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1 Introduction

One of the central challenges of modern computational biology is the description of the behavior of
large biological molecules. Proteins represent the most important class of such molecules, as their func-
tional roles in living organisms are highly diverse and include, among others, catalytic activity, molecular
transport, protective and signaling mechanisms.

A protein is a sequence of amino acids linked by peptide bonds and characterized by specific physical
and chemical properties that depend on the geometric organization of this sequence in three-dimensional
space. The linear sequence of 20 amino acid types, considered independently of any spatial conformation,
is referred to as the primary structure of a protein. Such sequences are typically long and may consist of
thousands amino acid residues. The primary structure alone does not uniquely determine the structure and,
consequently, the function of a protein. To understand the function of a particular protein, it is necessary
to know how this sequence is arranged in space — its so-called tertiary structure. In the case of complex
molecules composed of multiple polypeptide chains, it is additionally necessary to understand how these
chains interact with each other, forming the quaternary structure.

In the late 1950s, Perutz et al. (1960) and Kendrew et al. (1958), using an improved method of X-ray crys-
tallography developed by them, were the first to determine the three-dimensional structures of hemoglobin
and myoglobin — proteins that play a central role in oxygen transport in vertebrate organisms. This dis-
covery marked the beginning of the final stage in the transition of biology from a descriptive science to a
molecular one.

As computational technologies have advanced, costly and technically difficult experimental approaches
have increasingly been complemented or replaced by cheaper and more easily reproducible computational
simulations. Monte Carlo methods and Newtonian Molecular Dynamics (MD) have proven to be particularly
effective for modeling molecular interactions in large biological systems.

At a high level, the aim of molecular dynamics is to integrate the equations of motion

szz == —Vin(l‘l, e ,xN),

for each particle 7 in a molecular configuration (z1,...,zn) € R3N | where M; is the mass and U is the
potential energy function U : R3" — R. In classical MD, the potential energy U(x1, ..., zy) is commonly
decomposed into bonded and non-bonded contributions:

U= Ubond + Uangle + Udihedral + UCoulomb + UvdW-

Each term corresponds to a force of distinct physical origin, as detailed below.
Bond stretching. Bonded pairs of atoms (i, j) contribute harmonic terms of the form

k) )
i 0
Ubond = Z TJ(TU - rij) )
where r;; = ||x; — x;|| is the inter-atomic distance, r?j is the equilibrium bond length, and kl(;) is a force

constant.
Angle bending. Triplets of bonded atoms (i, j, k) give rise to angle terms
k) )
Uangle = Z %(ei]’k - 0?]]{) )
(i,5,k)eA
where 0, is the bond angle at atom j.

Dihedral (torsional) interactions. Quadruplets (i, j, k,) define dihedral angles ¢;;;, modeled via peri-
odic potentials:

Udihedral = Z ]‘%(fzzz (14 cos(noym — 9)),
(3,3,k,1) €D

where n is the multiplicity and ¢ a phase offset.
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Electrostatic interactions. Non-bonded pairs contribute Coulomb interactions:

qiq;

Amegrs;’
i<j 04y

UCoulomb =

where g; are partial atomic charges.
Van der Waals interactions. Short-range repulsion and dispersion attraction are typically modeled using

a Lennard-Jones potential:
12 6
. O
Usgw = 24% [<W> _ (ZJ) ] )
Tij rij

i<j

Thetotal force actingon atomis F; = —V, U, yielding a highly nonlinear, high-dimensional dynamical
system. The bonded terms enforce local geometric structure, while non-bonded terms encode long-range
physical interactions, together determining the conformational landscape explored by the system.

Numerical integration of Newton’s equations of motion at atomic scales is a standard tool for investi-
gating molecular phenomena in chemistry, biology, and related disciplines (Alder & Wainwright, 1959). MD
is general and flexible method but, at the same time, computationally expensive, since, when using a time
step of picosecond scale, physically relevant processes require the simulation of dynamics on the millisec-
ond timescale.

A major breakthrough in protein structure prediction was achieved with the development of neural net-
work AlphaFold, whose latest version is described in (Abramson et al., 2024). By leveraging deep learning
techniques and large-scale structural data, AlphaFold demonstrated high accuracy in predicting the three-
dimensional structures of proteins directly from their amino acid sequences.

Following this success, some attempts (Jing, Berger, & Jaakkola, 2024) were made to use AlphaFold-
derived structures directly within MD simulations. The underlying idea was that highly accurate static struc-
tural predictions could serve as reliable initial configurations for dynamical simulations, potentially accel-
erating studies of protein folding, conformational transitions, and functional mechanisms. However, while
AlphaFold excels at predicting stable conformations, it does not explicitly model thermodynamic ensembles
or time-dependent dynamics, which limits its direct applicability to fully dynamical modeling.

Modern generative modeling aims to construct a transformation that maps a simple reference distri-
bution pg (e.g. a Gaussian prior) to a complex target distribution p; supported on high-dimensional data.
Formally, this can be viewed as constructing a homotopy (or continuous interpolation) between pg and p1,
that is, a family of intermediate distributions (pt),c(0,1) such that p;—o = po and pi=1 = p1.

Diffusion models realize this idea by introducing a stochastic process that gradually transforms samples
from pg into samples from p; through a time-dependent dynamics. From a geometric perspective, gener-
ative modeling can therefore be interpreted as learning a path in the space of probability measures. This
homotopy viewpoint connects diffusion models to optimal transport, stochastic control, and optimization.
In particular, optimal transport corresponds to selecting a path that minimizes kinetic energy in the space
of measures, while diffusion models may be interpreted as entropy-regularized transport problems. Such
a perspective provides a unifying mathematical framework for understanding the structure, training objec-
tives, and stability properties of modern generative models.

