−∇2f(xk)

)
dk

= f(xk) +∇f(xk)Tdk − 1

2
∇f(xk)Tdk + 1

2
(dk)T

(
∇2f(ξk)−∇2f(xk)

)
dk

≤ f(xk) +
1

2
∇f(xk)Tdk + 1

2
∥dk∥2∥∇2f(ξk)−∇2f(xk)∥

≤ f(xk) + σ∇f(xk)Tdk +
(
1

2
− σ

)
∇f(xk)Tdk + 1

2
∥dk∥2∥∇2f(ξk)−∇2f(xk)∥

= f(xk) + σ∇f(xk)Tdk −
(
1

2
− σ

)
∇f(xk)T∇2f(xk)−1∇f(xk)

+
1

2
∥dk∥2∥∇2f(ξk)−∇2f(xk)∥

≤ f(xk) + σ∇f(xk)Tdk −
(
1

2
− σ

)
α∥∇f(xk)∥2 + 1

2
∥dk∥2∥∇2f(ξk)−∇2f(xk)∥

≤ f(xk) + σ∇f(xk)Tdk +
((

σ − 1

2

)
α +

1

2
c2∥∇2f(ξk)−∇2f(xk)∥

)
∥∇f(xk)∥2

≤ f(xk) + σ∇f(xk)Tdk,

which concludes the proof. ■
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We are now ready to present the following convergence theorem for sequences (xk)k≥0 generated
by the globalized Newton algorithm that have an accumulation point x∗ ∈ Rn for which ∇2f(x∗)
is positive definite.

Theorem 8.20 Let (xk)k≥0 be a sequence generated by Algorithm 8.12 and x∗ be an accumulation
(limit) point of (xk)k≥0 such that ∇2f(x∗) is positive definite. Then the following statements are
true:

(a) The entire sequence (xk)k≥0 converges to x∗ as k → +∞, and x∗ is a strict local minimum
of f .

(b) For sufficiently large k, the direction dk is the solution of the Newton equation (8.8).

(c) For sufficiently large k, the algorithm accepts the step size tk = 1.

(d) The sequence (xk)k≥0 converges superlinearly to x∗ as k → +∞.

(e) If, in addition, ∇2f is locally Lipschitz continuous at x∗, then (xk)k≥0 converges quadratically
to x∗ as k → +∞.

Proof. (a) According to Theorem 8.14, x∗ is a critical point of f . Since (f(xk))k≥0 is nonincreasing
and a subsequence of it converges to f(x∗), f(xk) → f(x∗) as k → +∞. This shows that f takes at
every accumulation point of (xk)k≥0 the value f(x∗). Since ∇2f(x∗) is positive definite, according
to Theorem 3.3, x∗ is a strict local minimum of f . This proves that x∗ is an isolated accumulation
point of (xk)k≥0. By Theorem 8.17, xk → x∗ as k → +∞.

(b) Since ∇2f(x∗) is positive definite, there exists k0 ≥ 0 such that the matrices ∇2f(xk) are
positive definite and therefore invertible. This means that the Newton equation has for all k ≥ k0
a unique solution. By Lemma 8.5, there exist c > 0 and k1 ≥ k0 such that for all k ≥ k1

∥∇2f(xk)−1∥ ≤ c,

consequently,
∥dk∥ ≤ c∥∇f(xk)∥.

Applying again Lemma 8.18, there exist α > 0 and k2 ≥ k1 such that for all k ≥ k2

dT∇2f(xk)−1d ≥ α∥d∥2 ∀d ∈ Rn.

Therefore, for all k ≥ k2 it holds

α

c2
∥dk∥2 = α

c2
∥∇2f(xk)−1∇f(xk)∥2 ≤ α∥∇f(xk)∥2 ≤ ∇f(xk)T∇2f(xk)−1∇f(xk) = −∇f(xk)Tdk.

From ∇f(xk) → ∇f(x∗) = 0 as k → +∞, it yields ∥dk∥ → 0 as k → +∞. This yields that there
exists k3 ≥ k2 such that for all k ≥ k3

∇f(xk)Tdk ≤ − α

c2
∥dk∥2 ≤ −ρ∥dk∥p,
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which proves (b).
(c) The statement is a direct consequence of (a), (b), and Theorem 8.19.
(d)-(e) Due to (a), (b) and (c), Algorithm 8.12 coincides in a neighbourhood of x∗ with the

local Newton algorithm. Consequently, the two algorithms share the same convergence properties.
The statements follow from Theorem 8.10 (b) and (c), respectively. ■



Chapter III

Numerical methods for constrained
optimization problems

In this chapter we will study numerical methods for optimization problems of the form (1.5)

min f(x).

such that gi(x) ≤ 0, i = 1, . . . ,m

hj(x) = 0, i = 1, . . . , p

x ∈ Rn

9 Penalty methods

9.1 The penalty algorithm

The constrained optimization problem (1.5) will be approached by a sequence of unconstrained
optimization problems. In each iteration, an unconstrained optimization problem is solved. The
objective function of every unconstrained problem will penalize the violation of the constraints of
(1.5). We will first consider optimization problems with only equality constraints, more specifically,

min f(x),

such that hj(x) = 0, i = 1, . . . , p

x ∈ Rn

(9.1)

where f : Rn → R and h = (h1, . . . , hp) : Rn → Rp are continuous functions.

Definition 9.1 (penalty function) Let α > 0. The function

P (·;α) : Rn → R, P (x;α) = f(x) +
α

2
∥h(x)∥2 ,

is called penalty function. In this context, α > 0 is called penalty parameter.

67
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Remark 9.2 Let X := {x ∈ Rn | hj(x) = 0, j = 1, . . . , p} denote the feasible set of the problem
(9.1). Then, for all α > 0, P (·;α) and f coincide on X.

The idea of a penalty algorithm is to minimize the penalty function P (·;α) in order to get a
solution of (9.1). In particular, we want to force the element to be feasible. To this end we will
take α large, which forces ∥h(·)∥2 to be small.

Example 9.3 Let f, h : R → R, f(x) = x2 and h(x) = x− 1. The global minimum of (9.1) in this
case is x∗ = 1. We calculate x∗(α) as the global minimum of P (·;α) over R for growing values of
α:

α = 1 ⇒ P (x; 1) =
3

2
x2 − x+ 1 ⇒ x∗(1) =

1

3

α = 10 ⇒ P (x; 10) = 6x2 − 10x+ 1 ⇒ x∗(10) =
5

6

α = 20 ⇒ P (x; 20) = 11x2 − 20x+ 1 ⇒ x∗(20) =
10

11
...

...
...

...

α = k ⇒ P (x; k) =
k + 2

2
x2 − kx+ 1 ⇒ x∗(k) =

k

k + 2
.

We see that x∗(α) → 1 as α → +∞.