In this seminar work, we consider MDGEN, a general-purpose and computationally efficient surrogate
modeling framework for MD developed by Jing, Stark, et al. (2024) based on direct generative modeling of
simulated trajectories. Instead of directly incorporating AlphaFold-like structure predictors into denoising
or diffusion-based frameworks, the authors adopt a fundamentally different perspective. Rather than mod-
eling single static conformations, they formulate end-to-end generative modeling of complete molecular
trajectories, viewed as time series of three-dimensional structures. Inspired by the extension of image gen-
erative models to video generation (Ho et al., 2022), their formulation augments single-structure generative
models with an explicit temporal dimension.
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2 Stochastic Interpolants

As discussed in the introduction, diffusion models can be interpreted as constructing a homotopy be-
tween two probability measures: a tractable reference distribution py and a target distribution p; we are
interested in. This can equivalently be formulated as the problem of finding a time-differentiable inter-
polant I;: Q x Q — Q for some Q C R?such that I;—o(zo,z1) = z0, l1=1(z0,71) = 1. Albergo and
Vanden-Eijnden (2022) analyzed the properties of such mappings in the case where xg ~ pgand z1 ~ p;
areindependent random variables. The framework was later extended to a broader class of transformations
by relaxing the independence assumption and incorporating latent variables. We now turn to a discussion
of this extended formulation.

Unless stated otherwise, the statements and proofs in this chapter follow those of Albergo et al. (2025),
and we reproduce the main arguments for completeness and clarity.

2.1 Definitions and Assumptions
We first introduce the stochastic processes central to this framework.

Definition 2.1 (Stochastic interpolant). Given two probability density functions pg, p1 : RY — Rs, a
stochastic interpolant between py and p; is a stochastic process (z),¢,1) defined as

xy = I(t, o, 21) + ()2, t €10,1], (1)
where:
1. T € C%([0,1]; C*(R? x R%; R?)) satisfies the boundary conditions
1(0, xg, x1) = x0, I(1,x0,21) = 21,
as well as

3C) < oo & |0 (t, zg,21)| < Cilxg — 21|, V(t,x0,21) € [0,1] X R? x R?; (2)

2. v:[0,1] — R satisfies v(0) = (1) = 0,v(t) > Oforallt € (0,1),andv? € C?([0,1]);
3. The pair (xg, x1) is drawn from a probability measure v with marginals pg and py, i.e.

I/(dazo,]Rd) = po(xo) dxo, V(Rd,dxl) = p1(z1) dzxy;

4. zisa Gaussian random variable independent of (zg, x1), i.e.

z ~N(0,1y), z L (zg,x1).

The Lipschitz-continuity condition (2) ensures that I(t, z¢, 1) does not vary too rapidly along the path
connecting zg att = Oto x; att = 1. In particular, the interpolant remains controlled and does not drift
excessively far from the endpoints.

The probability measure v specifies a coupling between pg and p1, and thus influences the properties of
the resulting stochastic interpolant. A natural and simple choice is the product measure

v(dxg,dx1) = po(xo)p1(x1) drodry,

in which case xg and z; are independent.
In what follows, we assume the following conditions on the densities pg, p1, as well as on the coupling
between the measure v and the functional 1.

'Given afunctiond : [0,1] x R* — R?, (¢,z) — b(t, z), we write b € C'([0, 1]; C*(R%; R?)) to indicate that b is continuously
differentiablein ¢ for all (¢, z) € [0,1] x R and that b(t,-) € C*(R%; R%)forallt € [0,1].
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Assumption 2.2. The densities py and p; are strictly positive elements of C2(R?) and are such that

[V ogm@Pmie) s <o [ [Wiogp)p(e)ds <.
R R

The measure v and the function I are such that
IMy, My < 00+ E[|0pI(t, w9, 21)]*] < My, E[|071(t, o, 21)|*] < Ma, Vte[0,1], (3)
where the expectation is taken over (zg, 1) ~ v.
We now formalize the notion of the score function associated with a differentiable probability density.

Definition 2.3 (Score function). Letpbe aprobability density on R¢ that is differentiable and strictly positive
on its support. The score function of p is

s(z) == Vg logp(x).

Inscore-based diffusion models, the time-dependent score s;(z) = V, log p:(z) determines the reverse-
time stochastic dynamics associated with the forward diffusion process. Accurate estimation of s, enables
sampling from the data distribution via the corresponding reverse SDE or probability flow ODE.

2.2 Transport Equation and Quadratic Objectives

We now state the fundamental property of the stochastic process ;.

Theorem 2.4 (Stochastic interpolant properties). The probability distribution of the stochastic interpolant
x, defined in (1) is absolutely continuous with respect to the Lebesgue measure for all t € [0, 1], and its time-
dependent density p(t) satisfies

p(0) = po,  p(1) = p1,
p € CY[0,1]; Cp(Rd)) foranyp € N, p(t,z) >0 Y(t,z)€[0,1] x RY
In addition, p solves the transport equation
Op+ V- (bp) =0, (4)
where the velocity field is defined by
b(t,x) = E[iy | 2 = 2] = B[O (t, x0, 1) + §(t)2 | 3¢ = z]. (5)
The velocity b belongs to C([0, 1]; CP(R%; R?)) forany p € N.

Proof. Let ’
g(t, k) := E[em'zt} , k e RY,

be the characteristic function of p(¢, ). From the definition of z; in (1), we have
gt k) = E[eik-(I(t,xO,ml)—l—W(t)z)] ‘ (6)
Using the independence between (xg, 1) and z, we obtain
gt k) = E [eik-l(t,wo,wl)} E [ei'y(t)k-z} — go(t, ) e—%'yQ(t)|k|2’ )

where we defined ’
soft, ) = B[ o]
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The function go(¢, k) is the characteristic function of I(¢, z¢, z1) with (xg, 1) ~ v. From (7), we have

1 1
g(t, k)| = |go(t, k)|e 27" O < =27 IR,

Since y(t) > Oforallt € (0,1) by assumption, this shows that
VpeNandt e (0,1): / |k[Plg(t, k)| dk < oo,
R4
implying that p(¢, -) isin CP(R9) forany p € Nand all € (0, 1). From (7), we also have

Oyt k)| = ] [(zk Ol (t, w0, 1) — Y(£)3(1)[k|?) zkftwom)” SROILE
< 2(JPEIOI(t mo, 1)) + (AP Ik| ) e O
(Ikl M+ 4ly(t)% (t)|2|k|4>e—72(t>|k|27
and
29(t, k)2 < 4(KPE[OFT(E, 0, 20)[?] + (O +(1)3(1) |k:\) 2(0) k2
+ 8 (K PE]|0 (1, 70, 20)I!] + (v(23(8)) |4l )OI
< 4(k2Ms + (O +(1)3(0) ,k|) 2(0)|k/?
4 8( ML+ (03 (0)) ) e O,

where in both cases we used (3) in Assumption 2.2 to obtain the last inequalities. These imply that
vpeNandt e (0,1): / P |0ug(t, )| d < oo, / kP02 2, k)| d < oo.
Rd Rd

This shows that 9 p(t, -) and 97 p(t, ) belongto CP(R?) forany p € N, i.e. p € C'((0,1); CP(R?)) as claimed.
To show that p is also positive, denote by 1o (t, dz) the unique (by the Fourier inversion theorem) prob-
ability measure associated with gy (¢, k), i.e. the measure such that

go(t,k:):/ eik'zuo(t,dx).
Rd

From (7) and the convolution theorem it follows that we can express p as

e~ lz=yl?/(27v*(®)) p
t = _— t .
p( ,.’E) /Rd (27_[_’}/2@))6[/2 ,U’O( ) y)

This shows that p > 0 for all (t,z) € (0,1) x R Since z4—g = xo and x;—; = z; by definition of the
interpolant, we also have p(0) = pg and p(1) = py, which shows that p is also positive and in CP(R?) at
t = 0,1 by Assumption 2.2. Note that since p € C((0,1); C?(R?)) and is positive, we immediately deduce
thats = Vlogp = Vp/p € C1((0,1); CP(R% RY)).

To show that p satisfies the transport equation (4), we take the time derivative of (6) to deduce that

wherem : [0,1] x RY — C%is the vector-valued function defined as

mt, k) = E[(atf(t, o, 21) + f'y(t)z)eik'“} .

©Bogdan Chuzhinov 5/19
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By definition of the conditional expectation, m(¢, k) can be expressed as
_ : ikt
m(t, k) = / E[(@tl(t,xo,wl) +4(t)z)e
Rd
= / TR0 (t, x0, 1) + 4(t)z | 21 = x] p(t, x) da
R4

= [, €= bt,2) plt.2) do g
Rd

Xy = x] p(t,x) dx

where the last equality follows from the definition of bin (5). Inserting (9) into (8), we deduce that this equa-
tion can be written in real space as the transport equation (4).

Let us now investigate the regularity of b. To that end, we go back to m and use the independence be-
tween xg, 1, and z, as well as Gaussian integration by parts, to deduce that

m(t, k) = E[(&tf(t,:vo,:cl) _ iw(t)ﬁ(t)k)ei’“'f(t@o@l)} O
As aresult,
m(t, k)2 = [E[ (90 (t, 0, 21) = in(8)3 (¢ >k)e"’“'“t’$0’“>]\2e—v2<t>"f'2
< 2(E[01(t, 20, 20)?] + (2 0) k) O
< oM, e VO
and
[Om(t, k)[* < 4(E[|831(t, o, 21)|?] + (v(£)5(t) + 72(t))2)6—w2(t)|k|2
+ 8( IR0 (1, 0, 20) ] + Py(t)3 (1) ] ) e~ O
< 4(Ms + (Y(E(1) + 42 (1)) )OI
+ 8 (KM, + (AR ) e O,

where in both cases the last inequalities follow from (3). Therefore,
VpeN, te (0,1): / |k[P|m(t, k)| dk < oo, / |k|P|0ym(t, k)| dk < oo.
Rd Rd

This implies that the inverse Fourier transform of m is a function 5 : [0, 1] x RY — R¢ that satisfies
j(t,-) € CP(RLRY) foranyp e N, ¢ € (0,1),

and can be expressed as

jlt,xz) = (2m)~ @ /Rd e~ FTm(t, k) dk
= E[0 I (t, w0, 21) +¥(t)z | 21 = x] p(t, ) = b(t, )p(t, x),
where the last equality follows from the definition of b in (5). Finally, we deduce that
b e C%[0,1]; CP(R%;RY))  foranyp € N,
since j € CY([0,1]; CP(R%;RY)), p € CY([0,1]; CP(RY)),and p > 0. O

The next theorem identifies the score of p and shows that it arises as the unique minimizer of a quadratic
objective functional.

©Bogdan Chuzhinov 6/19
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Theorem 2.5 (Score). The score of the probability density p specified in Theorem 2.4 belongs to
c*([0,1); CP(RERY))  foranyp € N,
and is given by
s(t,z) = Viogp(t,z) = —y ' () E[z | 2 = 2], V(t,z) € (0,1) x R%. (10)

In addition, it satisfies
vie[0,1]: / Is(t, ) 2p(t, &) da < oo, (11)
Rd

and is the unique minimizer in C*([0, 1]; C'(R%; RY)) of the quadratic objective

1
Es[é]:/o E[;g(t,xt)’Q‘FV_l(t)Z'§(7f,l’t) dt, (12)

where x; is defined in (1) and the expectation is taken independently over (zg, x1) ~ v and z ~ N(0, I).

Proof. Since p € C'((0,1); CP(R?)) and is positive by Theorem 2.4, we already know that

s=Vlogp = Vpp € C'((0,1); CP(R%4 RY)).
To establish (10), note that for ¢ € (0, 1) where v(t) > 0, we have

E[zei'y(t)k-z} _ _vq(t)(iak)E[em(t)k-z}
= ) (i0)e O — (1) e T O,
Using the independence between zq, 1 and z, we obtain
E[ze“”t} — in(Dk g(t, k), (13)

where g is the characteristic function of x; defined in (6). Using conditional expectation,

E[zeik'“] = /Rd Elz | z; = 2] p(t, x) da.
Since the left-hand side of (13) is the Fourier transform of —v(¢)V (¢, z), we deduce

Elz [z = 2] p(t,z) = —v(H)Vp(t, ) = —y(t)s(t, 2)p(t, z).