For a strictly monotonically increasing sequence (αk)k≥0 ⊆ (0,+∞), we calculate xk as a
“minimum” of P (x;αk). We hope that (xk)k≥0 converges to a global minimum of (9.1).

Algorithm 9.4 (The penalty algorithm)

1: Choose α0 > 0 and set k := 0.

2: Find xk as a global minimum of the unconstrained optimization problem

min
x∈Rn

P (x;αk). (9.2)

3: If h(xk) = 0: STOP.

4: Choose αk+1 > αk, set k := k + 1 and go to Step 2.

Theorem 9.5 Let f : Rn → R and h = (h1, . . . , hp) : Rn → Rp be continuous functions, and
(αk)k≥0 a strictly monotonically increasing sequence with αk → +∞ as k → +∞. Assume that
the feasible set X is nonempty and denote f ∗ := infx∈X f(x) < +∞. If (xk)k≥0 is the sequence
generated by Algorithm 9.4, then the following statements are true:

(a) The sequence (P (xk;αk))k≥0 is monotonically increasing.

(b) The sequence (
∥∥h(xk)∥∥)k≥0 is monotonically decreasing.
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(c) The sequence (f(xk))k≥0 is monotonically increasing.

(d) It holds h(xk) → 0 as k → +∞.

(e) Every accumulation point of (xk)k≥0 is a global minimum of (9.1).

Proof. Let k ≥ 0.
(a) Since xk minimizes P (·;αk), we have P (xk;αk) ≤ P (xk+1;αk). In addition, it holds

P (xk+1;αk) = f(xk+1) +
αk

2

∥∥h(xk+1)
∥∥2

≤ f(xk+1) +
αk+1

2

∥∥h(xk+1)
∥∥2 = P (xk+1;αk+1).

Therefore,
P (xk;αk) ≤ P (xk+1;αk) ≤ P (xk+1;αk+1).

(b) We have
P (xk;αk) + P (xk+1;αk+1) ≤ P (xk+1;αk) + P (xk;αk+1)

or, equivalently,

αk

2

∥∥h(xk)∥∥2 + αk+1

2

∥∥h(xk+1)
∥∥2 ≤ αk

2

∥∥h(xk+1)
∥∥2 + αk+1

2

∥∥h(xk)∥∥2 .
This is further equivalent to

(αk+1 − αk)(
∥∥h(xk+1)

∥∥2 − ∥∥h(xk)∥∥2) ≤ 0 ⇔
∥∥h(xk+1)

∥∥2 ≤ ∥∥h(xk)∥∥2 ,
because αk+1 − αk > 0.

(c) Using P (xk;αk) ≤ P (xk+1;αk) and part (b), we get

f(xk) +
αk

2

∥∥h(xk)∥∥2 ≤ f(xk+1) +
αk

2

∥∥h(xk+1)
∥∥2 ≤ f(xk+1) +

αk

2

∥∥h(xk)∥∥2 ,
therefore f(xk) ≤ f(xk+1).

(d) We have

P (xk;αk) = inf
x∈Rn

P (x;αk) ≤ inf
x∈X

P (x;αk) = inf
x∈X

f(x) = f ∗ < +∞. (9.3)

On the other hand, by (c),

P (xk;αk) = f(xk) +
αk

2

∥∥h(xk)∥∥2 ≥ f(x0) +
αk

2

∥∥h(xk)∥∥2 > f(x0).

Since αk → +∞ as k → +∞, the statement follows.
(e) Let x∗ be a limit point of (xk)k≥0. Then there exists a subsequence xkl → x∗ as l → +∞,

and therefore by continuity of h and (d), it holds h(x∗) = 0, in other words x∗ ∈ X. Furthermore,
by (9.3),

f(x∗) = lim
l→+∞

f(xkl) ≤ lim
l→∞

P (xkl ;αkl) ≤ f ∗ = inf
x∈X

f(x),

and thus x∗ is a global minimum for (9.1). ■
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Remark 9.6 The stopping criterion in Algorithm 9.4 makes sense. Indeed, inequality (9.3) implies
that for all k ≥ 0

f(xk) ≤ P (xk;αk) ≤ f ∗ = inf
x∈X

f(x).

If h(xk) = 0 for an index k ≥ 0, we have xk ∈ X, which means that xk is a minimum for (9.1).

Remark 9.7 In order to obtain a similar algorithm with the corresponding convergence statement
for the optimization problem (1.5), we just have to reformulate this as

min f(x),

such that (gi)+(x) := max{0, gi(x)} = 0, i = 1, . . . ,m

hj(x) = 0, j = 1, . . . , p,

x ∈ Rn.

where f : Rn → R, g = (g1, . . . , gm) : Rn → Rm and h = (h1, . . . , hp) : Rn → Rp are continuous
functions. The corresponding penalty function reads for α > 0

P (x;α) = f(x) +
α

2
∥h(x)∥2 + α

2
∥g+(x)∥2

= f(x) +
α

2
∥h(x)∥2 + α

2

m∑
i=1

(max{0, gi(x)})2.

By using the “max function” we might lose differentiability. However, in this chapter we only
need the continuity of g, so this is not a problem for now. Note that ultimately we want to
minimize P (·;α) using an algorithm that definitely depends on the differentiability properties of
h and g. In particular, even if h and g are twice continuously differentiable, P (·;α) may only be
once continuously differentiable.

Next, we will assume that f and h in (9.1) are continuously differentiable. If xk is a minimizer
of P (·;αk), for k ≥ 0, then

0 = ∇P (xk;αk) = ∇f(xk) + αk

p∑
j=1

hj(x
k)∇hj(xk). (9.4)

Choosing

µk
j := αkhj(x

k) ∈ R, j = 1, . . . , p, and µk := (µk
1, . . . , µ

k
p)

T ∈ Rp, (9.5)

one may expect that the sequence (xk, µk)k≥0 has as a limit point a KKT point (x∗, µ∗) of (9.1).

Theorem 9.8 Let f : Rn → R and h : Rn → Rp be continuously differentiable functions. Let
(xk)k≥0 be a sequence generated by Algorithm 9.4 with limk→+∞ xk = x∗ such that the vectors
∇h1(x∗), . . . ,∇hp(x∗) are linearly independent, i.e. (LICQ) for (9.1) is fulfilled at x∗. Let (µk)k≥0

be the sequence defined in (9.5). Then, the following statements are true:
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(a) The sequence (µk)k≥0 converges to an element µ∗ ∈ Rp as k → +∞.

(b) The pair (x∗, µ∗) is a KKT point of (9.1), where µ∗ is the uniquely determined Lagrange
multiplier corresponding to x∗.

Proof. (a) For all k ≥ 0, let Ak := ∇h(xk) ∈ Rp×n and A∗ := ∇h(x∗) ∈ Rp×n. Then, as h is
continuously differentiable, we have

Ak → A∗ and AkA
T
k → A∗A

T
∗ as k → +∞.