Since p(t, ) > 0, this proves (10).
To establish (11), observe that

[ Jsttoptto)de = [ 3720l | 2 = ol plt ) d
Rd ]Rd

< y72(t) /RdIEUz]Q | 2y = 2] p(t,z) d
=7 A (DE[|2*) = dy7*(0),

which is finite for ¢t € (0, 1). Continuity at¢ = 0, 1 follows as in Theorem 2.4, hence (11) holds.
The objective (12) can be written as

Lyf5] = /01 /R (;]?;(t,x)]Q Ay OBz | = 2] - §(t,x)> ot ) da dt
_ /01 /R <;|§(t,:ﬁ)|2 _ s(ta) é(t,:v)) ot ) da di,

©Bogdan Chuzhinov 7/19
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where we used (10). Completing the square,

Ll / 15(t,2) — s(t, ) 2p(t, o) da dit

Rd
—//| (t,x)|?p(t, z) dz dt
2/ / Is(t, z)>p(t, z) dz dt > —oo0,
2 0 Rd

where the last inequality follows from (11). Since p > 0, the minimizer is unique and given by § = s. O
Now we can decompose the velocity b defined by (5) in the following way:
b(t,x) = B[O I (t, xo, x1) | & = ] — Y()y(t)s(t, x) = v(t,x) — Y (t)y(t)s(t, z), (14)
where s is the score given in (10) and we define the velocity field
v(t,x) = E(O(t, x0,21) | ¢ = ). (15)
The velocity field v € C°([0,1]; CP(R%R?)) for any p € N and can be characterized (it will follow from

Thm. 2.9) as the unique minimizer of the objective

R s 2 X
Ly[0] = /0 E<2lv(t,xt)| — Ol (t, z0, 1) - (8, xt)> dt. (16)

Learning this velocity field and the score separately may be useful in practice.
The representation (14) allows us to establish the following property of the velocity field b, thereby com-
pleting the statements of Theorem 2.4.

Corollary 2.6. The velocity b defined by (5) in Theorem 2.4 satisfies
Vtel0,1]: /Rd]b(t,az)lzp(t, x)dr < oo. (17)
Proof. By (3), we have
/Rd|b(t,x)|2p(t,x) dz = /Rd EU@tI(t,xo,xl) +4 ()2 ] = x} p(t,z) dz

<2 [ Bl a0 + ORI [ = 2] plt,x) do
R
S 2E|:‘8t (ta anxl)’2 + ’7(t>‘2‘z‘2:|
<2M" 4+ 2d)4(1))%, (18)

so that this integral is bounded for all ¢ € (0,1). To analyze its behavior at the endpoints, note that the
decomposition (14) implies that

bo(z) = %g% b(t,x) = B[00, 2, 21)] — %gr(l] A(t)y(t)so(z),
bi(z) = %gr% b(t,z) = Eo[0uI (1, z0,2)] — }gri A(t)y(t)s1(z),

where sg = Vlog pg, s1 = V log p1, Eg and E; denote expectations over zy ~ pgand x; ~ pi, respectively,
and we used the fact that z;—9 = z9 and z;—1 = 1. Since tlirgllﬁ(t)y(t) exists by our assumption that
H b

72 € C'(]0,1]), by and by are well defined, and

/ 1bo () [2po () d < oo, / by (2)[2p1 () dar < o0,
Rd R4

by Assumption 2.2. As a result, the integral in (18) is continuous at¢ = 0 and ¢t = 1, so it must be integrable
on [0,1],and (17) holds. O

©Bogdan Chuzhinov 8/19
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The availability of the score permits a reformulation of the transport equation (4) into the forward and
backward Fokker-Planck equations, which will be used in the subsequent analysis.

Corollary 2.7 (Fokker-Planck equations). Foranys € C°([0,1]) withe(t) > 0 forallt € [0, 1], the probabil-
ity density p specified in Theorem 2.4 satisfies:

1. The forward Fokker-Planck equation

Op+ V- (brp) =e(t)Ap,  p(0) = po, (19)
where the forward drift is defined by
br(t,x) = b(t,z) + (t)s(t, z). (20)
Equation (19) is well-posed when solved forward in time fromt = 0 tot = 1, and its solution with initial
condition p(t = 0) = po satisfies p(1) = p.

2. The backward Fokker-Planck equation
dhp+ V- (bpp) = —e(t)Ap,  p(1) = p1, (21)
where the backward drift is defined by
bp(t,x) =b(t,z) —e(t)s(t, ). (22)

Equation (21) is well-posed when solved backward in time fromt = 1 tot = 0, and its solution with final
condition p(t = 1) = p; satisfies p(0) = po.

Proof. The forward equation (19) and the backward equation (21) are direct consequences of the transport
equation (4) and the score identity (10).
Indeed, since
Ap=V-(Vp)=V-(pVlogp) =V - (ps),

we have
e(t)Ap =e(t)V - (ps),

which allows one to convert between
Op+ V- (bp) =0

and the forward/backward Fokker-Planck forms by absorbing +¢(t)s into the drift. O

Takinginto account the correspondence between the Fokker-Planck equations (19), (21) and the associ-
ated stochastic differential equations, we arrive at the following result, which plays a central role in practical
applications.

Corollary 2.8 (Generative models). Atanytimet € [0, 1], the law of the stochastic interpolant x; coincides
with the law of the three processes X;, X[, and X2, defined as follows:

1. The solutions of the probability flow associated with the transport equation (4)

d

—X; =b(t, X 23
dt t ( ) t)’ ( )
where b is defined by (5), solved either forward in time from the initial data X;—g ~ pg or backward in

time from the final data X;—1 = z1 ~ p1;

©Bogdan Chuzhinov 9/19
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2. The solutions of the forward SDE associated with the Fokker-Planck equation (19)
dXF = bp(t, X[ dt + /2e(t) dW3, (24)

where b is defined by (20), solved forward in time from the initial data Xl,/F:0 ~ po, independent of
the standard Brownian motion W;

3. The solutions of the backward SDE associated with the backward Fokker-Planck equation (21)
dXP =bp(t, X2)dt + \/2e(t) dWp, WP =W, (25)

where by is defined by (22), solved backward in time from the final data X2, ~ p1, independent of
the standard Brownian motion V.

The solution of (25) is by definition X = Z}_,, where Z[ satisfies

dZf = —bg(1 —t, ZF) dt + /2¢(t) AW,
solved forward in time from the initial data Z}_, ~ p;, independent of W.

Finally, following the approach of Theorem 2.5, we prove the next result, which further enables us to
obtain quantitative bounds on the Kullback-Leibler divergence between the ground-true distribution and
the approximated one, a feature that is essential for practical applications.

Theorem 2.9 (Objective). The velocity b defined in (5) is the unique minimizer in C°([0, 1]; C* (R%; R?)) of the
quadratic objective

1
Ly[b] = /0 E[;|I§(t,xt)|2—(8tl(t,:co,x1)—|—f'y(t)z) .B(t,xt)] dt, (26)

where x; is defined in (1) and the expectation is taken independently over (zg, 1) ~ v and z ~ N(0, I).