The matrix A∗A
T
∗ is positive definite, therefore invertible. Indeed, for all z ∈ Rp it holds

zTA∗A
T
∗ z = (AT

∗ z)
TAT

∗ z =
∥∥AT

∗ z
∥∥2 ≥ 0,

and furthermore ∥∥AT
∗ z
∥∥2 = 0 ⇔ AT

∗ z = 0 ⇔
p∑

i=1

zi∇hi(x∗) = 0 ⇔ z = 0,

where the last equivalence follows by (LICQ).
Let k0 ≥ 0 be such that for all k ≥ k0 the matrix AkA

T
k is regular and (AkA

T
k )

−1 → (A∗A
T
∗ )

−1

as k → +∞. Combining (9.4) and (9.5), we obtain for all k ≥ k0

0 = ∇f(xk) +
p∑

j=1

µk
j∇hj(xk) ⇔

p∑
j=1

µk
j∇hj(xk) = −∇f(xk) ⇔ AT

k µ
k = −∇f(xk).

Therefore, for all k ≥ k0,

AkA
T
k µ

k = −Ak∇f(xk) ⇔ µk = −(AkA
T
k )

−1Ak∇f(xk).

Taking the limit as k → +∞, it yields

µk → −(A∗A
T
∗ )

−1A∗∇f(x∗) =: µ∗.

(b) For all k ≥ k0 it holds

0 = ∇f(xk) +
p∑

j=1

µk
j∇hj(xk).

Taking the limit as k → +∞, we get

0 = ∇f(x∗) +
p∑

j=1

µ∗
j∇hj(x∗).

In addition, we have by Theorem 9.5

h(x∗) = lim
k→∞

h(xk) = 0.

Therefore, (x∗, µ∗) is a KKT point of (9.1), and the uniqueness of µ∗ follows from Theorem 2.8. ■
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9.2 Exact penalization

The idea of exact penalization is to determine a fixed “convenient” penalty parameter ᾱ instead
of a sequence of penalty parameters and to consequently solve only one unconstrained problem.
Consider the constrained problem (1.5)

min f(x),

such that gi(x) ≤ 0, i = 1, . . . ,m

hj(x) = 0, i = 1, . . . , p

x ∈ Rn

where f : Rn → R, g = (g1, . . . , gm) : Rn → Rm and h = (h1, . . . , hp) : Rn → Rp are continuously
differentiable functions. One can construct a general class of penalty functions by choosing

Pr(x;α) = f(x) + αr(x), (9.6)

where r : Rn → R is a function, which is at least continuous, such that

r(x) ≥ 0 ∀x ∈ Rn

and
r(x) = 0 ⇔ x ∈ X,

where X is the feasible set of (1.5). For

r(x) :=
1

2
∥(g+(x), h(x))∥2 ,

we obtain the penalty function from Remark 9.7.

Definition 9.9 A penalty function of the form (9.6) is called exact at a local minimum x∗ of (1.5)
if there exists ᾱ > 0 such that x∗ is a local minimum of Pr(·;α) for all α ≥ ᾱ.

We will show that if Pr is exact at a local minimum x∗, then r cannot be differentiable. This means
that one cannot a priori use algorithms designed to solve unconstrained differentiable optimization
problems to minimize Pr(·;α).

Theorem 9.10 Let x∗ be a local minimum of (1.5) such that ∇f(x∗) ̸= 0. Let Pr be exact at x∗.
Then r is not differentiable at x∗.

Proof. If r is differentiable at x∗, then there exists ᾱ such that for all α ≥ ᾱ, it holds

∇Pr(x
∗; ᾱ) = 0 ⇔ ∇f(x∗) + α∇r(x∗) = 0.

This implies that for all α1, α2 ≥ ᾱ with α1 ̸= α2, we have

α1∇r(x∗) = −∇f(x∗) = α2∇r(x∗),

which implies ∇r(x∗) = 0 and thus ∇f(x∗) = 0 – a contradiction. ■



8 Penalty methods 73

Remark 9.11 The assumption that ∇f(x∗) ̸= 0 in Theorem 9.10 is necessary, however, it is not
very restrictive. If x∗ is a local minimum of (1.5), we usually do not expect that ∇f(x∗) = 0. It
happens if x∗ ∈ int(X), however, in this situation we do not need the penalty method at all – we
can use algorithms for unconstrained optimization problems to find a local minimum of f .

All this motivates the ansatz

r(x) = ∥(g+(x), h(x))∥q ,

where

∥z∥q =
{

(
∑

i |zi|q)1/q, if 1 ≤ q <∞,
maxi{|zi|}, if q = ∞,

which leads to

Pq(x;α) = f(x) + α ∥(g+(x), h(x))∥q . (9.7)

For q = 1, we obtain the exact ℓ1 penalty function

P1(x;α) = f(x) + α
m∑
i=1

max{0, gi(x)}+ α

p∑
j=1

|hj(x)|.

For q = ∞, we obtain the exact ℓ∞ penalty function

P∞(x;α) = f(x) + αmax {max{0, g1(x)}, ...,max{0, gm(x)}, |h1(x)|, ..., |hp(x)|} .

For q = 2, we obtain the exact ℓ2 penalty function

P2(x;α) = f(x) + α

( m∑
i=1

(max{0, gi(x)})2 +
p∑

j=1

(hj(x))
2

)1/2

.

Theorem 9.12 Let q ∈ [1,∞] be such that Pq is exact at a local minimum x∗ of (1.5). Then Pq′

is exact at x∗ for every q′ ∈ [1,∞].

Proof. Assume that Pq is exact at x
∗ for q ∈ [1,∞]. In other words, there exists ᾱ > 0 such that

for all α > ᾱ, x∗ is a local minimum for Pq(·;α). This means that for all α > ᾱ there exists ε(α)
such that for all x ∈ B(x∗; ε(α)) it holds

Pq(x
∗;α) ≤ Pq(x;α).

Let q′ ∈ [1,∞]. Then there exist c1, c2 > 0 such that for all z ∈ Rm+p

c1 ∥z∥q′ ≤ ∥z∥q ≤ c2 ∥z∥q′ .

In particular, for z = (1, 0, . . . , 0)T , we get

c1 ≤ 1 ≤ c2.
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Let ᾱ′ := c2ᾱ and take α ≥ ᾱ′. Note that α
c2

≥ ᾱ′

c2
= ᾱ. Then, for all x ∈ B(x∗; ε(α/c2)), it holds

Pq′(x
∗;α) = f(x∗) + α ∥(g+(x∗), h(x∗))∥q′ = f(x∗).

For this same reason, we get for all x ∈ B(x∗; ε(α/c2))

Pq′(x
∗;α) = f(x∗) = f(x∗) +

α

c2
∥(g+(x∗), h(x∗))∥q

= Pq(x
∗;α/c2) ≤ Pq(x;α/c2)

= f(x) +
α

c2
∥(g+(x), h(x))∥q ≤ f(x) + α ∥(g+(x), h(x))∥q′

= Pq′(x;α).

Therefore, x∗ is a local minimum of Pq′(·;α). ■

Next, we will show that, for some classes of problems, exact penalty functions can be con-
structed.

Theorem 9.13 Let (x∗, λ∗, µ∗) ∈ Rn×Rm×Rp be a KKT point of the convex optimization problem
(2.1)

min f(x),

such that gi(x) ≤ 0, i = 1, . . . ,m

Ax = b

x ∈ Rn

where f, gi : Rn → R, i = 1, ...,m, are continuously differentiable and convex functions, and h :
Rn → Rp, h(x) = Ax− b. Then there exists ᾱ > 0 such that x∗ is a global minimum of P1(·;α) for
all α ≥ ᾱ. In other words, P1 is exact at x∗.

Proof. First, notice that

x 7→ L(x, λ∗, µ∗) = f(x) +
m∑
i=1

λ∗i gi(x) +

p∑
j=1

µ∗
jhj(x)

is convex. The gradient inequality, together with the fact that (x∗, λ∗, µ∗) is a KKT point, implies
that for all x ∈ Rn it holds

0 = ∇xL(x
∗, λ∗, µ∗)T (x− x∗) ≤ L(x, λ∗, µ∗)− L(x∗, λ∗, µ∗)

or, equivalently,
L(x∗, λ∗, µ∗) ≤ L(x, λ∗, µ∗).

We define
ᾱ := ∥(λ∗, µ∗)∥∞ = max{λ∗1, . . . , λ∗m, |µ∗

1|, . . . , |µ∗
p|},
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and choose α ≥ ᾱ. Then, for all x ∈ Rn we have

P1(x
∗;α) = f(x∗) + α ∥(g+(x∗), h(x∗))∥1

= f(x∗)

= f(x∗) +
m∑
i=1

λ∗i gi(x
∗) +

p∑
j=1

µ∗
jhj(x

∗).

Continuing from here, we get for all x ∈ Rn

P1(x
∗;α) = L(x∗, λ∗, µ∗) ≤ L(x, λ∗, µ∗)

= f(x) +
m∑
i=1

λ∗i gi(x) +

p∑
j=1

µ∗
jhj(x)

≤ f(x) +
m∑
i=1

λ∗i max{0, gi(x)}+
p∑

j=1

|µ∗
j ||hj(x)|

≤ f(x) + ᾱ

( m∑
i=1

max{0, gi(x)}+
p∑

j=1

|hj(x)|
)

≤ f(x) + ᾱ ∥(g+(x), h(x))∥1
= P1(x;α).

■

Remark 9.14 According to Theorem 9.13, if x∗ is a global minimum of (2.1) and (Slater CQ) is
fulfilled, then Pq is exact at x

∗ for all q ∈ [1,∞].

We close this section by addressing the exactness of the ℓ2 penalty function P2 in the context
of the optimization problem (1.5) with f, gi, hj : Rn → R, i = 1, ...,m, j = 1, ..., p, continuously
differentiable functions. Recall that for all x ∈ Rn

P2(x;α) = f(x) + α

( m∑
i=1

(max{0, gi(x)})2 +
p∑

j=1

(hj(x))
2

)1/2

and

r2(x) :=

( m∑
i=1

(max{0, gi(x)})2 +
p∑

j=1

(hj(x))
2

)1/2

.

Lemma 9.15 Let x∗ be a local minimum of (1.5), which fulfills (MFCQ). Then, for every sequence
(xk)k≥0 with xk → x∗ as k → +∞ and xk /∈ X for all k ≥ 0, there exists c > 0 such that∥∥∇r2(xk)∥∥ ≥ c for all k ≥ 0.
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Proof. Let (xk)k≥0 be a sequence such that xk → x∗ as k → +∞, xk /∈ X for all k ≥ 0, and∥∥∇r2(xk)∥∥→ 0 as k → +∞. Note that if xk /∈ X, then r2(x
k) > 0 and therefore, ∇r2(xk) exists.

An easy calculation yields

∇r2(xk) =
∑m

i=1max{0, gi(xk)}∇gi(xk) +
∑p

j=1 hj(x
k)∇hj(xk)

r2(xk)

=
m∑
i=1

ρki∇gi(xk) +
p∑

j=1

µk
j∇hj(xk),

where for all k ≥ 0 we define

ρki :=
1

r2(xk)
max{0, gi(xk)}, i = 1, ...,m,

µk
j :=

1

r2(xk)
hj(x

k), j = 1, ..., p.

For all k ≥ 0 it holds ∥∥(ρk, µk)
∥∥
2
= 1,

where ρk := (ρk1, . . . , ρ
k
m)

T ∈ Rm and µk := (µk
1, . . . , µ

k
p)

T ∈ Rp. Then there exists a subsequence
(ρkl , µkl)l≥0 such that

lim
l→+∞

(ρkl , µkl) = (ρ, µ) ∈ Rm × Rn and ∥(ρ, µ)∥2 = 1.

Obviously, ρi ≥ 0 for all i = 1, . . . ,m. We will prove that actually ρi = 0 for all i = 1, . . . ,m.
As a first step, let i /∈ A(x∗). Then

0 > gi(x
∗) = lim

k→∞
gi(x

k),

so for k large enough, we have gi(x
k) < 0 and therefore, by definition of ρki ,

ρi = lim
l→+∞

ρkli = 0.

Next, we have for all l ≥ 0

∇r2(xkl) =
m∑
i=1

ρkli ∇gi(xkl) +
p∑

j=1

µkl
j ∇hj(xkl).

Taking the limit as l → +∞, we get

0 =
m∑
i=1

ρi∇gi(x∗) +
p∑

j=1

µj∇hj(x∗). (9.8)
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Multiplying this equation with the vector d ∈ Rn given by (MFCQ) (b), we get

0 =
∑

i∈A(x∗)

ρi∇gi(x∗)Td+
p∑

j=1

µj∇hj(x∗)Td.

Since ∇gi(x∗)Td < 0 for all i ∈ A(x∗) and ∇hj(x∗)Td = 0 for all j = 1, ...p, we conclude that
ρi = 0 for all i ∈ A(x∗) and therefore ρ = 0. Therefore, (9.8) reduces to

0 =

p∑
j=1

µj∇hj(x∗),

and, since the vectors ∇hj(x∗) are linearly independent, by (MFCQ) we conclude that µ = 0.
Then (ρ, µ) = 0 and this is a contradiction to ∥(ρ, µ)∥ = 1. ■

Theorem 9.16 Let x∗ be a strict local minimum of (1.5), which fulfills (MFCQ). Then there exists
ᾱ > 0 such that x∗ is a local minimum of P2(·;α) for all α ≥ ᾱ. In other words, P2 is exact at x∗.