Proof. By definition of p, the objective £, defined in (26) can be written as
/ / Z|b(t, 2)|? — B[0TI (t, w0, 21) + (t)z | 24 = 2] - 3(t,x)>p(t,x) dx dt
]Rd
= [ [ -2 50,00, drar @7
0 R4 2

where we used the definition of b in (5). This quadratic objective is bounded from below since

1 1
el =g [ [ Jbtea) st Potardeit—5 [ ] e Potta) de d

1 1
> —/ / b(t, )2 p(t, x) dz dt > —oo0,
2 0 Rd

where the finiteness follows from (17). Since p(¢, ) > 0, we conclude b = bis the unique minimizer of (27).
]

2.3 Likelihood Control

It can be shown (Albergo et al., 2025, Lemma 22) that, unlike in the case of transport equations, the KL-
divergence between the solutions of two Fokker-Planck equations is controlled by the error in their drifts.

We can now state the following result, which demonstrates that the losses (12) and (26) control the like-
lihood of learned approximations to the FPE (19).

©Bogdan Chuzhinov 10/19
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Theorem 2.10. Let p denote the solution of the Fokker-Planck equation (19) with () = > 0 constant.
Given two velocity fields b, § € C°([0,1]; C*(R%; RY)), define

bp(t,x) = b(t,x) + €5(t,z),  0(t,x) = b(t, ) +v(£)5(t)3(t, z).

Assume that the function ~y satisfies the properties listed in Definition 2.1. Let p denote the solution to the
Fokker-Planck equation X
Oup+V - (brp) =eDp,  p(0) = po.
Then
KL(pn | 5(0) < 5 (£l —min 23] + 5 (2.6 - min £04)).

where Ly[b] and Ls[s] are the objective functions defined in (26) and (12). Moreover,

supgepo, 1] (V(1)F () — )

2e

KL(pn | (1) < o (6061~ min £,06]) + (08 min .19,

where L,[0] is the objective function defined in (16).

2.4 Spatially Linear One-Sided Interpolants

Much of the discussion above generalizes to the so called one-sided linear interpolants, which are de-
fined as follow '
205 = (1) 2 + B(t)ay, t €10,1],

where o2, 3 € C?(]0,1]) and a(0) = B(1) = 1, (1) = 3(0) = 0,and a(t) > Oforallt € [0, 1]. We focus on
this particular class of interpolants due to their significant practical relevance.
The velocity b and the score s defined in (5) and (10) can now be expressed as
bt,x) = c(t)n(t, ) + BONP(t ), s(t,x) = —a~ (ONS(t ), (28)
where the second expression holds for all ¢ € [0, 1] and we defined:
e (t,x) = E[z | x?s’hn =z, NS (t, x) = E[zy | x?s’hn =z]. (29)
Note that, by definition of the conditional expectation, 72° and 7{* satisfy
V(t,z) € [0, xR :  a(t)n(t.a) + B(HnP(t,2) = x. (30)

As aresult, only one of them needs to be estimated. For example, we can express n7* as a function of 2° for
all ¢ such that 8(t) # 0, and use the result to express the velocity (28) as

bt,2) = A5 (1 + (at) — a@BOFTO)) i x), Ve BE) 0. (31)
Assuming that 5(t) # 0 forall¢ € (0, 1], this formula only needs to be supplemented at ¢ = 0 with

b(0, ) = &(0)x + B(0)Efz1],

which follows from (28) since z;>0" = 2.

Finally note that 7, and/or n; can be estimated using the following two objective functions, respectively:

1
1 , 2
Lt = [ 2[5 aarm - o] a

w N
enti) = [
0

©Bogdan Chuzhinov 11/19
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Now we can prove the main practical result, which allows us to simulate the stochastic interpolants
approach on the computer. Taking infinitesimal steps, we obtain a generative model consistent with the
os,lin

probability flow equation (23) associated with z;
Theorem 45. Lett; = j/N withj € {1,..., N}, set X{" = 2, and defineforj = 1,..., N — 1,

ey = et e (agayn) = R ) g e 52)

Then (32) is a consistent integration scheme for the probability flow equation (23) associated with the
velocity field (28) expressed as in (31). That s, if N, j — oo with j/N — t € [0, 1], then X]den — X; where

Xt = b(t, Xt) = gEi;Xt + (Oé(t) - Ol(;)(f)(t)> ﬁgs(t,Xt), Xt:() =Z. (33)
In particular, if 2 ~ NV(0, I), then X]‘{,en — x1 ~ p1 in this limit.
Proof. Use )
Bltir1)B(t5) = 1+ B(t) 87 () (tjr1 — t5) + O((tj11 — 15)°)
and

altjpi) — a(ty)Bti)B8~ ' (t;) = (d(tj) - a(tj)B(tj)ﬁ_l(tj)) (tjr1 =) + O((tj1 — ;)%)
to deduce that (32) implies
08 = X0 4 B() 87 (1) X5 (tj1 — 1)
+ (a(tj) - Oé(tj)ﬁ'(tj)ﬂfl(tj)) (5, X§) (tj1 — t5) + O((tj41 — 5)?) -

Or equivalently,

xden _ yden . .
S = BT )X+ (a6) — el BB 0)) 02 X + Ot — 1),

Taking the limitas IV, j — oo with j/N — ¢ € [0, 1], we recover (33) and deduce that X]den — X;.

3 Architecture of MDGen

In this section, we examine the architecture of a contemporary diffusion-based model for molecular dy-
namics generation, specifically MDGen. The implementation and detailed usage instructions are described
in (Jing, Stark, et al., 2024) and made publicly available through the project repository.

3.1 Tokenizing Molecular Trajectories

Firstly, we need to represent a polypeptide chain in three-dimensional space as a mathematical object.
The most straightforward approach is to use the coordinates of all atoms in the protein, thereby forming a
vectorin R3" where N denotes the total number of atoms. However, this representation has a fundamental
drawback. The physical properties of a protein do not depend on its position or orientation in space: transla-
tions and rotations of the molecule do not change its intrinsic structure. Therefore, a suitable mathematical
representation must be invariant under rigid motions in R3.

We now describe a possible construction of such a representation introduces in (Yim et al., 2023). The
authors adopted the backbone frame parameterization used in AlphaFold2 (Jumper et al., 2021). Here, an
L-residue backbone is parameterized by a collection of L orientation-preserving rigid transformations, or
frames, that map from fixed coordinates N*, C#, C*, O* € R3 centered at C}, = (0,0, 0) (*Fig. 1).