Proof. Since x∗ is a strict local minimum of (1.5), there exists ε > 0 such that

f(x∗) < f(x) ∀ x ∈ B(x∗; ε) ∩X \ {x∗}. (9.9)

Assume that the statement is not true. Then there exists (αk)k≥0 with αk → +∞ as k → +∞
such that, for all k ≥ 0, x∗ is not a local minimum of P2(·;αk). On the other hand, for all k ≥ 0,
let xk be a global minimum of

min P2(x;αk),

s.t. x ∈ B(x∗; ε/2)

where B(x∗; ε/2) denotes the closure of B(x∗; ε/2). It holds P2(x
k;αk) < P2(x

∗;αk). Indeed, as-
suming that P2(x

k;αk) = P2(x
∗;αk) would mean that P2(x

∗;αk) ≤ P2(x;αk) for all x ∈ B(x∗; ε/2)
– a contradiction to x∗ is not a local minimum of P2(·;αk). The following holds for all k ≥ 0

f(xk) + αk

∥∥(g+(xk), h(xk))∥∥2 = P2(x
k;αk)

< P2(x
∗;αk)

= f(x∗) + αk ∥(g+(x∗), h(x∗))∥2 = f(x∗), (9.10)

where the last equality holds since ∥(g+(x∗), h(x∗))∥2 = 0.

Next, note that since (xk)k≥0 lies in the compact set B(x∗; ε/2), there exists a convergent
subsequence (xkl)l≥0 with

lim
l→+∞

xkl := x ∈ B(x∗; ε/2) ⊆ B(x∗; ε).

By (9.10), we have that for all l ≥ 0

f(xkl) + αkl

∥∥(g+(xkl), h(xkl))∥∥2 ≤ f(x∗).
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Taking the limit as l → +∞, we see that it must hold

∥(g+(x), h(x))∥2 = 0,

and thus x ∈ X. Furthermore,

f(x) ≤ f(x∗)

and therefore x = x∗, because x ∈ B(x∗; ε) ∩X and x∗ is the unique minimum of f on this set.

Then,

lim
l→∞

xkl = x∗,

and thus there exists l0 ≥ 0 such that

xkl ∈ B(x∗; ε/2) ∀l ≥ l0.

By the definition of the sequence (xk)k≥0, we have for all l ≥ l0

P2(x
kl ;αkl) ≤ P2(x;αkl) ∀x ∈ B(x∗; ε/2).

From here we conclude that

∇P2(x
kl ;αkl) = 0 ∀l ≥ l0.

For all l ≥ l0, since x
kl ∈ B(x∗; ε/2) and f(xkl) ≤ f(x∗), it must hold xkl /∈ X. Therefore, for all

l ≥ l0,

∇f(xkl) + αkl∇r2(xkl) = 0. (9.11)

From Lemma 9.15, we know that there exists c > 0 such that for all l ≥ l0∥∥∇r2(xkl)∥∥ ≥ c.

This implies

lim
l→+∞

αkl

∥∥∇r2(xkl)∥∥ = +∞.

On the other hand, the sequence (∇f(xkl))l≥0 is bounded, since (xkl)l≥0 is bounded and ∇f is
continuous. This leads to a contradiction to (9.11) and proves therefore the theorem. ■

Remark 9.17 If x∗ is a strict local minimum of (1.5), for which (MFCQ) is fulfilled, then Pq is
exact at x∗ for all q ∈ [1,∞].

10 Sequential Quadratic Programming (SQP) methods

Sequential Quadratic Programming (SQP) methods are among the most important numerical
methods for solving of differentiable nonlinear optimization problems.
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10.1 Lagrange-Newton iteration

First we will consider optimization problems with equality constraints of type (9.1)

min f(x),

such that hj(x) = 0, j = 1, . . . , p

x ∈ Rn

where f : Rn → R and h = (h1, ..., hp) : Rn → Rp are twice continuously differentiable functions.
Let

L(x, µ) = f(x) + µTh(x)

be the corresponding Lagrange function and{
∇xL(x, µ) = ∇f(x) +∇h(x)Tµ = 0

h(x) = 0

the corresponding KKT system of optimality conditions. We would like to use the Newton method
for nonlinear equations to solve this system. To this end, we define ϕ : Rn × Rp → Rn × Rp as

ϕ : Rn × Rp → Rn × Rp, ϕ(x, µ) =

(
∇f(x) +∇h(x)Tµ

h(x)

)
,

and write the KKT system equivalently as

ϕ(x, µ) = 0. (10.1)

The so-called Lagrange-Newton iteration for solving (10.1) is as follows:

(xk+1, µk+1) := (xk, µk)−∇ϕ(xk, µk)−1ϕ(xk, µk) ∀k ≥ 0.

Algorithm 10.1 (Lagrange-Newton iteration)

1: Choose (x0, µ0) ∈ Rn × Rp, ε ≥ 0 and set k := 0.

2: If
∥∥ϕ(xk, µk)

∥∥ ≤ ε: STOP.

3: Find (∆xk,∆µk) ∈ Rn × Rp as a solution of the linear system of equations

∇ϕ(xk, µk)

(
∆xk

∆µk

)
= −ϕ(xk, µk).

4: Set (xk+1, µk+1) := (xk, µk) + (∆xk,∆µk), k := k + 1 and go to Step 2.

For the convergence analysis, we set ε = 0 and assume that Algorithm 10.1 does not terminate
after finitely many iterations.

We know from Theorem 8.7 that Algorithm 10.1 converges superlinearly to an element (x∗, µ∗) ∈
Rn × Rp such that ϕ(x∗, µ∗) = 0 if ∇ϕ(x∗, µ∗) is regular. When is this the case? Can we formulate
a condition that guarantees this in terms of f and h?
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Theorem 10.2 Let (x∗, µ∗) ∈ Rn×Rp be a KKT point of (9.1) such that the following conditions
are satisfied:

(i) (LICQ) holds: the vectors ∇h1(x∗), ...,∇hp(x∗) are linearly independent;

(ii) for all d ∈ T2(x
∗) = Tlin(x

∗) = {d′ ∈ Rn | ∇hj(x∗)Td = 0 ∀j = 1, ..., p} \ {0}, it holds

dT∇xxL(x
∗, µ∗)d > 0,

in other words, ∇xxL(x
∗, µ∗) is positively definite on T2(x

∗).

Then ∇ϕ(x∗, µ∗) is regular.