2Image source: (Yim et al., 2023, Figure 1A)

©Bogdan Chuzhinov 12/19
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Each fixed coordinate assumes chemically idealized
bond angles and lengths measured experimentally.
These values differ slightly per amino acid type. Since
we do not model sequence, we can take the idealized
values of Alanine, which are

r = GramSchmidt(vy, v2) N* = (-0.525, 1.363, 0.0),

L a3
z=C, €R | C* = (0.0, 0.0, 0.0),
T = (r,x) € SE(3) :\Of} C* = (1.526, 0.0, 0.0),

i e SO(2
, (2) 0* = (0.627, 1.062, 0.0).

Figure 1: A frame.

For each residue indexed by [, the backbone main atom coordinates are given by
[Nl7 Cl7 (Ca)l] =g [N*7 C*7 CZ]a

where g; is a member of the special Euclidean group SE(3), the set of orientation-preserving rigid trans-
formations in Euclidean space. Each g; may be decomposed into two components g; = (R;, x;) where
R; € SO(3) isa 3 x 3 rotation matrix and x; € R3 represents a translation. For a vector v € R3, the action
of g; is given by

gr-v= R+ x.

With an additional torsion angle v); € SO(2), we can construct the backbone oxygen by rotating O* around
the C — C,, bond:

O1 = g1+ gpsi(t) - O7,
where g5 (1) = (R4 (1), Tpsi) is a Euclidean transformation from the central frame g, to anew frame ;- g7’
centered at C and rotated around the x-axis by 1y,

1 0 0
Ro(1) = |0 Yiq —tia |,
0 Y2 Y11

Zpsi = (1.526, 0.0, 0.0).

Recall ¢y is a point on the unit circle, 1, = [1;.1, %12 where (¥, 1) + (¥2)? = 1.
The mapping from frames to idealized coordinates, frame2atom, is given by

[Nl, Cy, (Ca)l, Ol] = frame2atom(gl, ¢l)

We next describe constructing frames from coordinates. Each residue’s frames are obtained as sketched
in Fig. 1 and the rigidFrom3Point algorithm in AlphaFold2 (Jumper et al., 2021),

v1 = C; — (Ca)i, vg = N; — (Ca )i,
vy

e =—-, Up = V2 — €1 <€1TU2) ,
1|

6’2:&, ez = €1 X ea.
[|uzll

©Bogdan Chuzhinov 13/19
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R; = concat(eq, ez, e3), z; = (Ca)i, g = (R, zp).

where the first four lines follow from Gram-Schmidt. The operation of going from coordinates to frames is
called atom2frame,
g1 = atom2frame(Ny, C;, (Cq);).-

So far, using Alanine as an illustrative example, we conclude that an amino acid residue can be repre-
sented by an element g € SE(3) of the special Euclidean group together with a torsion angle ¢y € S!.

For other amino acids, additional atomic positions besides the oxygen atom must be specified. In gen-
eral, the number of torsion angles required to describe a residue may be as large as seven.

Given a chemical specification of a molecular system with L amino acid residuals developing in 7" time
steps, we have the following representation of the molecular trajectory:

T
G = ((Ri,x0), (W, b, w00, X00)5 -+ X)), G € ([SE(B) X "JI‘7]L) :

where subscripts indicate residue and superscripts time indices. The undefined torsion angles can be ran-
domized and are unsupervised for residues with fewer than seven torsion angles.

To learn a generative model on the space of roto-translations and torsion angles, we exploit the fact that
the problem can be formulated as one of conditional trajectory generation. In particular, each trajectory con-
tains at least one so-called key frame, whose roto-translations are known initially. Since these key frames are
given, they do not need to be generated and can instead be used as references in the modeling process. The
roto-translations of the remaining structures are therefore represented as offsets relative to the key frames.

More precisely, given K key framesty, ..., tx, we tokenize residue [ in frame ¢ as follows:

K _ - ~
glt — <[glt1] 1glt7 s [gltK] 1glt7Tlt) c SE(3)K « T7 —_ (Q+ e R?})K % (81)7 C R7K+14.

where g/ € SE(3) represents the roto-translation and ;' the torsion angles of residue [ at frame ¢.

Namely, we convert the relative roto-translational offsets [glti]_lgf to unit quaternions with positive real
part @t ¢ R*and translation vectorsin R3, and convert torsion angles to points on the unit circle, obtaining
a (TK + 14)-dimensional token for each residue in every frame. The offsets and torsion angles are SE(3)-
invariant; thus, we obtain a representation of molecular trajectories as an (7' x L)-array of SE(3)-invariant
tokens.

3.2 The Main Blocks

We now discuss the main mechanisms underlying the MDGen architecture, as well as several essential
building blocks of the model.

Diffusion Block. The generative model for MD trajectories is formulated within the stochasticinterpolants
framework described in Section 2.4. Given a continuous distribution p; = pgata over R™, consider the fol-
lowing one-sided linear stochastic interpolant

T = oz + By

transporting a prior distribution pg = AN(0, I) to the data p;, where 21 ~ p; and the interpolation path
satisfies ag = f1 = 1 and a1 = By = 0. The aim is to construct a neural network vg: [0,1] x R" — R is
trained to approximate the time-evolving flow field defined by (15):
vg(t, ) =t xe) = B, 4y 1, [Gez + Btl’ﬂ-
Using (28) and (30) we can derive the exact formula for the score function (Ma et al., 2024, Appendix A.4)
and then use its neural network approximation:

_1 Brvg(t, z _Btl't
se(t,xt):atl .(’ ) ' )
Btoét - Btoét

©Bogdan Chuzhinov 14/19
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Ourbase modeling taskis to generate a distribution over RT*Lx(7K+14) conditioned on roto-translations
of one or more key frames g'1, ..., g'% and amino acid identities A. To do so, we learn parameterize a ve-
locity network

'UG( . ‘ gt17 o ,gtK, .A) [0, 1] > RTXLX(7K+14) N RTXLX(?K—}—M)‘ (35)

The architecture of such a network will be discussed in the subsequent paragraphs.

Once the velocity field has been trained, trajectory generation can be performed using standard deter-
ministic numerical integration methods applied to (32).