Proof. We will show that the only solution of the linear equation ∇ϕ(x∗, µ∗)q = 0 is q = 0. It
holds

∇ϕ(x∗, µ∗) =

(
∇2

xxL(x
∗, µ∗) ∇h(x∗)T

∇h(x∗) 0

)
∈ Rn+p × Rn+p,

and, for q = (q1, q2)T ∈ Rn × Rp,

∇ϕ(x∗, µ∗)

(
q1

q2

)
= 0

is equivalent to the linear system of equations{
∇2

xxL(x
∗, µ∗)q1 +∇h(x∗)T q2 = 0

∇h(x∗)q1 = 0

and further to {
∇2

xxL(x
∗, µ∗)q1 +

∑p
j=1 q

2
j∇hj(x∗) = 0

∇hj(x∗)T q1 = 0, j = 1, . . . , p.
(10.2)

Multiplying the first equation on the left by (q1)T gives

(q1)T∇2
xxL(x

∗, µ∗)q1 +

p∑
j=1

q2j (q
1)T∇hj(x∗) = 0.

Since
(q1)T∇hj(x∗) = 0, j = 1, . . . , p

this reduces to
(q1)T∇2

xxL(x
∗, µ∗)q1 = 0.

Furthermore, the second equation in (10.2) also implies that (q1) ∈ T2(x
∗) = Tlin(x

∗). By assump-
tion (ii), we conclude

q1 = 0.
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Using again the first equation in (10.2), we have

p∑
j=1

q2j∇hj(x∗) = 0.

Assumption (i) gives
q2j = 0, j = 1, ..., p,

therefore q = 0. This proves that ∇ϕ(x∗, µ∗) is regular. ■

To get a convergent sequence to a KKT point (x∗, µ∗) of (9.1), we also have to choose (x0, µ0)
in a suitable (unknown) neighbourhood of it.

In the following, we study the optimization problem (1.5)

min f(x),

such that gi(x) ≤ 0, i = 1, . . . ,m

hj(x) = 0, i = 1, . . . , p

x ∈ Rn

where f : Rn → R, g = (g1, . . . , gm) : Rn → Rm and h = (h1, . . . , hp) : Rn → Rp are twice
continuously differentiable functions. Recall that the KKT system of optimality conditions for
(1.5) reads 

∇xL(x, λ, µ) = 0

h(x) = 0

λi ≥ 0, gi(x) ≤ 0, λigi(x) = 0, i = 1, . . . ,m,

(10.3)

where
L(x, λ, µ) = f(x) + λTg(x) + µTh(x)

is the corresponding Lagrange function.
Next, we rewrite (10.3) as a nonlinear equation, as we did for the optimization problem with

only equality constraints.

Definition 10.3 (NCP function) A function φ : R2 → R with the property

φ(a, b) = 0 ⇔ a ≥ 0, b ≥ 0, ab = 0

is called NCP (Nonlinear Complementarity Problem) function.

Example 10.4 Examples of NCP functions are:

(i) the minimum function: φ(a, b) = min{a, b};

(ii) the Fischer-Burmeister function: φ(a, b) =
√
a2 + b2 − a− b.
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Note that these functions are not everywhere differentiable.

Let φ : R2 → R be a NCP function. Then (10.3) is equivalent to

Φ(x, λ, µ) = 0, (10.4)

where
Φ : Rn × Rm × Rp → Rn × Rm × Rp

is given by

Φ(x, λ, µ) =


∇xL(x, λ, µ)
φ(−g1(x), λ1)

...
φ(−gm(x), λm)

h(x)

 .

We would like to use the Newton method to solve (10.4). To this end, we have to guarantee that

(i) the function Φ is continuously differentiable on a neighbourhood of (x∗, λ∗, µ∗);

(ii) ∇Φ(x∗, λ∗, µ∗) is regular.

For the particular instance of the minimum function, in order to guarantee (i) we need to impose
the additional condition of gi(x

∗) + λ∗i ̸= 0 for all i = 1, . . . ,m. Indeed, the minimum function
φ(a, b) = min{a, b} is differentiable at every point (a, b) such that a ̸= b. This will then guarantee
that gi(x) + λi ̸= 0 for all i = 1, . . . ,m in a neighbourhood of (x∗, λ∗, µ∗), and further that Φ is
differentiable in a neighbourhood of (x∗, λ∗, µ∗).

10.2 The local SQP algorithm

In order to provide a motivation for the local SQP algorithm, we consider again the optimization
problem with only equality constraints (9.1). In Algorithm 10.1, for all k ≥ 0, we set xk+1 :=
xk +∆xk and µk+1 := µk +∆µk, where (∆xk,∆µk) is a solution of the linear system of equations

∇ϕ(xk, µk)

(
∆xk

∆µk

)
= −ϕ(xk, µk).

This system is equivalent to{
∇2

xxL(x
k, µk)∆xk +∇h(xk)T∆µk = −∇xL(x

k, µk)

∇hj(xk)T∆xk = −hj(xk), j = 1, . . . , p.
(10.5)

By setting

Hk := ∇2
xxL(x

k, µk) and µk
+ := ∆µk + µk,
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(10.5) can be rewritten as{
Hk∆x

k +∇f(xk) +∇h(xk)Tµk
+ = 0

∇hj(xk)T∆xk + hj(x
k) = 0, j = 1, . . . , p.

(10.6)

It is easy to notice that (10.6) is nothing else than the KKT system of the following optimization
problem:

min
1

2
∆xTHk∆x+∇f(xk)T∆x.

such that ∇hj(xk)T∆x+ hj(x
k) = 0, j = 1, . . . , p

∆x ∈ Rn.

(10.7)

In order to design a numerical method for problems of type (1.5), inspired by the Lagrange-Newton
iteration, one could use for the update rule a KKT point of the following quadratic optimization
problem

min
1

2
∆xTHk∆x+∇f(xk)T∆x.

such that ∇gi(xk)T∆x+ gi(x
k) ≤ 0, i = 1, . . . ,m

∇hj(xk)T∆x+ hj(x
k) = 0, j = 1, . . . , p

∆x ∈ Rn

(10.8)

At this stage, it remains a conjecture. However, we will later establish that it is indeed a reasonable
assumption. Building on this, we arrive at the following algorithm.

Algorithm 10.5 (local SQP algorithm)

1: Choose (x0, λ0, µ0) ∈ Rn × Rm × Rp and set k := 0.

2: If (xk, λk, µk) is a KKT point of (1.5): STOP.

3: Find a KKT point (xk+1, λk+1, µk+1) of the quadratic problem

min
1

2
(x− xk)T∇2

xxL(x
k, λk, µk)(x− xk) +∇f(xk)T (x− xk).

such that ∇gi(xk)T (x− xk) + gi(x
k) ≤ 0, i = 1, . . . ,m

∇hj(xk)T (x− xk) + hj(x
k) = 0, j = 1, . . . , p.