Another approach to generating MD trajectories is based on the Fokker-Planck equation (24), which in
this setting takes the form

dXy = n?s(t, Xt) dt + €t7728(t, Xt) dt + /2, dWy,

here 72° and 7?° are defined in (29). One can use a stochastic numerical integrator, for example Alg. 1 de-
scribed in (Ma et al., 2024, Appendix E).

Algorithm 1 Stochastic Euler-Maruyama Sampler

1: procedure EULERSAMPLER(vy(t, x,y), €4, {ti}fio, T, oy, o¢) >y denotes a conditioning here
2 Sample zg ~ N (0,1) > Generate initial sample
3 sg < convert from vy using (34)
4 At <+ t1 — g > Fixed step size
5: fori =0to N — 1do
6 Samplee; ~ N(0,1)
7 dei — ei\/E
8 d; + Ug(tz',:l}i,y) —|—z—:t1,59(ti,xl-,y) > Drift at ¢;
9 Tig1 < T + At d; + /2¢4, de; > Diffusion at ¢;
10: end for
11 return z

12: end procedure

Attention with rotary position embeddings. Theremarkable performance of modern generative models
can largely be attributed to the attention mechanism introduced by Vaswani et al. (2023). We briefly review
this mechanism following Su et al. (2023).

Let Sy = (w1, ..., wy) be asequence of NV input tokens. We denote by E = (1, ...,z ) the corre-
sponding sequence of embeddings, where each z; € R%is the d-dimensional vector representation of token
w;, prior to the addition of positional encodings.

Self-attention first incorporates positional information into the word embeddings and transforms them
into queries, keys, and value representations:

qm = fq(xmam)a
kn = fk(xnan)v (36)
Un = fv(xnvn)v

where g, ky,, and v, incorporate the m-th and n-th positions through f,, f,and f,, respectively. The query

and key vectors are then used to compute the attention weights, and the output is computed as the weighted
sum over the value representations:

exp(q’lk”)
Vd
Amn = N ark; ; (37)
25=1 P75 )
N
Om = Z A, nUn (38)
n=1

©Bogdan Chuzhinov 15/19
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After that the output vectors o,, defined by (38) are used in the learning process.

While the in the standard self-attention architecture, positional encodings are added to the input em-
beddings in order to inject information about token order, such additive encodings do not explicitly model
relative positional relationships within the attention operation itself.

To address this limitation, Rotary Positional Embeddings (RoPE) introduce positional information di-
rectly into the attention mechanism by applying a position-dependent rotation to the query and key rep-
resentations. This construction preserves the inner-product structure underlying attention while naturally
encoding relative positional information through phase differences. As a result, Attention with RoPE pro-
vides improved extrapolation to longer sequences and a more principled integration of positional structure
into the attention computation.

More precisely, forany z; € R%with even d, we divide the d-dimensional space into d /2 two-dimensional
subspaces and consider fy, 1) from (36) in the form

f{q,k}($M7 m) = Rgl,mW{q,k}mmv

where
cosmwy — sinmwq 0 0 0 0
sinmwi;  cosmwi 0 0 0 0
0 0 CcoS MWy — sinmws 0 0
Ré = 0 0 sinmwsg  €COS Mwsy 0 0
0 0 0 0 e COSMWg/y  — SINMWg /o
0 0 0 0 oo siMwge  COSTMWg /o

This is a block-diagonal rotation matrix with predefined parameters
0= {wi — 10000~2(-1/d ’ i=1,2,... ,d/2} .
Applying RoPE to the scalar product in Eq. (37), we obtain
0Lk = (Rgquxm)T (Ré,anxn) — ) W R\ Wi,
where we used the fact that R is an orthogonal matrix:
B = (B ) "R,

Finally, the output vectors (38) have the form

T T pd
z, W, R Wiz
N eXp< m " q Q,n—m n) Un

on=3" v

TwT Rd N
— N T, Wy RG i Wit
n=1 Zj:l exp< \/f;

Invariant Point Attention. We now consider another modification of the attention mechanism, namely
the so-called Invariant Point Attention (IPA), introduced in Jumper et al. (2021, Supplementary Material, Al-
gorithm 22). The key motivation behind this construction is to incorporate geometric structure directly into
the attention computation while preserving invariance with respect to rigid motions in three-dimensional
space. In contrast to standard attention, which operates purely in the space of feature vectors, IPA aug-
ments the representation with learnable points embedded in R3. The attention weights are then influenced
not only by feature similarity but also by the relative spatial configuration of these points. This enables

©Bogdan Chuzhinov 16/19
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the model to reason about three-dimensional structure in a manner that is equivariant under rotations and
translations, making it particularly suitable for molecular and protein modeling tasks.

We now introduce the notation used in Alg. 2. Let {s; }£_| denote the single per-residue embeddings and
{zij }szl the pair representations corresponding, for example, to electrostatic interactions. Here, as usual,
L is the total number of residues in a polypeptide chain. Each residue i is additionally associated with a
rigid-body transformation g; € SE(3), which maps points from the local coordinate frame of the residue to
the global three-dimensional coordinate system.

Foreach attention head h, the single representations s; are linearly projected to scalar queries, keys, and
values g, k', vl € R¢, as well as to sets of learnable three-dimensional query and key points {(iihp} and
{121.’"’} whitp = 1,..., Nguery points, and three-dimensional value points {Gihp} withp = 1,..., Npointvalues-
These points are defined in the local residue frame and are transformed to global coordinates via g; during
the attention computation. The attention weights are computed by combining three contributions:

« the standard dot-product similarity between scalar queries and keys,
« apairwise bias term derived from z;;, and

+ ageometric term depending on the squared Euclidean distances between the transformed query and
key points in R3.

This geometric component ensures that the attention mechanism is sensitive to spatial relationships while
remaining equivariant with respect to rigid motions.

Finally, the outputs (Alg. 2, lines 7-9) are obtained by aggregating both the scalar values and the trans-
formed value points using the computed attention weights. The resulting features are concatenated and
projected to produce the updated single representations {s; }.

Algorithm 2 Invariant Point Attention

1 InPUt {Sz} {Zij}, {gz‘}; Nhead = 12, ¢ = 16, Nquery points — 4, Npointvalues =8

2 q, ,k vh = LinearNoBias(s;) >q ,kh V eRe h=1,..., Nhead
3: Ejihp, kihp = LinearNoBias(s;) > qzhp k hp ]R3 p=1,..., Nquery points
4: ‘—;ihp = LinearNoBias(s;) I>V2-hp ER3 p= 1, -+ -y Npoint values
5: b?j = LinearNoBias(z;;)

6: a?j = softmax; <\}Eq?—rk§? + b?j — %E

2
—hp > hp
gloqz Ok] H >

. ~h _ h
ol =3, awz”

8 of =), % J
5hP 3L
% 0,7 =g; o) a}, (g] VJp>
10: —Lmear(concathp( h ?, /P Hoth>>

11: return {S;}

The proof of invariance is straightforward. The global transformation cancels in the affinity computation
(Alg. 2, line 6), because the ¢2-norm of a vector is invariant under rigid transformations:

—

2 2
_h h _h =
H(gglobal ©gi) 0 d;"" — (gglobal © gj) ° k; pH = Hgglobal o <9i oq;" —gjo kjp> H

2
—h ih
gzoqu Aok'pH .

In the computation of the output points (Alg. 2, line 9), the global transformation cancels when mapping
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back to the local frame:

_ — h
(leobal o gz) 1 o Z alhj ((gglobal o g]) © v] p)
J

_ —1_ -1 h o ahp
= 9;i  © Yglobal © Yglobal © E Q;; (g] ov; )
J
-1 h - ohp
=g, OE az’j(gjovj>'
J

The invariance with respect to the global reference frame implies that applying a shared rigid motion to
all residues, while keeping the embeddings fixed, leads to the same update in the local frames. Therefore,
the updated structure transforms under the same shared rigid motion, demonstrating that the update rule
is equivariant under rigid motions.

Velocity Denoiser Now we can, finally, construct the architecture for learning the model (35).

The input of Alg. 3 consists of noisy tokens G € R7*Lx(TK+14) defined in (3.1), conditioning tokens
Geong € RT*XIX(TK+14) corresponding to given information about molecular configuration during the dy-
namics, and a set of key-frame rigid transformations {g*, ..., ¢} € (SE(3)*)¥, which provide geometric
reference frames. In addition, the model receives amino acid identities A € {1,...,20}¥, and a condition-
ing mask m € {0, 1}7xEx(TK+14),

The network first embeds the time variable and the amino acid identities (Alg. 3, line 5), and then pro-
cesses the representations associated with each key frame using a stack of IPA layers. These layers incorpo-
rate geometric information by leveraging the rigid-body transformations g *+. The resulting representations
are aggregated across key frames and combined with conditioning features (Alg. 3, line 10). The fused repre-
sentation is subsequently refined by a stack of diffusion transformer attention layers, which model temporal

and inter-residue dependencies in the trajectory. Finally, a linear projection produces the predicted velocity
field vy € RT>Ex(TKH14),

Algorithm 3 Velocity network
1: Input:
noisy tokens G €
conditioning tokens Geong € RT*Lx (TK+14)
key frame roto-translations g*1, ..., g% € (SE(3)%)%,
flow matching time t, amino acid identities A € {1,...,20}%,
conditioning mask m € {0, 1} Lx(TK+14)
Output: flow velocity vg € RT*Lx(TK+14)
t < Embed(t)
fork < 1to K do
x), + Embed(A) + Y, Linear([g"] " 1g')
for / < 1tonum_ipa_layers do
xy < InvariantPointAttentionLayer(xy, g, t) >Alg. 4
end for
end for
X < Y. X} + Linear(x) + Linear(Gcong © m) + Embed(m)
: for ¢ < 1to num_transformer_layers do
x < DiffusionTransformerAttentionLayer(x, t) >Alg. 5
: end for
: return DiffusionTransformerFinalLayer(x, t)

TxLx(TK+14
RTxLx( +)’

W e N RN

N e =
A W N = O

©Bogdan Chuzhinov 18/19



¢ wiversitat
w0 wien Optimization Seminar

Algorithm 4 InvariantPointAttentionLayer

Input: x € RE*C time conditioning t, roto-translations g € SE(3)"
(o, 8,7)e,r = Linear(t)

x += InvariantPoint Attention(LayerNorm(x), ¢)

x += gy ® AttentionWithRoPE(v, ® LayerNorm(x) + ()

X += gm © MLP (v, ® LayerNorm(x) + /)

return x

Qa0 hwNRE

Algorithm 5 DiffusionTransformerAttentionLayer

Input: x € R7*L*C time conditioning ¢

(o, B,79)t,e,f = Linear(t)

x += g; © AttentionWithRoPE(y, ® LayerNorm(x) + S, dim = 1)
x += g; © AttentionWithRoPE(; ® LayerNorm(x) + ;, dim = 0)
X += gm © MLP(7,, ® LayerNorm(x) + (,,)

return x

S A

Conclusion

In this seminar work, we examined the application of modern diffusion-based generative modeling tech-
niques to molecular dynamics. Starting from the classical formulation of MD in Sec. 1 as a high-dimensional
nonlineardynamical system governed by Newtonian mechanics, we discussed the computational challenges
associated with simulating long-timescale molecular processes.

We then considered the framework of stochastic interpolants (Def. 2.1), which provides a principled
mathematical foundation for constructing continuous transformations between probability measures. Within
thisframework, we analyzed the associated transport equation (Thm. 2.4), the corresponding Fokker-Planck
formulations (Cor. 2.7), and the objectives whose minimizers characterize the velocity field (Thm. 2.9) and
the score function (Thm. 2.5). In particular, we have seen (Cor. 2.8) how the generative modeling problem
can be interpreted as learning a time-dependent flow in the space of probability distributions.

Building on this theoretical foundation, we described the MDGen architecture (Algs. 3-5), which for-
mulates molecular trajectory generation as a conditional generative modeling task. A key aspect of this
approach is the use of SE(3)-invariant representations of protein structures via backbone frames and tor-
sion angles (Sec. 3.1), allowing the model to respect the geometric symmetries of molecular systems. Fur-
thermore, the integration of attention mechanisms, including rotary positional embeddings (39) and in-
variant point attention (Alg. 2), enables the network to capture both long-range dependencies and three-
dimensional geometric structure.

Overall, diffusion-based surrogate modeling of molecular dynamics offers a computationally efficient
alternative to direct numerical integration of physical equations of motion, and provide a flexible framework
for learning complex trajectory distributions.
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