(10.9)

If (10.9) has more than one KKT point, choose (xk+1, λk+1, µk+1) as the KKT point with the
property that ∥∥(xk+1, λk+1, µk+1)− (xk, λk, µk)

∥∥
is minimal.

4: Set k := k + 1 and go to Step 2.
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Remark 10.6 If the optimization problem (10.9) has a local minimun, then, according to Corol-
lary 2.3, it has a KKT point.

Theorem 10.7 (local convergence theorem of the SQP algorithm) Let (x∗, λ∗, µ∗) ∈ Rn×Rm×Rp

be a KKT point of (1.5) such that:

(i) The strict complementarity condition holds: gi(x
∗) + λ∗i ̸= 0 for all i = 1, . . . ,m;

(ii) (LICQ) holds: the vectors {∇gi(x∗)}i∈A(x∗) ∪ {∇hj(x∗)}pj=1 are linearly independent;

(iii) For all d ̸= 0 such that ∇gi(x∗)Td = 0 for all i ∈ A(x∗), and ∇hj(x∗)Td = 0 for all
j = 1, . . . , p, it holds

dT∇2
xxL(x

∗, λ∗, µ∗)d > 0,

in other words, ∇2
xxL(x

∗, λ∗, µ∗) is positively definite on T2(x
∗) (notice that, if (i) holds, then

A(x∗) = A>(x
∗)).

Then there exists ε > 0 such that for all (x0, λ0, µ0) ∈ B ((x∗, λ∗, µ∗); ε) and every sequence
((xk, λk, µk))k≥0 generated by Algorithm 10.5, it holds:

(a) The sequence ((xk, λk, µk))k≥0 is well-defined, also meaning that (10.9) has KKT points.

(b) It holds (xk, λk, µk) → (x∗, λ∗, µ∗) superlinearly as k → +∞.

(c) If ∇2f , ∇2gi, i = 1, ...,m, and ∇2hj, j = 1, ..., p, are locally Lipschitz continuous at x∗, then
the convergence rate is quadratic.

Proof. Let φ : R2 → R, φ(a, b) = min{a, b}, and

Φ : Rn × Rm × Rp → Rn × Rm × Rp, Φ(x, λ, µ) =


∇xL(x, λ, µ)
φ(−g1(x), λ1)

...
φ(−gm(x), λm)

h(x)

 .

Then (x∗, λ∗, µ∗) is a KKT point of (1.5) if and only if it is a solution of (10.4)

Φ(x, λ, µ) = 0.

There exists ε1 > 0 such that Φ is continuously differentiable onB ((x∗, λ∗, µ∗); ε1) and∇Φ(x∗, λ∗, µ∗)
is regular. Then, by Theorem 8.7, there exists 0 < ε2 ≤ ε1, such that the Newton algorithm
applied to (10.4) generates for any starting point (x0, λ0, µ0) ∈ B ((x∗, λ∗, µ∗); ε2) a sequence
((xk, λk, µk))k≥0 which has following properties

1. ∥(xk+1, λk+1, µk+1)− (x∗, λ∗, µ∗)∥ ≤ ∥(xk, λk, µk)− (x∗, λ∗, µ∗)∥ ∀k ≥ 0;

2. (xk, λk, µk) → (x∗, λ∗, µ∗) superlinearly as k → +∞;
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3. If ∇Φ is locally Lipschitz continuous at (x∗, λ∗, µ∗) (which holds if ∇2f , ∇2gi, i = 1, ...,m,
and ∇2hj, j = 1, ..., p, are locally Lipschitz continuous at x∗), then the convergence rate is
quadratic.

We show that if (x0, λ0, µ0) is chosen close enough to (x∗, λ∗, µ∗), then the sequence generated
by the Newton algorithm applied to (10.4) coincides with the sequence generated by the local
SQP algorithm. More precisely, we will show that, for all k ≥ 0, (xk+1, λk+1, µk+1) in the Newton
method is nothing other than the element provided by Step 3 of Algorithm 10.5.

A. (xk+1, λk+1, µk+1) is a KKT point of (10.9)

We have that (x̃, λ̃, µ̃) is a KKT point of (10.9) if and only if
∇2

xxL(x
k, λk, µk)(x̃− xk) +∇f(xk) +

∑m
i=1 λ̃i∇gi(xk) +

∑p
j=1 µ̃j∇hj(xk) = 0

min
{
−∇gi(xk)T (x̃− xk)− gi(x

k), λ̃i

}
= 0, i = 1, . . . ,m

∇hj(xk)T (x̃− xk) + hj(x
k) = 0, j = 1, . . . , p.

(10.10)

According to the strict complementarity condition, it holds

∀i ∈ A(x∗) : gi(x
∗) = 0, λ∗i > 0, therefore, −gi(x∗)− λ∗i < 0

∀i /∈ A(x∗) : gi(x
∗) < 0, λ∗i = 0, therefore, −gi(x∗)− λ∗i > 0.

We have

∀i ∈ A(x∗) : lim
(x,λ,µ)→(x∗,λ∗,µ∗)

−gi(x)− λi = −gi(x∗)− λ∗i < 0

∀i /∈ A(x∗) : lim
(x,λ,µ)→(x∗,λ∗,µ∗)

−gi(x)− λi = −gi(x∗)− λ∗i > 0,

consequently, there exists ε′3 > 0 such that for all (x̃, λ̃, µ̃) ∈ B ((x∗, λ∗, µ∗); ε′3) it holds

∀i ∈ A(x∗) : − gi(x̃) < λ̃i (10.11)

∀i /∈ A(x∗) : − gi(x̃) > λ̃i. (10.12)

We also have

∀i ∈ A(x∗) : lim
(x′,λ′,µ′)→(x∗,λ∗,µ∗)
(x,λ,µ)→(x∗,λ∗,µ∗)

−gi(x′)−∇gi(x′)T (x− x′)− λi = −gi(x∗)− λ∗i < 0

∀i /∈ A(x∗) : lim
(x′,λ′,µ′)→(x∗,λ∗,µ∗)
(x,λ,µ)→(x∗,λ∗,µ∗)

−gi(x′)−∇gi(x′)T (x− x′)− λi = −gi(x∗)− λ∗i > 0,

consequently, there exists ε′′3 > 0 such that for all (x̃, λ̃, µ̃), (x, λ, µ) ∈ B ((x∗, λ∗, µ∗); ε′′3) it holds

∀i ∈ A(x∗) : − gi(x̃)−∇gi(x̃)T (x− x̃) < λi (10.13)

∀i /∈ A(x∗) : − gi(x̃)−∇gi(x̃)T (x− x̃) > λi. (10.14)
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Let ε3 := min{ε′3,
ε′′3
3
}. Then

∀(x̃, λ̃, µ̃) ∈ B ((x∗, λ∗, µ∗); ε3) : (10.11) and (10.12) hold

∀(x̃, λ̃, µ̃), (x, λ, µ) ∈ B ((x∗, λ∗, µ∗); 3ε3) : (10.13) and (10.14) hold.

Let ε := min{ε2, ε3}, and (x0, λ0, µ0) ∈ B ((x∗, λ∗, µ∗); ε). Then, according to property 1.,
(xk, λk, µk) ∈ B ((x∗, λ∗, µ∗); ε) for all k ≥ 0. From (10.13) and (10.14), we obtain that for all
k ≥ 0

∀i ∈ A(x∗) : − gi(x
k)−∇gi(xk)T (xk+1 − xk) < λk+1

i (10.15)

∀i /∈ A(x∗) : − gi(x
k)−∇gi(xk)T (xk+1 − xk) > λk+1

i , (10.16)

respectively.
The Newton equation reads for all k ≥ 0

∇Φ(xk, λk, µk)

xk+1 − xk

λk+1 − λk

µk+1 − µk

 = −Φ(xk, λk, µk). (10.17)

We have

∇Φ(x, λ, µ)=


∇xxL(x, λ, µ) ∇g(x)T ∇h(x)T

φ′
a(−g1(x), λ1)(−g1)x1(x) . . . φ

′
a(−g1(x), λ1)(−g1)xn(x) φ′

b(−g1(x), λ1) . . . 0 0
...

...
...

...
...

φ′
a(−gm(x), λm)(−gm)x1(x) . . . φ

′
a(−gm(x), λm)(−gm)xn(x) 0 . . . φ′

b(−gm(x), λm) 0
∇h(x) 0 0

 .

We notice that

∇φ(a, b) =
{

(1, 0)T , if a < b,
(0, 1)T , if a > b.

This means that (10.17) is for all k ≥ 0 equivalent to
∇xxL(x

k, λk, µk)(xk+1 − xk) +
∑m

i=1(λ
k+1
i − λki )∇gi(xk) +

∑p
j=1(µ

k+1
j − µk

j )∇hj(xk) = −∇L(xk, λk, µk)

∀j = 1, ..., p : ∇hj(xk)T (xk+1 − xk) = −hj(xk)
∀i ∈ A(x∗) : −∇gi(xk)T (xk+1 − xk) = −min{−gi(xk), λki } = gi(x

k) (since − gi(x
k) < λki )

∀i /∈ A(x∗) : λk+1
i − λki = −min{−gi(xk), λki } = −λki (since − gi(x

k) > λki ).

Taking into account (10.15) and (10.16), this system is further for all k ≥ 0 equivalent to
∇xxL(x

k, λk, µk)(xk+1 − xk) +
∑m

i=1(λ
k+1
i − λki )∇gi(xk) +

∑p
j=1(µ

k+1
j − µk

j )∇hj(xk) = −∇L(xk, λk, µk)

∀i ∈ A(x∗) : −∇gi(xk)T (xk+1 − xk) = −min{−gi(xk), λki } = gi(x
k) (since − gi(x

k) < λki )

∀i /∈ A(x∗) : λk+1
i − λki = −min{−gi(xk), λki } = −λki (since − gi(x

k) > λki )

∀j = 1, ..., p : ∇hj(xk)T (xk+1 − xk) + hj(x
k) = 0.

(10.18)
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Making use of (10.15) and (10.16), we see that (10.18) is equivalent to
∇xxL(x

k, λk, µk)(xk+1 − xk) +∇f(xk) +
∑m

i=1 λ
k+1
i ∇gi(xk) +

∑p
j=1 µ

k+1
j ∇hj(xk) = 0

∀i ∈ A(x∗) : min{−gi(xk)−∇gi(xk)T (xk+1 − xk), λk+1
i } = −gi(xk)−∇gi(xk)T (xk+1 − xk) = 0

∀i /∈ A(x∗) : min{−gi(xk)−∇gi(xk)T (xk+1 − xk), λk+1
i } = λk+1

i = 0

∀j = 1, ..., p : ∇hj(xk)T (xk+1 − xk) + hj(x
k) = 0.

This proves that (xk+1, λk+1, µk+1) is a solution of (10.10) or, equivalently, a KKT point of (10.9).

B. (xk+1, λk+1, µk+1) is the KKT point of (10.9) that is closest to (xk, λk, µk)

First, we show that (xk+1, λk+1, µk+1) is the only KKT point of (10.9) that lies inB ((x∗, λ∗, µ∗); 3ε).

Indeed, assume that (x̃k+1, λ̃k+1, µ̃k+1) ∈ B ((x∗, λ∗, µ∗); 3ε) is a KKT point of (10.9). From (10.15)
and (10.16) it yields{

∀i ∈ A(x∗) : −gi(xk)−∇gi(xk)T (x̃k+1 − xk) < λ̃k+1
i

∀i /∈ A(x∗) : −gi(xk)−∇gi(xk)T (x̃k+1 − xk) > λ̃k+1
i .

From Part A we see that (x̃k+1, λ̃k+1, µ̃k+1) equivalently fulfills

∇Φ(xk, λk, µk)

x̃k+1 − xk

λ̃k+1 − λk

µ̃k+1 − µk

 = −Φ(xk, λk, µk).

Since ∇Φ(xk, λk, µk) is regular and (xk+1, λk+1, µk+1) is the unique solution of (10.17), it yields

(x̃k+1, λ̃k+1, µ̃k+1) = (xk+1, λk+1, µk+1).
Finally, we assume that (x̄k+1, λ̄k+1, µ̄k+1) is a KKT point of (10.9) such that

∥(x̄k+1, λ̄k+1, µ̄k+1)− (xk, λk, µk)∥ < ∥(xk+1, λk+1, µk+1)− (xk, λk, µk)∥.

It holds

∥(x̄k+1, λ̄k+1, µ̄k+1)− (x∗, λ∗, µ∗)∥
≤ ∥(x̄k+1, λ̄k+1, µ̄k+1)− (xk, λk, µk)∥+ ∥(xk, λk, µk)− (x∗, λ∗, µ∗)∥
< ∥(xk+1, λk+1, µk+1)− (xk, λk, µk)∥+ ∥(xk, λk, µk)− (x∗, λ∗, µ∗)∥
≤ ∥(xk+1, λk+1, µk+1)− (x∗, λ∗, µ∗)∥+ ∥(xk, λk, µk)− (x∗, λ∗, µ∗)∥+ ∥(xk, λk, µk)− (x∗, λ∗, µ∗)∥
< 3ε.

From the above it follows that (x̄k+1, λ̄k+1, µ̄k+1) cannot be a a KKT point of (10.9). Consequently,
(xk+1, λk+1, µk+1) is the KKT point of (10.9) that is closest to (xk, λk, µk). ■
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